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Introduction 


If A is an unrestricted plane set and F is a family of closed sets associated 
with A under certain conditions involving Lebesgue plane measure, the Vitali 
covering theorem states that there exists in F a sequence of its members which 
are mutually exclusive and whose union contains all of A except perhaps a 
subset of Lebesgue plane measure zero. In the statement of the Vitali covering 
theorem, if the conditions involving Lebesgue plane measure are replaced 
throughout by analogous conditions for Carathéodory linear measure, it is 
not known that the resulting statement is true for unrestricted sets A. In 
this paper it is proved, however, that this statement is true for all sets A (with 
finite measure) which satisfy one condition given in terms of Carathéodory 
linear measure. That this condition is not an unnatural restriction is shown 
by the fact that its analogue for Lebesgue measure is satisfied by all sets A. 

In the ordinary Vitali covering theorem, the proof of sufficiency rests heavily 
on one particular key condition. Carathéodory’s question as to whether this 
condition is necessary led H. Bohr ([4] p. 689) and Banach [1] to prove the 
answer to be in the affirmative. The theorem for linear measure keeps the 
analogous condition, the necessity of which is established in section 7. 

For the reader’s convenience the notations in Carathéodory’s Reelle Funk- 
tionen [4] and in his Gétt. Nach. article [5] have been followed. Discussion 
has been restricted to sets lying in the plane. Lebesgue measure will mean 
Lebesgue plane measure and linear measure will mean Carathéodory linear 
measure. 


1. Statement of Theorem 


The theorem we shall prove is stated as follows. 

TurorEM 1. Let A be a point set with L*A positive and finite and U an arbitrary 
open set containing A. To each point P of A let there be associated a sequence of 
closed point sets 


(1) a(P),  o:(P),---, 


(i(P) not necessarily including P) having the following characteristics: 
a) the point set o.(P) lies in a circle C,(P) with center P whose radius ri(P) 
approaches zero with 1/k, 
(2) lim r:(P) = 0; 
ko 
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b) there exists a point set B with L*B finite and a positive number a(P) de- 
pending on P, but independent of k such that 


(3) L*Bo;(P) > a(P)L*AC,(P); 
If the inferior outer density of A 1s positive 


*Aan 
(t) ian tol — = D*(A, P) >0 


A 0 


(where c(P, r) is a circle with center P and radius r) for almost all of A, then there 


exists in A a sequence of points P,, P2,--- and a corresponding sequence of 
integers ky , ke, --+ such that, with the notation, 
(4) oi; = ox,(Pi), t= 1,2,--+; 
c) the point sets o; all lie within U and no two have a point in common 
(5) 65. GU 8605. Dy here Peds 
d) and moreover the union 
(6) s=o,to+--- 
contains almost all of A 
(7) L*AS = L*A, 
or 
(8) L*(A — AS) = 0. 
2. Remarks 


Before proving this theorem we wish to show that if we replace linear measure 
throughout by Lebesgue measure we obtain a known theorem (theorem 1, [4] 
p. 299) with, to be sure, some redundant conditions. At first glance this state- 
ment may not appear to be true since in the theorem cited squares w;(P) are 
used instead of circles, the set B is not introduced, the inequality corresponding 
to (3) does not involve the set A, i.e. is written 


(3’) mox(P) > a(P)mW;(P) 


and finally the analogue for Lebesgue measure of the condition ({) on the set A 
is not given. 

The option of using squares or circles is of course clear. 

If now we require the existence of a set B such that 


(3”’) m*Bo(P) > a(P)mC;(P) 


this condition would be unnecessary. For if this inequality held for some set B 
it would a fortiori hold if we replace B by the whole plane. It is, however, 
essential in the proof that mo,(P) be finite, a property gained by requiring that 
ox(P) be bounded, i.e. lie in a circle. We cannot, on the other hand, obtain 
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finiteness of Lox(P) by merely requiring that o.(P) be bounded. Thus one 
reason for introducing the set B is so the left member of (3) will be finite. 

The set A does not appear on the right side of (3’), the inequality involving 
Lebesgue measure, as it does in the inequality (3) for linear measure. We may, 
however, require in place of (3’) the inequality 


(3’”) mo;(P) > a(P)mAC,(P) 


which does involve A. For, when Lebesgue measure is used, the outer density 
of a set exists and is unity at almost all points of the set, i.e. the limit inferior 
and the limit superior of the ratio 


m*Ac(P, r) 
mc(P, r) 


are both unity at almost all points of A. Thus corresponding to P there is a 
number K(P) such that 

1 _ m*ACi(P) — " 

2 < mCP) =? if k > K(P) 
for almost all points P of A. If we discard from the sequence o;(P) all those 
members with k < K(P), then (3’) and (3’”’) will be equivalent for the remaining 
sets of which there will be an infinite number associated with each point of A. 

We have just used the fact that for Lebesgue measure, the inferior outer 
density of A is unity D*(A, P) = 1 at almost all points of A. This fact shows 
that the analogue of (f) for Lebesgue measure is automatically satisfied for 
all sets A. 


3. Proof of a special case 


We first prove a special case of theorem 1, namely 
THEorEM 2. In condition (b), a is taken independent of P as well as of k, 


(3;) L*Bo,(P) > aL*AC,(P), 
and the outer density is taken bounded from zero 
(h) D*(A, P) 28>0 


for almost all of A. 
We may of course disregard all sets o,(P) not lying entirely in U. 

Let A, be the subset of A where the inferior outer density of A is less than 8, 
Le. D¥(A, P) < 6. Then L*A, = 0 by hypothesis. As a permanent notation 
we shall let B’ = A+ B. Then L*B’ is finite and moreover from (3;), L*B’ox(P) 
> aL*AC,(P). Let Az be the subset of A where the superior outer density 
of B’ is greater than unity, ie. D*(B’, P) > 1. Then from a theorem proved by 
Sierpinski ([6], Theo. 1.) also L*Az = 0. We may neglect the set A; + As of 


linear measure zero and require that at each point of A, D*(A, P) 2 6 and 
D*(B’, P) < 1, 
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We then retain for further consideration only those associated closed sets 
o.(P) for which the corresponding circle C;,/P) is such that 
L*AC,(P) _ B 
(9) “Pr(P) > 5 


At each point of A this inequality holds for all sufficiently small radii so there 
remains an infinite number of sets ox(P) associated with each point of A. In 
like manner we retain only those sets o,(P) for which in addition 
L*B’C,(P) < 3 

2r.(P ) 2 


and still further only the remaining sets for which, with gq = (1 + 9/(2a8)), 


L*Ac(P, grx(P)) 3 
Oy 2qn(P) <2" 
Even so, since D*(B’, P) < 1 and a fortiori D*(A, P) S 1, we still have an 
infinite number of sets o;(P) associated with each. point of A. Furthermore for 
each of the retained sets o;(P), 


(12) L*B’o,(P) > 0, 


since B’ contains A and inequalities (9) and (3,) hold. 

Now (using the method employed by Banach [1]) let M be the least upper 
bound of L*B’o;,(P) for all retained sets o,(P). M is finite since L*B’ is finite. 
There is then a point P, of A and a number / such that o; = o%,(P1) is one of 
these retained sets and L*B’c; > 2M/3. Thus for any of the retained sets o;(P) 


L*B’o; > (2/3) L*B’ox(P). 


We now discard all sets o,(P) having a point in common with o;. In general 
assuming the sets 01, ---, ¢n-1 already defined we obtain a set on = o:,(Ps) 
having no point in common with s,_1 = ) 7-1 o; and such that 


L*B’c, > % L*Bo,(P) 


for all sets o,(P) having no point in common with sp_; . 
If this process of selection ends, say at the n™ stage, one will see that A C S,. 
If the process does not stop we notice first, since no two of the selected sets 
o; have a point in common, that for each n, L*B’ = poe # L*B'o;. This 
inequality with the inequalities (3,) and (9) gives 


L*B’ = a > fur L*ACk, (Pi) > of doit re, (Pa. 


(10) 





Thus both of the series }>{1 L*B’o; and )-%. rz,(P;) converge. 
No set S, includes the whole set A, but we assert that 
(13) A © Sana + Don c(Ps, are;(Ps)) where g = (1 + 9/(2a8)). 


For let P’ be a point of A not in S,.;. Then there is a number k’ such that 
the closed set ox(P’) has no point in common with S,_;. Consequently 4 
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number j 2 n exists such that o.-(P’)o; ~ 0. For otherwise we would have 
L*B’c; > } L*B’ox-(P’) > 0 for every j and this is impossible since the series 

L*B’c; has already been seen to converge. Let m be the smallest number j 
for which ox(P’) o; ¥ 0, i.e. 


on(P')Sma = 9 while o'(P’)o, ¥ 0. 


Thus L*B’cn > (2/3)L*B’ox(P’). Since Ci,,(Pm) > om and the above in- 
equality and (3:) hold we have 


L*B’Ci,(Pm) 2 L*B’om > } L*B'ow(P’) > } aL*ACy(P’). 


But from (10) we have that the left member above is less than 37:,,(P,) and 
from (9) the right member is greater than (2/3)a6r;,(P’). Thus 


re(P’) < 55 Tg(Pr)- 
But ox(P’)om ~ 0 so the distance from P’ to P is less than or equal to 


re(P’) + rin (Pm) < (1 + 2.) Tim(Pm) = Qrin(Pm). 
2a8 
Consequently P’ is a point of the circle c(P, qrz,,(Pm)) and the assertion 
(13) is established. 
Thus the part of A not included in S,_; has outer linear measure less than or 
equal to 


D L*Ac(P;, gri;(Pi)). 


t=n 


This number, from (11), is in turn less than or equal to 


3 Do qre(Pi) = 3¢ D0 re,(Pi) 
which converges to zero as n becomes infinite since the series >> r.,(P;) converges. 
This proves theorem 2. One will then see the 
Corotuary. If all of the conditions of theorem 2 hold and « is an arbitrary 
positive number, then there is an integer n such that 


L*A(oi + --- + on) > L*A — 


4. Additional remarks 


In the hypotheses of theorem 1 (as in the analogous theorem for Lebesgue 
measure) there is no specific requirement that any of the closed sets o:(P) 
have even as much as one point in common with A. In this respect we know 
only that there is a set B having enough in common with o;(P) to make (3) 
hold. The objection might be raised that no method is demonstrated for 
finding a suitable set B. Toward meeting this objection we first bring to light 
the hidden fact that o.(P) and A do have points in common (at least for k 
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We then retain for further consideration only those associated closed sets 
o.(P) for which the corresponding circle C;,/P) is such that 


L*AC;(P) > B 


(9) 2r.(P ) i 
At each point of A this inequality holds for all sufficiently small radii so there 
remains an infinite number of sets o,(P) associated with each point of A. In 
like manner we retain only those sets o;,(P) for which in addition 

L*B’C,(P) _3 


(10) r,(P) <2 


and still further only the remaining sets for which, with q = (1 + 9/(2a8)), 


L*Ac(P, qr:(P)) _ 3 
11 “3. 
WH 2qn(P) <2 
Even so, since D*(B’, P) < 1 and a fortiori D*(A, P) S 1, we still have an 
infinite number of sets o;,(P) associated with each. point of A. Furthermore for 
each of the retained sets o;(P), 


(12) L*B'o,(P) > 0, 


since B’ contains A and inequalities (9) and (3,) hold. 

Now (using the method employed by Banach [1]) let M be the least upper 
bound of L*B’o;(P) for all retained sets o,(P). M is finite since L*B’ is finite. 
There is then a point P; of A and a number k, such that 0; = ox,(P;) is one of 
these retained sets and L*B’c; > 2.M/3. Thus for any of the retained sets o;(P) 


L*B'o; > (2/3) L*B’o.(P). 





We now discard all sets ox(P) having a point in common with o;. In general 
assuming the sets 0, ---, n-1 already defined we obtain a set on = o:,(Pr) 
having no point in common with 8,1 = )-?<1 o; and such that 


L*B’c, > 3 L*Bo,(P) 


for all sets o,(P) having no point in common with sy_; . 
If this process of selection ends, say at the n™ stage, one will see that A C S,. 
If the process does not stop we notice first, since no two of the selected sets 
o; have a point in common, that for each n, L*B’ = i L*B’o;. This 
inequality with the inequalities (3;) and (9) gives 


L*B! = a DD f-1 L*ACi, (Pi) > a8 Doar re, (Pi. 


Thus both of the series } “7, L*B’o; and >: rz,(P;) converge. 
No set S, includes the whole set A, but we assert that 
(13) A CSaa + Dac(Pi, gre,(P:)) where g = (1 + 9/(2a8)). 


For let P’ be a point of A not in S,_,. Then there is a number k’ such that 
the closed set o;(P’) has no point in common with S,-;. Consequently 4 
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number j 2 n exists such that ox(P’)a; ~ 0. For otherwise we would have 
L*B’c; > } L*B’ox(P’) > 0 for every j and this is impossible since the series 

L*B’o; has already been seen to converge. Let m be the smallest number j 
for which ox-(P’) o; # 0, i.e. 


on(P’)Sma = 0 while o;'(P’)o,, ¥ 0. 


Thus L*B’cm, > (2/3)L*B’o.(P’). Since Ci,(Pm) D om and the above in- 
equality and (3:) hold we have 


L*B'C;,,(Pm) = L*B’om > } L*B'ox(P’) > 3 aL*ACy(P’). 


But from (10) we have that the left member above is less than 37:,,(P) and 
from (9) the right member is greater than (2/3)a$r,,(P’). Thus 


re(P’) < 53 ig (Pm). 


But ox(P’)om * 0 so the distance from P’ to P is less than or equal to 
ree (P’) + Them (Pm) < (1 + is) Tkm (Pm) = QV im (Pm) « 


Consequently P’ is a point of the circle c(P», qri,,(Pm)) and the assertion 
(13) is established. 
Thus the part of A not included in S,_; has outer linear measure less than or 
equal to 
> L*Ac(Pi, qre;(P)). 


i=n 


This number, from (11), is in turn less than or equal to 


3 Do are(Pi) = 3q¢ D0 re,(Pi) 
which converges to zero as n becomes infinite since the series > rz,(P;) converges. 
This proves theorem 2. One will then see the 
Corotiary. If all of the conditions of theorem 2 hold and « is an arbitrary 
positive number, then there is an integer n such that 


L*A(o, +--+» + on) > L*¥A —«. 


4. Additional remarks 


In the hypotheses of theorem 1 (as in the analogous theorem for Lebesgue 
measure) there is no specific requirement that any of the closed sets o:(P) 
have even as much as one point in common with A. In this respect we know 
only that there is a set B having enough in common with o;(P) to make (3) 
hold. The objection might be raised that no method is demonstrated for 
finding a suitable set B. Toward meeting this objection we first bring to light 
the hidden fact that o.(P) and A do have points in common (at least for k 
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large enough) and then show that with no loss of generality whatever the set 
B may be discarded entirely if requirement b) is replaced by a similar condition 
involving A only. 

First then 

Lemma. Under the hypotheses of theorem 2, there is a set Ay C A with L*A, = 
L*A and for each point P of A’ a number K(P) such that 


L*Ao.(P) > a(1 _ 4 L*AC,(P) ifk = K(P), 


Let A be the massgleiche Hiille of A and B’ of B’. Since A and B’are both 
measurable and contain A we may take A C B’. Then LB’o,(P) = LAo,(P)+ 
L(B' — A)o.(P). But from the fact that (3,) holds, that ((4] theorem 12, p. 269) 
LAo,(P) = L*Ao;(P), and that o,(P) C C,(P) we then have 


(14) aL*AC;,(P) < L*Aox(P) + L(B’ — A)C;,(P). 


But since the set B’ — A is linearly measurable with finite linear measure, 
its superior density is zero at almost all points of its complement (see [2] theorem 
2 or [5] theorem 4) so, in particular D(B’ — A, P) = 0 for all points P of a set A, 
contained in A and having L*A, = L*A. Using in addition condition ({;) of 
theorem 2, we have that there exists a subset A; of A with L*A,; = L*A such 
that to each point P of A; there is a number K(P) so 

L(B’ — A)C;(P) < of pit L*AC,(P) % B 
2r;(P) 4 2r,(P) 2 
hold simultaneously if P belongs to A,andk = K(P). This last statement with 
(14) gives the desired result. 
Next the existence of the set B may be discarded entirely. For 
THEOREM 3. A theorem equivalent to theorem 2 is obtained if condition b) is 





replaced by 
b) there exists a positive number & independent of P and k such that 
(3) L*Ao(P) > &L*AC;,(P). 


For if b) holds we know the existence of a suitable set B of b); namely A 
itself. Conversely if b) holds then condition b) follows from the above lemma 


(after all sets o.(P) with k < K(P) are discarded) with a = a (1 ve :)- 


5. Proof of theorem 1 


First, the condition on A that the inferior outer density be bounded from zero 
by a positive constant may be replaced by the weaker condition of theorem 1 
that this same density function be merely positive for almost all of A. 


For let A, be the part of A where D*(A, P) = a Then A; C Az C::: 
n 
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and V = Ai + Az +--+ where L*V = L*A so L*A = lim,..L*A,. Con- 
sequently corresponding to an e there is a number m such that 


(15) L*Am > L*A — ¢/2. 


It has been proved ([5] theorem 9) that if G@ is a set with L*G finite and G is 
any subset of G, then G and G have the same inferior outer densities at almost 
all points of G. Consequently at almost all points of A,, its inferior outer 
density is the same as that of A so is bounded fron zero by the positive constant 
1/m. The set A» then satisfies the conditions of theorem 2 so from the corollary 
there is, among the sets o,(P) associated with points of A,, , a finite number of 
mutually exclusive sets ox,(P1), --- , o%,(P,) whose unions s; lies in the given 
neighborhood U of A and is such that L*Ans; > L*A» — ¢/2. Since A DAm, 
L*As,; > L*Am — ¢€/2 which with (15) gives L*As; > L*A — € or since 3; is 
linearly measurable 


(16) L*(A — Asi) < a. 


Since s; is the union of a finite number of closed sets it is itself closed and 
since it lies in U (the open set containing A), U — s,isopen. Let A’ = A — As; 
and U'= U — s,. Then D*(A’, P) = D*(A, P) at all points of A’ and thus is 
positive at almost all points of A’. One will see that in the same manner we 
used to determine the set s; in relation to A we may now determine 8; in relation 
to A’, where se is the union of a finite number of mutually exclusive sets o;(P) 


lying in U’ and such that L*(A’ — A’se) < oe But A’ — A's. = A — A(8i + 82) 


so we have 
(17) L*[A — A(s: + &)] < 4 


We see that we may determine in succession a sequence of mutually exclusive 
sets s,, 82, --- each the union of a finite number of mutually exclusive sets 
ox(P) that lie in U such that 


L*[A — A(si + s + ---)] S L*[A — A(si + --- + 8n)] < €/n 


foreach n. Thus the inferior outer density may be merely positive instead of 
actually bounded from zero. 

Next we see that the positive constant a of theorem 2 may be replaced by a 
function positive at almost all points P of A. For if we let A, be the part of A 
where a(P) > 1/n the above argument may be repeated verbatim and lead to the 
stated conclusion. 


6. Additivity and complete additivity 


TuroreM 4. If A; and Az are two sets each satisfying the conditions of theorem 1, 
then A, + Ay also satisfy these conditions. 
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The only trouble comes in showing from the inequalities 
(18) L*Ajo.(P) > a(P)L*AC.(P), a(P) > 0, t=1,2 
that for almost all points P of A; + Az there is a number a(P) > 0 such that 
L*(A, + As)ou(P) > a(P)L*(Ai + A2)Ci(P). 
At a point P let 6:(P), i = 1, 2, be the inferior outer densities of A; and A, 
respectively. Then at almost all points P of A; + As either a;(P) or a2(P) is 


not zero. Also at almost all P of A; there is a number K(P) such that if k > 
K(P) 





L*A;C;(P) A 
2r.(P) 2 2r.(P) 


From (18) and the first inequality of (19), for almost all P of A; 
LAw(P) > a(P)B(P)ri(P), 1 = 1, 2if k > K(P), 


With 3a(P) = maxi.i,lai(P)-8:(P)] we have that a(P) > 0 at almost all 
points of A; + A» and using the second inequality of (19) 


L*(A; + As)or(P) > 3 a(P)ri(P) > a(P)L*(A1 + As)Ci(P) 


for almost of P of A; + Az if k = K(P) which is the desired result. 

We now have, for a set A which may have infinite measure, 

THEorEM 5. If A is the union of sets A, , Az, --- each satisfying the conditions 
of theorem 1 and H is an open set containing A, then there exists among the asso- 
ciated closed sets a sequence of mutually exclusive sets whose union s lies in H and 
L(A — As) = 0. 

Among the closed sets associated with A, there is a finite number whose 
union s; lies in H and L*(A; — Ajs:) < 1. Then each of the sets Ai — Ais 
and Az — Aes; with the closed sets associated with their points again satisfies 
theorem 1 and thus (from the additivity expressed in theorem 4) their union 
A = (Ai + As) — (A; + As)s; again satisfies the conditions of theorem 1. 
Thus among the closed sets associated with points of Az there exists a finite 


number of mutually exclusive sets whose union 82 lies in the open set H — % 
and L*(A; — Az&) < }, ie. 


L*{(Ai + Az) — (Ai + A2)-(81 + 82)] < §. 


Thus there exists a sequence of mutually exclusive sets s;, se, --- each the 
union of a finite number of closed sets such that for each n 


L*(Ar + «+» + An) — (Ar +--+ + An) (Gi tos + By] < 1/n. 


With s = s, + so + ---, then (Ai + --- + An) — (Ar + +--+ + An):8 is con- 
tained in the above set and increases with n to A — As so L*(A — As) = 9. 


(19) Bi(P) $=1,2 and L*(Ai + A2)Ci(P) < 4 
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7. Necessity 


Analogously to Carathéodory’s question mentioned in the introduction, one 
might ask whether the conditions on the closed sets o,(P) could be replaced by 
the condition: Each set o,(P) is a rectangle with center P and longest side 
decreasing to zero with 1/k. The answer is in the negative as the following 
example shows. 

Let c, be a unit cirele. Divide the circumference of c; into 4 equal parts and 
tangent internally to this circumference at the points of division draw a circle 
of radius 1/27. Call these circles cz, --- , ¢2,4 and Dz, their union. At the 
n” stage draw m, = 2?.3°. ... -n® circles ca, +--+, Cn,m, by dividing the cir- 
cumference of each circle c,-1,; into n* equal parts-and at each point if division 
draw tangent internally a circle c,,; of radius 


1 | 1 | aie 
nm | 2,---(n— 1] (nl)? 
Let D, be the union of these m, circles. 

The set A is the intersection A = D,-D;- ---. The exact measure of A is 
immaterial, but we must know (as shown by Besicovitch [2]) that0 < LA < o. 
By symmetry 0 < LAta,; = LAta,; = LA/(n!)’ < @. 

Let P be a point of A. For every k this point P belongs to some circle c;,.,; 
which in turn lies in some cy_1,;. Let o.(P) be the smallest rectangle that has 
its center at P, includes all of c,,; and the center of c,;,; and has long sides 
parallel to the line joining the centers of the circles c,; and c.1,;. Thus the 
width of o;,(P) is less than or equal to 4/(k!) (i.e. twice the diameter of c,,;) and 
length less than or equal to 2/[(k — 1)!]’. Also the distance between the line of 
centers of cx,; and c,_;,; and either of the sides of o,(P) parallel to it is $ 3/(k!)’. 

Let cz,» and cx,g be two neighboring circles of a circle c,1,;. The distance 
from c;.,, to the line joining the centers of c;,, and cx_1,; is then 


Lone ~ ap] ® esp) - ele 


4 1 3 ‘ 
ep, Fe. ae 2. 
aml e]> ap FP 
Thus if k = 3, ox(P) contains all of one circle c;,,; and no point of any other circle 

Ci.i,J F 4. 

Now let o;,(P:), ox,(P2), --- be a sequence with every k; = 3 of non-over- 
lapping rectangles selected from the family of rectangles associated with the 
set Ain the above manner. Furthermore let ki < ke S ---. Then because no 
two of these rectangles have a point in common, we have that the first 2° of 
the k,’s is each = 3, the next 2°.3” of the k’s is each = 4, etc., ie. 





‘ LA 5+-22-32 (3!)°LA 
LA 2, o4,(P%) < 7.32? LA p> ox(P:) S “(4 ’ 
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etc. Thus 
| A ys on (Ps | < (x 1) 1A, 
i=1 n=3 1 
sO 
LA —A > ou(P) | = (1 = > 1)IA > 0, 
i=l n=3 


i.e. no mutually exclusive sequence of these rectangles can include almost 
all of A. 


INSTITUTE FOR ADVANCED Stupy. ] 

( 
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METRIC LATTICES* 
By L. R. Wiicox anp M. F. Smitey 
(Received June 1, 1938) | 
Introduction F 
It is well known that a linearly ordered set L possesses a topology defined 


purely in terms of the ordering relation < in the following manner. Let 
(a;;7 = 1, 2, ---) be a sequence in L; then lim* a; = a is defined to mean the i 


existence of sequences (a;;4 = 1, 2, ---), (a;;i = 1,2, ---), wherea, < a;, 
a, >a, fori <j, such that a; < a; S a; fori = 1, 2, --- , and such that! 
: lub. [aj;7 = 1, 2,---] = a = gb. [a/; 7 = 1, 2, ---]. 
) A natural definition of completeness of L in this topology is that for every set 
SC L both l.u.b. S and g.l.b. S should exist. A smallest complete extension 
) L of L exists and can be constructed by the usual method employing “Dedekind 
cuts.” If Z is an interval of rational numbers, then it is well known that L is 
9 the real interval with the same endpoints. In this example, however, L is also a 


metric space (with metric | a — 6 |), and its metric-completion (in the sense of 
Cantor’) is also L. 

This discussion leads us to the problem of this paper, viz., to find general 
sufficient conditions under which a partially ordered set which is at the same 
time a metric space has an order completion and a metric completion which are 
isomorphic. We shall consider only the case where L is a lattice, and shall 
assume throughout certain natural relations between the metric and the ordering 
relation. Under these assumptions we shall determine necessary and sufficient 
conditions for the equivalence of the two completions of L. Our metric will be 
specialized to a considerable extent; indeed, we prefer to introduce first a 
“norm” and then show how a metric may be derived from this norm in a manner 
resembling the introduction of the “dimensional metric” in continuous geome- 
tries.’ Many of our results, particularly our lemmas, are restatements or 








* Presented to the American Mathematical Society December 28, 1937. 

‘It is readily verified that for real numbers this topology coincides with the usual 
topology, since it amounts to defining convergence as equality of upper and lower limits. 
For a generalization to continuous geometries, cf. J.v. Neumann, Examples of continuous Tey, 
geometries, Proc. Nat. Acad. Sci., 22 (1936), p. 107. 

* F. Hausdorff, Mengenlehre, 3rd ed., Berlin and Leipzig, 1935, pp. 106-107. 

* J. v. Neumann, op. cit., p. 106. Cf. also V. Glivenko, Contributions a l’étude des sys- 
témes de choses normées, Amer. Journal of Math., 59 (1937), pp. 941-956; and Géométrie des : 
systemes de choses normées, Amer. Journal of Math., 58 (1936), pp. 799-828. In the last two 
papers investigation is made of systems which are somewhat more special than those j 
discussed in this paper. 
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generalizations of results contained in the theory of continuous geometries, but 
inasmuch as the details of this theory are as yet not accessible, we shall give the 
proofs in full without explicit reference to the work of von Neumann. 

We shall employ the usual set-theoretical notations, with the following 
exceptions. For a function f(x) we denote the system of all elements f(z) for 
which x has the property «(x) by (f(x); e(x)). The set of these elements is 
(f(x); e(x)]. If S is a class of sets, then the set-theoretical sum (intersection) 
of the sets in S is denoted by © S (% S). The empty set is denoted by 9. If 
L is a set of elements a, b, c, --- , and < is a binary relation defined for all pairs 
(a, b) with a, b, e L, we say that L is a partially ordered set (with respect to <) 
in case (1) never a < a, (2) a S$ b,b S c impliesa S c, and (83)a Sb,b <a 
implies a = b; L is an additive (multiplicative) system in case every two elements 
a, b e L possess a least upper bound a + b « L (greatest lower bound ab « L) char- 
acterized by x 2 a + bif and only if x 2 a,b (x S abif and only if zx S a, b);L 
is a lattice in case it is both an additive and a multiplicative system. If Lisa 
partially ordered set, then a zero 0 (unit 1) is an element of L characterized 
by 0 S a(l 2a) foreveryaeL. These elements are unique if existent; their 
existence is assumed only where explicit statement is made to this effect. A 
lattice is continuous if every set S C L possesses a sum (least upper bound) 
> S such that x = >> S if and only if x = y for each y € S, and a product 
(greatest lower bound) [[ S such that z < |] S if and only if x < y for each 
ye S; >) S and I] S are unique if existent. If L is a partially ordered set, 
we say that a sequence (a; ; 7 = 1, 2, ---) is increasing (decreasing) in case 
a; S aja; 2 a;) fori < 7. Familiarity with the elements of the theory of 
lattices on the part of the reader is presupposed.* 

Preparations for the theory are given in Section 1 where a norm is introduced 
and its properties studied. Relations between the two types of completeness of 
the systems introduced in Section 1 are examined in Section 2. The inter- 
dependence of the two completions of these systems is treated in Section 3. In 
particular, we find in this section, under mild hypotheses, necessary and sufficient 
conditions that the two completions be isomorphic. Finally, a general example 
of our abstract systems is discussed in Section 4. 


1. Normed Lattices 


In this section we shall study the relations between a real valued function 
D(a) defined on an additive system L and a function 5p(a, b) defined in terms of 
D(a) by (1.1) (ef. Definition 1.1). A characterization is given of the functions 
D(a) having the property that 5p(a, b) isa metric. Finally, we find, under mild 
hypotheses, necessary and sufficient conditions on a metric 4(a, b) for L that 
there exist a function D(a) such that 6 = 6p. 





‘ Cf. for example G. Birkhoff, On the combination of subalgebras, Proc. Cambridge Phil. 
Soc., 29 (1933), pp. 441-464; O. Ore, On the foundation of abstract algebra I, Annals of Math., 
36 (1935), pp. 406-437. 
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DerINITION 1.1: (a) Let L be an additive system, and let D(a) be a real- 
valued function defined on L. Then we define 


(1.1) o(a, b) = 2D(a + b) — D(a) — Di). 


We say that D(a) is monotone increasing (decreasing) in case D(a) < D(b) 
(D(a) = D(b)) for a < b; D(a) is properly monotone increasing (decreasing) 
in case D(a) < D(b) (D(a) > D(b)) fora <b. The function D(a) is a norm 
in case 6p(a, b) is a metric for L; in this case we say that L is normed (by D(a)). 

(b) If L is a lattice, then 2 real-valued function D(a), a ¢ L is an affine dimen- 
sion function in case D(a) is properly monotone increasing and 


(1.2) D(a + b) + D(ab) S D(a) + Dib); 
D(a) is a dimension function in case D(a) is properly monotone increasing and 
D(a + b) + D(ab) = D(a) + Dib). 


(c) Let L be an additive system, and let 4(a, b) be real-valued and defined for 
every a, b e L; then we define 


A(a, b, c) = 3 [6(a, b) + 4(6, c) — d(a, c)]. 


When 6 = 6p for a given D(a), we write Ap(a, b, c). 

Lemma 1.1: If D(a) is a real-valued function defined on an additive system L, 
and if 5(a, b) = dp(a, b), then 

(1) D(a) — D(b) = 4(a, b) fa 2b; 

(2) if D(a) is monotone increasing, then | D(a) — D(b) | S 4(a, b); 

(3) d(a, b) = (6, a), 6(a, a) = 0; 

(4) A(a, a + b, b) = 0; 

(5) D(a) is monotone increasing if and only if 5(a, b) = 0; 

(6) D(a) is properly monotone increasing if and only if 

5(a, b) > O for a ¥ b; in this case a S b with D(a) = D(b) implies a = b. 

Proor: Parts (1) and (3) are obvious. Clearly 2D(a + b) = 2D(a), 2D(a + b) 
2 2D(b) if D(a) is monotone increasing. Thus 

6(a, b) — (D(a) — D(b)) = 2D(a + b) — 2D(a) 20, 
5(a, b) — (D(b) — D(a)) = 2D(a + b) — 2D(b) 2 0. 

This proves (2). Part (4) follows from (1) since 6(a, a + b) + 6(a + b, b) = 
D(a + b) — D(a) + D(a + b) — D(b) = (a,b). The converse implications in 
(5) and (6) follow from (1). The forward implication in (5) follows from (2). 
To prove the first of the forward implications in (6) let a ¥ 6. Clearly either 
a+b>aora+b> b, and D(a + b) > D(a) or Dia + b) > D(b). Thus in 
either case 6(a, b) = D(a + b) — D(a) + D(a + b) — D(b) > 0. The final 
implication in (6) is obvious. The proof is now complete. 

Lemma 1.2: If D(a) is a real-valued function defined on an additive system L, 


and if 5(a, b) = 8p(a, b), then 
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(1) A(a, b,c) = Dia + 6b) + D'b+c) — Dia+c) — Dd); 
(2) A(a, b, c) = 6(a, b) — da + ¢,b + ¢) forb Sa; 
(3) 6(a,b) — 6a +c¢,b +c) =A(a+b,a,c) +A(a +}, b,c); 
(4) A(a, b, c) = 0 for every a, b, c « L implies the following equivalent statements: 
(i) &(a+c,b+c) S da, b) for everya, b,ceL, 
(ii) 6(a+c¢,b+c) S da, b) ford S a, 
(iii) D(a + c) + D(b) S D(a) + Dec + b) ford S a, 
(iv) 6(a + c,b+d) S d(a, b) + 4c, d); 
(5) if D(a) is monotone increasing, then A(a, b, c) 2 0 of and only if one of the 
equivalent statements (i)—(iv) holds. 
Proor: Parts (1) and (3) follow from Definition 1.1 by an easy computation. 
Part (2) follows from (1). Part (4) is now evident except for the fact that (ii) 
implies (i). Using Lemma 1.1 (4) we obtain 


i(a, b) — f(a + c,b +c) = d(a,a+b) + (a+ 5b, b) — ((a+e,a+b+0) 
+ fa+b+c,b+c)) = ((a,a+b) —da+c,a+b+0)) 
+ (6a + b, b) — 6a +6+¢,b6+¢)) 20. 


To prove (5) we show that (iii) implies that A(a, b, c) 2 0 for every a, b, ce L. 
By (1) and (4) (iii) we have 


A(a, b,c) = Dia+ b) + Dib +c) — D(a + c) — D(b) 
= Dia + b) — D(b) — Dia+b+c¢) + Db+c) 20. 


This completes the proof. 

Corotuary: If L is a lattice, then D(a) is a dimension function if and only if 
A,(a, ab, b) = 0 and 6p(a, b) > 0 for every a,b e L witha # b. 

Proor: This follows immediately from Lemmas 1.2 (1) and 1.1 (6). 

THEOREM 1.1: Let D(a) be a real-valued function defined on a lattice L. Then 
the statements, 

(1) D(a) is a norm for L. 

(2) D(a) ts properly monotone increasing and satisfies 


(1.3) D(a + 6) + D(c) S D(a) + Db + ¢) fore Sa, 


(3) D(a) is an affine dimension function, 
are equivalent. 

Proor: We note that D(a) is a norm for L if and only if 6p(a, 6) > 0 for 
a ~ band Aj(a, b, c) = 0 for every a, b, ce L. Then by Lemmas 1.1 (6) and 
1.2 (5) the statements (1) and (2) are equivalent. To show the equivalence of 
(2) and (3) it suffices to show that the condition (1.2) is equivalent to (1.3) 
provided that D(a) is monotone increasing. Suppose (1.2) holds and consider 
a,b,ceLwithe Sa. By (1.2) we have 


D(a) + Db + ¢) = Diath + c)) + Da+b+c) = Dc) + Daa + 5). 
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Thus if D(a) is monotone increasing, condition (1.2) implies (1.3). Now let 
(1.3) hold, and consider a, be L. Define c = ab. Clearly ¢ < a, and (1.3) 
yields D(a + 6) + D(ab) = D(a) + Db + ab) = D(a) + Dib). Thus condi- 
tion (1.3) implies (1.2). This completes the proof. 

One of the striking differences between the theories of affine and projective 
geometry, when viewed from the lattice standpoint, is that in the former the 
modular law, 


(1.4) (a + b)c = a + bc for every a Sc, 


may fail for certain pairs b, c. The following theorem indicates the intimate 
relationship between modularity and the norm D(a). 

TuEorEM 1.2: If D(a) is an affine dimension function defined on a lattice L 
then (1.4) holds for a given pair b, c e L whenever 


Db + c) + D(bc) = D(b) + D(c). 


Proor: Let the pair b, c ¢ L satisfy the condition of the theorem, and consider 
asec. Clearly (a+ b)e 2a+ be. Hence by Lemma 1.1 (5) it suffices to show 
that D(a + be) = D((a + b)c). Using Lemma 1.2 (4) (iii) we obtain 


D((a + b)c) — D(a + be) S D(a + b) + Dc) — Dia + b+ 0c) — D(a + be) 
= Dia + b) + De) — Dib + ¢) — Dia + be) 
= D(a + b) + D(bc) — D(b) — Da + be) 


< 0. 


This completes the proof. 


Let us now consider a lattice L and a function 6(a, b) which is a metric for L. 
We investigate the possibility of realizing 6 as the 6p for a suitable function D(a). 
Lemma 1.3: If 6 has the property A(a, b, c) = O fora S b Sc, then 


l.u.b. [8(c, 6); ¢ S a] = Lub. [8(c, b); ¢ S b] 


for every a, be L witha & b. 
Proor: Clearly it suffices to show that corresponding to an element c < b 
there is an element c; S$ a such that 4(c; , b) = 6(c, b). Define c, = ca. Hence 


4 Sa,andeq Sc <b. Thus d(c,, b) = 6(4, c) + d(c, b) 2 4(c, b), and the 
lemma is proved. 
Lemma 1.4: If g, and ge are real-valued monotone decreasing (increasing) 


functions defined on a sublattice Lo of L, then 
l.u.b.[g1(a) + ¢e(a); a € Lo] = lub. [¢i(a); a € Lo] + 1.u-b. [ge(a); a € Lo). 


Proor: The argument used to prove the analogous fact about real functions 
of a real variable applies here. 
TaEoreM 1.3: If 5 has the property 


lu.b. [6(a, b);b S a] < + © for everyaeL, 





en 
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then there exists a norm D(a) such that 6 = 5p af and only if 
(1) A(a,b,c) =O0forasb Se, 


and 
(2) A (a, a + b, b) = O for every a, b € L. 


The norm D(a) is unique up to an additive constant. 

Proor: That (1) and (2) are necessary follows from parts (1) and (4) of 
Lemma 1.1. To prove the sufficiency define D(a) = l.u.b. [8(c, a); ¢ S al. 
Using (1) and (2) one easily obtains for c S ab 

5(a, b) = 26(c, a + b) — d(c, a) — O(¢, db). 
An application of Lemma 1.4 yields 
5(a, b) + lub. [6(c, a); ¢ S ab]+ lub. [S(c, b); ¢ S ab} 
= 2 1.u.b. [6(c, a + b);¢ S ab}. 


The relation 6 = 6p now follows from the definition of D and Lemma 1.3. To 
prove the uniqueness consider two norms D and E such that 6 = bp = d,. 
If a S b, then d(a, b) = D(b) — D(a) = E(b) — E(a). Thus D(b) — E(b) = 
D(a) — E(a)ifa = b. Now let a, bbe arbitrary. Clearly ab < aandab Sb, 
whence D(b) — E(b) = D(ab) — E(ab) = D(a) — E(a). This completes the 
proof. 

Coro.uary: If 0¢ L exists, then D(a) may be chosen as 6(0, a), and then 
a S bif and only zf A(0, a, b) = 0. 

Proor: When 0 « L exists, we have by Lemma 1.3 l.u.b. [8(c, a); ¢ S a] = 
6(0, a). Ifa < b, then A(0, a, b) = 0 by (1) since 0 S a S Bb. From (1) and 
(2) we obtain 

26(a + b, b) = 6(0,a + b) — 4(0, b) + d(a + B, db) 
5(0, a) + d(a, a + b) + d(a + Bb, b) — 4(0, b) 
6(0, a) + é(a, b) a 6(0, b) 
2A (0, a, b). 


Thus A(0, a, b) = 0 yields (a + b, b) = 0, and we have a + b = b, whence 
asb. 


2. Continuity and Completeness of a Normed Lattice 


In this section we shall be interested for the most part in the relation between 
the properties of continuity and completeness of a given normed additive system 
L. We shall show that completeness of L in the metric 6 = 5p implies that L is 
continuous. A necessary and sufficient condition that L be complete, under the 
assumption that L is continuous, will be given at the close of the section. The 
usual concepts and notations of the theory of metric spaces, such as “funda- 
mental sequence,” “completeness,” etc., will be assumed.° 





5 F. Hausdorff, op. cit., pp. 94, ff. 
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Lemma 2.1: Every increasing (decreasing) sequence of elements of L is either 
finite or denumerable. 

Proor: Since D(a) is properly monotone increasing, our lemma follows 
immediately from the fact that every monotone sequence of real numbers is 
either finite or denumerable. 

Lemma 2.2: Let P be a partially ordered set for which every increasing (decreas- 
ing) sequence is finite or denumerable. Then every increasing (decreasing) se- 
quence of elements of P has a sum (product) if and only if every non-empty subset 
of P has a sum (product). 

Proor: The converse implication is trivial. Suppose now that every increas- 
ing sequence of elements of P has a sum. If it is false that every non-empty 
subset of P has a sum, then there exists a non-empty subset S of P with the 
following properties: 

(1) S has no sum. 

(2) The power 8 of S is a minimum for subsets of P satisfying (1). 

Let 2 be the least ordinal of power &. It follows that © is infinite and is a limit 
ordinal and that there exists a system (a,; a < Q), a.¢P, such that S = 
fag; a < Q). Clearly the sets [as ; 8 < a < Q] have sums. Define b. = 
> [as ; 8 < a]. The sequence (ba ; a < Q) is increasing and hence may be 
written (b;; 7 = 1, 2,---). By hypothesis this sequence has a sum b. It 
follows that b = b, foreverya <Q. Since Q is a limit ordinal, we have b 2 a, 
foreverya <Q. Letc Z2aforeveryaeS. Thence 2a,foreverya <Q. In 
particular, c = ag for every B < a <Q. Thuse = >> (ag; 8 < a] = be for 
everya <Q. Hencec 2 Bb, and bis effective as a sum for S. This contradicts 
(1) and the lemma is proved for this case. The alternate reading is dual. 

Lemma 2.3: If (a;; 7 = 1, 2,---) is @ convergent increasing (decreasing) 
sequence of elements of L, then lim a; = >> [a;; i = 1, 2, ---] (im a; = 
I] fa: ;¢ = 1,2, ---)). 

Proor: Let (a; ; 7 = 1, 2, ---) be an increasing sequence of elements of L, 
and let lima; =a. Ifi = 1,2, --- is fixed andifj 27, then 


ia +a;,a) S 6a + a;,a;) + 6(a;, a) 
= 6(a + a; , a; + a;) + 6(a;, a) S 26(4;, a) 
by Lemma 1.2 (4). Then 
0 S 6(a + a;, a) S lim 286(a;, a) = 0; 


therefore 6(a + a;, a) = 0, and thus a + a; = a, whence a 2 a;. Suppose 
now that c = a; fori = 1,2, --- ; then by Lemma 1.2 (4) 


d(a + ¢,c) = a + ¢,a; +) = S(a, a), 
and 0 S$ 6a +¢,c) S lim d(a, a;) = 0. 


Consequently, 6(a + c, c) = 0, and therefore a + c = c, whencec 2a. Thus 
a= >° [a;;¢ = 1, 2,---]. Since multiplication is not assumed to have the 
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same properties as addition, a dual proof cannot be given for the alternate 
reading. Let (a;;7 = 1, 2,---) be a decreasing sequence, and suppose that 
lma;=a. Ift = 1,2, --- isfixedandifj 27, then 


(a + a; ’ ai) ved 5(a + a; » Aj + a;) Ss 5(a, a;) 
by Lemma 1.2 (4). Hence 
0 S d(a + a;, a;) S lim 4(@, a;) = 0; 


therefore 6(a + a;, a;) = 0, whence a < a;. Suppose now that ¢ < a; for 
i = 1, 2,--- ; then 


5(a + ¢,a) S 5(a+¢,a,) + 6(a;, a) = (a+, a; +0) + d(a;, a) S 28(a;, a), 


whence 6(a + c,a) = 0,ande <a. Thusa = J] [a; ;i = 1,2, ---]. 

THEOREM 2.1: L is complete if and only if all increasing and decreasing funda- 
mental sequences are convergent. 

Proor: The forward implication is trivial. To prove the converse implica- 
tion it suffices to show that every fundamental sequence has a convergent 
subsequence. Consider a fundamental sequence. We may choose a sub- 
sequence, which we write (a; ; 7 = 1,2, ---) such that 6(a; , aj) S (4)* forj =i. 
By Lemma 1.2 (4) and induction we obtain 


(2.1) d(a; + see + 4;,a; + ye ee +a) So (j 2i,k 2i, m = min (k,j)). 


Thus the sequences (a; + --- + di ;k = 1,2, ---) are increasing fundamental 
sequences for each 7 = 1, 2,---. By hypothesis there is a sequence (0); ; 
i = 1,2, ---) for which b; = lim,(a; + --- + aiyx). Thusb; = >> [a;3j = 1, 
7+ 1, ---] by Lemma 2.3. Using (2.1) we obtain for 7 = 7 


6a; + --- + 4;,a:) = Daai+--- + a,) — D(a) <5. 


By Lemma 1.1 (1), 5(b:, ai) = Dib) — D(a) S 2/2°. Hence the sequence 
(b;) is equivalent to the sequence (a,;). Therefore the decreasing sequence (b;) 
is fundamental and consequently has a limit a. Clearly a = lim a;, and the 
proof is complete. 

THEorEM 2.2: If L is complete and if D(a) is bounded both above and below, 
then L is a continuous lattice. 

Proor: By Lemmas 2.2 and 2.3 it suffices to show that all increasing and 
decreasing sequences are convergent. Consider an increasing or decreasing 
sequence (a;). The sequence of numbers D(a,), i = 1, 2, --- is bounded and 
monotone, and hence fundamental. By Lemma 1.1 (1), | D(a;) — D(a;) |= 
5(a;,a;). Thus the sequence (a,) is fundamental and hence is convergent since 
L is complete. This completes the proof. 

We shall turn from the principal object of this section to show how L may be 
isomorphically embedded in a continuous lattice. This has been done recently 
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by H. M. MacNeille.®° He employed an extension of the notion of “Dedekind 

cuts” in the rational numbers. We find it more convenient to use only one of the 

two sets which constitute a “‘cut.”’ We shall need the following definitions. 
DeriniTION 2.1: For every subset S or L we define 


S* = [z;2 = y for every y « SI, 
S =(z;2 S y for every y « S]. 


Corotiary: (1) If 8, TC Land SC T, then S* D> Tt, SDT 
(2) If SCL, thn S™* =S*,S* =8,8Sc 8St,8cs. 

Proor: Obvious. 

DrFIniTION 2.2: If SC L then we say that S is lower (upper) in case St = 
S(S* = S) or equivalently, S is of the form 7” (7*) with TC L. The set of 
all lower (upper) sets is denoted by & (%’) (Elements of & (’) are denoted bya, b,c, 
etc. (a’, b’, c’, etc.)). Define & as the class of all sets [x;x < a]foraeL. Ob- 
viously % C &. 

Corotuary 1: If & C L (RC L) then PR « L (PL € L). 

Proor: For each ae%&, a D $k, whence a = a* D (PR)*. Thus 
BL, D (PR)*, and it follows that BL, = (PR)*, ie., PR Similarly 
PU cL. 

CoroLuary 2: If ae %, then a is an ideal, 7.e., (a) a, b ea implies a + bea, 
and (b) aea, b S a implies bea. If a’ eX then a’ is a dual ideal, i.e., (a’) 
a, b ea’ implies ab € a’, and (b') a ea’, b 2 a implies b ea’. 

Proor: Obvious. 

If for a, b ef we define a < basacC b,a & B, then & is a continuous lattice 
in which [] S = BS, >> S = (GS)* for SCL. The subset & of & is a sub- 
lattice of £ which is lattice-isomorphic to Z. We shall refer to & as the lattice- 
completion of L. In similar fashion & is a continuous lattice; it is anti-iso- 
morphic to 2 under the correspondence a — a”. 

The notation 6(S, T), where S, 7 C L and S, T ¥ O, means’ g.l.b. [5(a, b); 
aeS, be T]. 

DrFINITION 2.3: We say that L satisfies B, in case 6(a, a*) = 0 for every 
ae for which a, a* ¥ @. 

DEFINITION 2.4: We say that L satisfies B, in case the following two state- 
ments hold: 

(a) Let (a;,¢ = 1,2, ---) beanincreasing sequence. Ifa; ;i = 1,2, ---]" = 
9, then lim D(a;) = l.u.b. [D(a); a ¢ L); if [a; i = 1, 2, ---]” 4 O, then d([a; ; 
i= 1, 2, ‘| la jc= 1, 2, -+ J") = 0. 

(b) Let (a; ;¢ = 1,2, ---) bea decreasing sequence. If (a; ;i = 1,2,---] = 
9, then lim D(a;) = g.l.b. [D(a); a € L); if fa; 3.4 = 1, 2, ---] ¥ O, then d({a;; 
t=1,2,..-],[a;;¢=1,2,---[) =0. 





* Partially ordered sets, Trans. Amer. Math. Soc., 42 (1937), pp. 416-460. 
"F. Hausdorff, op. cit., p. 145. 
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We shall see in Section 3, where these ideas will be extensively used, that if 1 
satisfies B,, then L satisfies B,. It is easy to show by examples that the 
converse is not true. 

TuHrorem 2.3: Let L be continuous, and suppose that D(a) is bounded above and 
below. Then L is complete if and only if L satisfies Be . 

Proor: Since every increasing or decreasing sequence is fundamental when 
the function D(a) is bounded, the necessity follows immediately from Lemma 
2.3. To prove the sufficiency it suffices, by Theorem 2.1, to show that every 
increasing or decreasing fundamental sequence is convergent. Consider an 
increasing fundamental sequence (a;; 7 = 1, 2,---). Since L is continuous 
> (a: ;7 = 1, 2, ---] exists, and [a; ;7 = 1, 2, ---]* #0. Clearly a; < > [a] 
< bfori = 1,2, --- , andeveryb e[a]". Thus by Theorem 1.3 8(a;, >> [a;]) < 
8(a;, b) for i = 1, 2, --- and every be[ai]*. The fact that L satisfies By then 
implies that >> [a,] is effective as a limit of the sequence (a,). Decreasing 
sequences may be treated in a similar way. This completes the proof. 


3. Equivalence of the Extensions 


The Cantor method of completing a metric’space is well known.’ A de- 
scription of the lattice-completion of a given partially ordered set was given in 
Section 2. Thus our normed lattice L possesses two extensions, viz., the lattice- 
completion and the completion in the metric 6 = 5p ; relations between these 
two extensions will be treated in this section. We shall show that the metric- 
completion 9% of L is a continuous normed lattice. We shall also prove that 
when L satisfies B, the lattice-completion & is a normed lattice, that 2 is (metric) 
complete if and only if L satisfies B, , and that the isomorphism of £ and M 
is equivalent to the statement that L satisfies Be . 

We shall assume throughout this section that the norm D(a) of our normed 
lattice L is bounded above and below. Roman capitals, A, B, C, etc., will 
denote elements of 2, i.e., maximal classes of equivalent fundamental sequences. 
We note that since D(a) is bounded, every increasing or decreasing sequence is 
fundamental. 

Lemma 3.1: If A eM, (a:) « A, then lim D(a,) exists and depends on A only, 
and not on the choice of the sequence (a;) € A. 

Proor: This follows immediately from Lemma 1.1 (2). 

DeFIniTION 3.1: If A ¢ I, we define D(A) as the unique common value of 
lim D(a;) for all (a;) € A. 

Lemma 3.2: If A, B « M, (a;) € A, (b;:) € B, then lim 8(a; , b;) eatists and depends 
on A, B only, and not on the choice of the sequences (a;) € A, (b;) € B. 

Proor: This result, which follows from the uniform continuity of the metric 4, 
is contained in the general theory of metric spaces." 

DeFINiTION 3.2: If A, Be, we define 6(A, B) as the unique common 
value of lim 6(a; , b;) for all (a;) € A, (b;) € B. 





8 F. Hausdorff, op. cit., pp. 106-107. 
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CoroLuarY: 6(A, B) is a metric for M. 

Proor: This follows immediately from Lemma 3.2 and the fact that 6 is a 
metric for L. 

Lemma 3.3: If A, B eM, (a;) € A, (b;) € B, then the equivalence class determined 
by the sequence (a; + bi) belongs to Mt and depends on A, B only, and not on the 
choice of the sequences (a;) € A, (b;) € B. 

Proor: Let A, B eM, (ai) € A, (6:) ¢B. By Lemma 1.2 (4) (iv) we obtain 


5(a; + b;, a; + bj) S S(a;, a;) + 8(b;, b,); 


whence the equivalence class determined by the sequence (a; + b,) belongs to M. 
If (a;) € A, (b’) « B, then Lemma 1.2 (4) (iv) yields 


5(a; + b; , ai + bs) S B(a;, as) + (0; , B,). 


Consequently, the sequences (a; + b;) and (a; + b;) determine the same equiva- 
lence class. 

DeriniTIon 3.3: If A, B eM, we define A + B as the unique equivalence 
class determined by the sequences (a; + b,), where (a;) «A, (b:)«B. If A, 
BeM, then A < Bmeans A + B = BwithA # B. 

Lemma 3.4: If A, B eM, then 6(A, B) = 2D(A + B) — D(A) — D(B). 

Proor: This follows immediately from Definition 3.2 and the fact that D(a) 
is a norm for L. 

Lemma 3.5: I is a complete normed additive system with norm D(A). 

Proor: The operation A + B is evidently associative, commutative, and 
idempotent. To show that M is a partially ordered set, it suffices to prove that 
A < B, B S C implies A S C, and that A <= B, B S A implies A = B. If 
AS B,B SC, clearly 


A+C=A+(B+C)=(A+B)+C=B+C=C, 


whence A SC. If AS B,BSAwehaveB=A+B=B+A =A. 
Thus 2 is a partially ordered set. To show that A + B is effective as a least 
upper bound for A and B we have 


A+ (A+ B)=(A+A4)+B=A+B. 
Hence A + B = A, and by symmetry A+ B 2B. IfC 2A, B, then 
(A+B)+C=A+4+(B+C)=A+C=C, 


and it follows that C > A+B. Thus 9M is an additive system. We see from 
Lemma 3.4 and Corollary Definition 3.2 that D(A) is a norm for M. By the 
general theory of metric spaces, I is complete.” Hence I is a complete 
normed additive system. 

THEOREM 3.1: I is a continuous normed lattice. 

Proor: This is immediate by Lemma 3.5 and Theorem 2.2. 

Let us now consider the lattice-completion & of L. 
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DeFINITION 3.4: For every non-empty a ¢ % (a’ € %’) we define D(a) (D'(a’)) as 
l.u.b. [D(a); a € a] (g.l.b. [D(a); a € a’). 


We define DQ) = D’(L) if 0 « %, and D’(O) = D(L) fO «&’. 

Corotuary: If L satisfies B,, then D(a) = D’ (a*) for every ae L, and con- 
versely. 

Proor: Obvious. 

Remark: By Corollary Definition 3.4 we see that condition B, means that 
the functions D and D’ (defined over % and & respectively) correspond under the 
anti-isomorphism a — a’. When B, holds we might, without altering the 
results, have defined as lattice-completion of L the set of “cuts,” i.e., pairs 
(a, a*) defining D((a, a*)) as the common value of D(a), D’(a*). 

DEFINITION 3.5: If a, b « & we define 6(a, 6) as 2D(a + 6) — D(a) — D(6). 

DEFINITION 3.6: If ae % (a’ € %’) then a sequence (a; ;7 = 1, 2, ---) is said 
to generate a (a’) in case (a; ; 7 = 1, 2, ---) is fundamental, a; € a (a; €a’) for 
@=1,2,---, and 

lim D(a;) = D(a) (lim D(a;) = D’(a’)). 

Corotuary: Leta e & (a’ € %’). Ifa #O(a’ XO), then there exists an increas- 

ing (decreasing) sequence (a; ;7 = 1, 2, ---) generating a (a’). 


Proor: Suppose that ae and that a ~ ®. Then D(a) = Lub. [D(a); 
aeal, and there exists (b;; 7 = 1, 2,---) with b; ea such that lim D(b;) = 


D(a). Define a; = >> [b;;7 = 1,---, 7]. Clearly a; ea for i = 1, 2,---, 
and the sequence (a;) is increasing. We have D(b;) S D(a,;) S D(a), whence 
lim D(a;) = D(a). Thus the increasing sequence (a;) generates a. The 


alternate reading is similarly proved. 

Lemna 3.6: If (a; ;7 = 1, 2, ---) and (b; ;7 = 1, 2, ---) are equivalent increas- 
ing (decreasing) sequences, then [a;; i = 1, 2,---]* = [b;; 7 = 1, 2, PP ge 
([a; 32 i 1, 2, J 2h [b; 31 rot 1, 2, -+-J*). 

Proor: Suppose that (a;;7 = 1, 2,---), (bs ;7 = 1, 2, ---) are equivalent 
increasing sequences. Define S = [a; ;7 = 1, 2, ---], T = [bs ;¢ = 1, 2, ---l]. 


Let ze S*ie.,x 2a;fori =1,2,---. Ifi = 1,2, --- is fixed andj 2 i, then 
d(x + B;, x) < (a+b; +a;,7+6;+6,) +6(2+5;,2+ 4, 
= 28(a; , bj) 


by Lemma 1.2. Thus 
0S 6x + bj, x) S lim 26(a;, b;) = 0, 


and it follows that 6(z + b;, x) = 0, whence z = b;, ie, eT’. We have 
proved that St c 7*; by symmetry T* C S*, whence St = 7*, and S* = age 
Suppose now that (a;; 7 = 1, 2,---), (;;7 = 1, 2, ---) are equivalent de- 
creasing sequences. LetzeS ,ie.,2 S a;fori =1,2,---. Ift =1,2,-°° 
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is fixed andj = 2, then 
b(c + bs, bi) S He +b: +b;, 2+ 0; + a,) + 5b; + a;, b; + B,) 
S 26(b; , a;) 
by Lemma 1.2. Thus 
0 S d(x + bj, bi) S lim 26(;, a,) = 0, 


and it follows that z S b;ie.,z¢7". This and a symmetrical argument prove 
that S' = T, whence S* = T*. 
Lemma 3.7: Let ae® (o’ €@’). If (ac; 7 = 1, 2,---) (5; ¢ = 1, 2,---) 
generate a (a’), then (a; ;7 = 1, 2, ---) and (b; ;7 = 1, 2, ---) are equivalent. 
Proor: Let the sequences (a,), (b;) generate a. Then 


D(a;) s D(a; + bi) < D(a), 
whence 
D(a) = lim D(a;) S lim D(a; + 6,) S D(a), 


and it follows from Lemma 1.1 (1) that lim 6(a; ,,a; + b;) = 0. Consequently 
(a;) is equivalent to the sequence (a; + b;). By symmetry, the sequence (b;) 
is equivalent to the sequence (a; + b;), whence the sequences (a;) and (b;) are 
equivalent. The alternate reading is treated similarly. 

Lemma 3.8: If an increasing (decreasing) sequence (a; ;i = 1,2, ---) generates 
a (a’) then [a; 34 = 1,2, ---]7™ =a (fa; 32 = 1,2, ---]* =a’). 

Proor: Consider first the case where (a;; 7 = 1, 2, ---) is an increasing 
sequence. Define S = [a;; 4 = 1, 2,---]. We note that S™ Ca. Let 
Let a ea, and define b; = a; + aforz = 1,2,---. Clearly the sequence (b,) is 
increasing and b; ea fori = 1,2,---. Now 


D(a) 2 lim D(b;) 2 lim D(a,;) = D(a). 


Therefore the sequence (b;) is equivalent to the sequence (a;) and is hence 
fundamental; we have thus shown that the sequence (b;) generates a. By 
Lemmas 3.7 and 3.6 we have [b; ; 7 = 1, 2,---]*7> = S*. Clearly ae[bJ*; 
thus a C S*~, whence a = S*, and the proof is complete in this case. The 
alternate reading is treated similarly. 

Remark: It is now easy to see from Corollary Definition 3.6 and Lemma 3.8 
that if L satisfies B. , then L satisfies B, . 

Lemma 3.9: Suppose that L satisfies B,. If a, be, and if the sequences 
(a; ;¢ = 1,2, ---), (bs ;¢ = 1, 2, ---) are increasing and generate a, 6 respectively, 
then the sequence (a; + b; ;4 = 1, 2, ---) generates a + b. 

Proor: Since the sequence (a; + b,) is fundamental along with the sequences 
(a;) and (0,), it remains only to show that 


(3.1) lim D(a; + b;) = D(a + 5). 
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We prove first that ) = [a; + 6; ;7 = 1, 2, -- J =a+b6. Clearly 
(S(a, 6))* = Ba", 1) cd”. 
By Lemma 3.8 a* = [a; ;i = 1,2, ---]"D d*, and b* = [b; ;¢ = 1, 2, iD 
d*. Hence B(a‘, bt) D> d*. Thus (G(a, 6))* = d*, and therefore b = a + b, 
Now if either at = © or b* = @, then either a = L or 6 = L and the lemma is 
trivial. In the contrary case, since L satisfies B,, there are sequences (c;), 
(d;) such that c; ea*, d; ¢ b* forj = 1, 2, --- , and lim d(¢; , a;) = 0, lim 4(d, , b,) 
= 0. It is clear that c; 2 a;,d; 2b; for7,j7 = 1,2,---. Letzea+b. 
Clearly c; + d; 2 x, and 
i(z+a,+b,,a,+b) S de+eo+d;+a;+ b;, a; + Bi) 
S ic; + di, a; + Bi) S 8(a;, ci) + 48(0;, di). 
Hence by Lemma 1.1 (1) we obtain 
lim D(z + a; + b;) = lim D(a; + bj). 

Therefore 

D(a + 6) 2 lim D(a; + 6,) = lim. D(« + a; + b;) = D(z) 
for every x ea + 6, whence 

D(a + 6) 2 lim D(a; + bi) = D(a + 8). 


Thus (3.1) holds, and the proof is complete. 
THEOREM 3.2: If L satisfies B, , then 2 is a normed lattice with norm D(a). 
Proor: By Theorem 1.1 (2) it suffices to prove that D(a) is properly mono- 
tone increasing and that 


(3.2) D(a + 6) + D(c) S D(a) + D(b + ¢) fore S a. 


Suppose thata < b. Ifa +9, then b ¥ 9, and there exist increasing sequences 
(a;), (b;) generating a and 6b respectively by Corollary Definition 3.4. Since 
a;¢bforz = 1, 2, --- , it follows that 


D(a;) S 1.u.b. (D(x); x € 6] = lim D(b,), 


whence lim D(a;) < lim D(b;). If the equality sign holds, then the sequence 
(a;) generates b, whence by Lemma 3.8 a = [a; ,7 = 1,2, ---]* = 5, contrary to 
a<b. Leta =. Clearly b ¥ 9, and D(b) = D(a) = gb. [D(z); ze L}. 
Suppose that D(a) = D(6). If b «6, then 

D(b) = D(b) 2 g.l.b. [D(x); x e L] = D(b), 


and D(b) = g.l.b. [D(x); z¢«L]. Now if ce L then bc eb (since 6 is an ideal), 
whence also 


D(be) = g.l.b. [D(x); x ¢ L] = D(b). 


a 
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But be < b, whence be = bandb Sc. Since b S c for every c ¢ L, it follows 
that 0 « L exists and that b = 0. Consequently 


beL =@* =a" =a 
contrary toa = 8. This proves that D(a) is properly monotone increasing. 
It remains only to establish (3.2). Clearly (3.2) holds if either a = 9 or b = @. 
Hence let a, 6 = ©. Suppose first that c ~ ©. Then there exist increasing 
sequences (a;), (b:) (c:) generating a, b, c, respectively. Now define a; = a; + ¢. 
Then (a;) clearly generates a, and a; 2 c; fori = 1, 2,---. By Lemma 3.9 
(a; + b;) and (b; + ¢:) generate a + band b + c respectively. Since 


D(a; + b:) + D(ci) S D(ai) + D(bi + 3), 
we have 


D(a + b) + D(c) = lim D(a; + bi) + lim D(e) 
= D(a) + D(b + ¢). 


Finally let c = @. Again, there exist increasing sequences (a;), (b;) generating 
a and 6b respectively, whence (a; + b;) generates a + 6. By Theorem 1.1 (3) 
and Definition 3.4 we obtain 


D(a + 6) + D@) = lim D(a; + bi) + g.lb. [D(xz); x « L] 
=< lim (D(a; “+ b;) a D(a,b;)) 
<= lim D(a,) + lim D(b;) = D(a) + D(b + 8). 
This completes the proof. 

Corotuary: If L satisfies B, then % (cf. Definition 2.2) and L are isometric. 

Proor: The isomorphism a — [z; x S a] between L and &% clearly preserves 
the norm D and hence preserves the metric 6. 

THEOREM 3.3: If L satisfies B, and if 2 is (metric) complete, then L satisfies Bz . 

Proor: This follows immediately from Theorem 3.2 and Lemma 2.3. 

Lemma 3.10: Let L satisfy B.. If ae (a’ eX’), if (ai ;¢ = 1, 2,---) is an 
increasing (decreasing) sequence, and if [a; ;i = 1, 2,---]" =a ([a;;¢ = 1, 2, 
-+.[* = q’), then 

lim D(a;) = D(a) (lim D(a;) = D’(a’)). 

Proor: Consider an increasing sequence (a;), and define S = [a;, i = 1, 2, 
‘+: Then S =a. If St‘ =, thena = S* = Land lim D(a;) = D(L) = 
D(a). Hence let St ~®. Since L satisfies B, we have 6(S, S*) = 8(S,a°) = 
0. It follows that there exists a sequence (b;) with b; «a* such that lim 6(a;, 
bs) = 0. Thus 

0 = lim (D(b;) — D(ai)) = D(a) — lim D(a.) 2 9, 
whence lim D(a;) = D(a). The alternate reading may be similarly proved. 
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I TueoreoM 3.4: Let L satisfy B,. Then is (metric) complete. Se 
| ‘ Proor: By Theorem 2.1 it suffices to show that every increasing or decreasing 
o HH sequence in 2 is convergent. Let (a; ;7 = 1, 2, ---) be increasing, i.e., a; < a;,, 
a 7 fori = 1,2,---. Foreachz = 1, 2, --- we may select an increasing sequence 
(bin; k = 1,2, ---) which generates a;. Then define bi, = >> [bjx;7 = 1,---, a); 
! clearly (bx ; k = 1, 2, ---) generates a;, and bie S bist, , Dx S diny1 for i, 
i k =1,2,-.--. Define a; = bj;and S = [a; ;7 = 1,2, ---]. It will be shown that Su 
fi a= >> (a; =1,2,---]=S". Clearly a;¢a;, whence S C © [a;;7 = 1, 2, gel 
i ---]C a. Hence St Da*. Now 
a* = (Gla; 54 = 1,2, ---])” = Pla; ¢ = 1, 2, ---]. 
| IfaeS*,ie., 2 2a;fori = 1,2,---,thenz =byfori, k = 1, 2, --- , whence Th 
| ze(bu 3k = 1,2,---]* = aj" fori = 1,2,---, andze [ay ;¢ = 1, 2,.--]. % i 
Therefore St C a‘, and St = a*. Consequently S*~ = a, and by Lemma 3.10 T 
lim D(a;) = D(a). Now D(a;) = D(a), and D(a) = D(a;) fori = 1, 2,-.., betu 
whence P 
lim D(a;) = lim D(a;) = D(a) 2 lim D(a). a 
el 
Thus lim D(a;) = D(a), i.e., lim 6(a;, a) = 0, and the sequence (a;) is con- and 
vergent toa. Let (a; ;7 = 1, 2, ---) be decreasing, i.e., a; 2 aiy1 for 7 = 1, 2, sele 
For each i = 1, 2, --- we may select a decreasing sequence (b;,; k = 
1, 2, ---) which generates af. Then define bx. = J] [bx 37 = 1,---, d]; 
clearly (bx ; k = 1, 2, ---) generates a, and by = Disie, bie = dings for i, defir 
k=1,2,---. Definea; = bj,and 7 = [a;;i =1,2,---]. It will beshown that j= 
b=[[[i;i=1,2,---])=7. LetyeT ,ie, y S$ a; fori = 1,2,---. limit 
Then y S by, 1e., ye [bu ; kK = 1, 2,---| = a; for 7 = 1, 2,--- , whence the « 
yeb. If eb, then zve[bu ; k = 1, 2,---] forz = 1, 2,--- , whence ze T. 
Thus 7 = 6b. By Lemma 3.10 
wher 
lim D(a;) = D’(6*) = D(5), uniq 
the last equality holding by Corollary Definition 3.4. Therefore " 
lim D(a;) = lim D(a;) = D(6) = lim D(a,), i= 
spe 
i and lim D(a;) = D(6), i.e., lim 6(a;, 6) = 0, and the sequence (a;) is convergent | fa 
i to 6. This completes the proof. A(a) 
RemaRk: Since we have stated B, in terms of L, its meaning may need some exis 


clarification. It is easily shown in the light of Theorem 3.4 that Bz is equivalent 
to the complete additivity and complete multiplicativity of D as defined on &, when 
i.e., lim D(a;) = D(>> [ai ; 7 = 1, 2, ---]) if (a; ; 7 = 1, 2, ---) is increasing, 
and lim D(a:) = D([J [a; ;¢ = 1, 2, ---]) if (a; ;¢ = 1,2, -- -) is decreasing. 
Lemma 3.11: The lattice % is everywhere dense in &. 
Proor: Suppose first that a = 0, and let (b; ;7 = 1, 2, ---) be a decreasing 
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sequence generating @* = L. Then 
lim; 6([z; x S bi], a) = lim; (D((z; z S biJ) — D(a)) 
= lim D(b;) — D(a) 
= lim D(b;) — D’'(L) = 0. 


Suppose that a ~ @, and let (b;; 7 = 1, 2,---) be an increasing sequence 
generating a. Then 


lim 6([z; x = bi], a) = lim (D(a) — D((z; x S 63))) 
= D(a) — lim D(b,;) = 0. 


Thus if ae and e > 0, there is an element ao ¢ % such that 6(a, a) S e, ie., 
% is everywhere dense in &. 

TurorEM 3.5: Let L satisfy B2. Then there is a one-to-one correspondence 
between L and I preserving the lattice operations, the norm D and the metric 6. 

Proor: Since 2 is a metric-complete extension of L such that L (i.e., %) is 
everywhere dense in &, it follows from the general theory of metric spaces that 
there exists a one-to-one isometric correspondence a — A(a) between % and MN, 
and that such a correspondence is defined in the following manner. If ae 
select a sequence (a;) € %, i.e., a sequence (a;) e L such that 


lim 6(a;, a) = lim; 6(([z; x S ai], a) = 0; 
define a;; = a; for 7, 7 = 1, 2,--- , and A; as the equivalence class of (aj; ; 
j=1,2,---). Then the sequence (A;) is fundamental in 9? and therefore has a 


limit A(a) € $t; A(a) depends only on a, and the correspondence a — A(a) has 
the desired properties. Indeed, for every sequence (b;) e« A(a) we have 


D(A(a)) = lim D(b;) = D(a), 


whence a —> A(a) preserves the norm D. Moreover, if a ~ © then A(a) is the 
unique equivalence class determined by sequences generating a. Finally, in 
order to prove that a — A(a) is a lattice isomorphism, it suffices to show that 
aS b is equivalent to A(a) S A(b). Suppose first that a ¥ 9, and let (a; ; 
t= 1,2,---), (:;7 = 1, 2, ---) be increasing sequences generating a, 6 re- 
spectively. Ifa < b, then (a; + b;;7 = 1, 2, ---) generates a + b = b by 
Lemma 3.9, whence A(b) = A(a) + A(b), and A(a) S A(b). Conversely, if 
A(a) S A(b), ie., if A(a) + A(b) = A(6), then by Lemma 3.8 


a= fa; 5¢=1,2,---] CS fa, +b; 54 = 1,2, ---J = [be 56 = 1,2, ---]7 = b 
whencea S b. Suppose now that a = @, and let (a;) « A(a), (bi) « A(6). Then 
D(a) < lim D(ab;) < lim D(a) = D(a), 
and since 
6(a; + b;, bi) = D(a; + b,) — Dib) S D(a) — Dadi) 
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by Theorem 1.1 (3), it follows that lim 6(a; + 6; , b;) = 0, whence A(a) + A(6) = 
A(6), ie., A(a) S A(b). This completes the proof. 

The essential result of this section may be stated in the following 

FUNDAMENTAL THEOREM: Let L be a normed lattice with norm D(a). If L 
satisfies B, and if D(a) is bounded above and below, then the lattice-completion and 
the metric-completion of L are (lattice- and norm-) isomorphic if and only if L 
satisfies Be. 

Proor: This is immediate from Theorems 3.3 and 3.5. 


4. An Example 


In this section we shall discuss briefly a special normed lattice. The system 
obtained is an instance of systems investigated by one of us.” 

Let L’ be a lattice satisfying the following conditions: 
(4.1) OeL’,1€L’ exist; 
(4.2) there is defined on L’ a dimension function D(a); 
(4.3) D’(0) = 0, D’(1) = 1; 
(4.4) L’ is complete in the metric 6 = dp: ; 
(4.5) L’ has no points, i.e., ae L’, a > 0 implies the existence of c « L’ with 

a>c>Q0. 

By Theorems 1.2 and 2.2 L’ is a modular continuous lattice. If 7 C L’ we 
write >>’ T ([]’7) for the sum (product) of T. If T = [a, b], we write a @ b 
(a @ b) for >.’ T([]' T). We assume further that L’ is complemented, i.e., 
(4.6) if ae L’, there exists re L’ such thata @ xz =1,a@®z2z=0. It may 
easily be shown that L’ is a (not necessarily irreducible) continuous geometry.” 

Let q « L’ be any fixed element ~ 0, 1, and define S = [7;0 <a Sqj,L=L’ 
— S. Clearly L is a partially ordered set. Now it is easily seen that L is a 
continuous lattice in which for TC L, }} T = 0’ T, [[ T = I] Tif []' 7 cL, 
II T = 0 if JJ’ 7S. If we define D(a) = D’(a) for ae L, then it follows 
immediately from Theorem 1.1 and (4.2) that D(a) is a norm for L and that 
5p(a, b) = dp. (a, b) fora, be L. Since L is a continuous normed lattice, it is 
evident that L satisfies B,. To show that L does not satisfy Bz , select a solu- 
tion z e L’ of the equationsg @z = 1,g@x=0. ClearlyxreL,x #0. Now 
define x, = x. By (4.5) there exists y « L’ such that 0 < y < 2,. Moreover, 
(4.6) together with the modular law implies the existence of z e L’ with y ® z = 
1,y@z=0. Thusz <0, D’(y) + D’(z) = D’(x), and hence either 2D’(y) S 
D(z;) or 2D’(z) S D’(a). In the former case define z. = y, and in the latter 
case, % = z. Proceeding thus inductively, we obtain a decreasing sequence 
t% > % > --- with x = 2, 4; ¥ 0, 2D'(xi41) S D(x). Hence 2° "D’(zi) S 
D’(a;), and therefore lim 6(z; , 0) = lim D’(x;) = 0. If x; e S for some i = 1, 2, 
+++, then z; = ¢ @ x S ¢g @ x = 0, whence z; = 0, contrary toz; #0. Thus 





* L. R. Wilcox, Modularity in the theory of lattices, to appear in Annals of Math. 
1° That is, L’satisties Axioms I-V in J. v. Neumann, Continuous geometry, Proc. Nat. 
Acad. Sci., 22 (1936) (pp. 94-96). 
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1eL fori = 1, 2,---. Let y be any element of S. Clearly y @ 2; L for 
; = 1,2,---, and the sequence (y ® z,) is decreasing. If ze Lzesy@vz2; 
fori = 1, 2, --- , then by Lemma 2.3 


2s [['yOxu;i =1,2,---] =lim(y @ 2) =y <a, 
and it follows that z = 0. Therefore II [y @ i3t = 1, 2, as -] = 0. However, 
since 
(0, y ® z:) = Dy ® x) 2 D'(y) > 0, 


we see that L does not satisfy B,. In fact, we have shown that L is everywhere 
dense in L’, since a given element y ¢ S is the limit of a sequence (y ® z,) of 
elements of L. Thus the metric-completion M of L is isomorphic to L’, while L 


is its own lattice-completion. 
Discussion of further examples will be reserved for a subsequent publication 


by one of us. 
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EVALUATIONS OVER RESIDUATED STRUCTURES 


By Moraan Warp AND R. P. DitwortH 


(Received June 6, 1938) 


I. INTRODUCTION 


1. In previous papers,’ we have developed a theory of structures over which 
auxiliary operations of multiplication and residuation may be defined with 
properties analogous to the like-named operations in polynomial ideal theory. 
We have applied our results to generalize the various decomposition theorems 
of ideal theory (van der Waerden [1]) to extensive classes of structures.’ 

We give here some results on the evaluations of such structures. By an 
evaluation we mean a homomorphism (Ore [1], Chapter II) between the struc- 
ture and a set of real numbers ordered by the relation < under which multipli- 
cation in the structure corresponds to addition of the reals. If we are willing 
to assume that the structure homomorphism preserves residuation, we can obtain 
results of a simplicity and finality comparable with the classic evaluation theory 
for domains of integrity and fields. (van der Waerden [1], Albert [1]). But 
this assumption unduly restricts the kinds of structures which may be evaluated 
and complicates the arithmetical interpretation of the ‘‘discrete evaluations” 
(part III of paper) which are our main concern. We shall accordingly assume 
it only incidentally. (Part IV of paper.) 


2. Our main result is an arithmetical characterization of all discrete evalu- 
ations of a residuated structure with the ascending chain condition in terms of 


certain chains of primary elements belonging to the structure. No appeal is : 


necessary to the Dedekind modular axiom or to the special decomposition 
theorems which ensue on assuming that every irreducible is primary (Ward- 
Dilworth [1], [2]). 

We also discuss briefly some interesting topological questions suggested by 
the evaluation. 





1 See the references Ward-Dilworth [1], Dilworth [1], Ward [1], Ward [2] at the close of 
the paper. The idea goes back to Dedekind (Dedekind [1], but our only immediate pred- 
ecessor seems to have been W. Krull (Krull [1]). We have expanded and elaborated the 
results summarized in Ward-Dilworth [1] in a paper ‘“‘Residuated Lattices’ (Ward-Dil- 
worth [2]) which has been submitted for publication elsewhere. We take this occasion to 
correct some errors in Ward-Dilworth [1] section 4, page 163. In condi#ion D 1, the ex- 
ponent r should be one. In the fourth theorem, the words “and sufficient’? should be 
struck out. The fifth theorem should be struck out in toto. We may add that we have 
greatly extended the results of this section in Ward-Dilworth [2] and largely freed them of 
their dependence on the modular axiom. 

* Distributive structures are studied in detail in the paper Ward [2] in this journal. 
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The following examples show that evaluations are of frequent occurrence. 
Here rx denotes the evaluation function, and © the basic structure. 

(i) S, rational integers with union and cross-cut G.C.D. and L.C.M. and 
multiplication ordinary multiplication. «a = 0, a odd; ra = 1, a even, defines 
an evaluation. 

(ii) S, ideals of a principal ideal ring, multiplication ordinary multiplication. 
Evaluation is essentially the same as the ordinary evaluation. 

(iii) S, Boolean algebra or distributive structure, multiplication identified 
with cross-cut (Ward [2]). p any prime ideal of the structure (Stone [1], 
Birkhoff [1]). aa = 1 if ais in p, ra = O otherwise, defines an evaluation. 

(iv) S a chain structure of finite length n: 


7=@>@&>-:--- > dn. 


Let n = m + m2 + --- +, be any fixed partition of n into positive summands. 
Effect a class separation of 6, © = @o + ©, + --- + GS, by the rule a; e SG 
ifmtnmt--- +ma<t@im+t+nr+--- +m. Define a multiplication 
over © as follows. Let by = Gn,iny+---+m, (kK = 1,2, ---,0). Then if a, « S; 
and a €G;, ut = bu ;ifi +7 SLaaq=—b,=a,ift+7 21. Thenra =k 
if a ¢ G is an evaluation. ; 

(v) S, finite arithmetical lattice. Since such a lattice is a direct cross-cut 
of chains of finite length, the procedure of (iv) allows us to construct evaluations 
at will. The case when each n; = 1 in (iv) gives the ordinary evaluations. 
One of us plans to discuss the residuation of such a lattice elsewhere. 

(vi) S, an arbitrary chain structure. a; > a, D a; > --- any selection of 
elements of S where each a; properly divides a;,;. Define ©; as the set of all 
elements x of S such that a;.,; Dz Da;,x ~#a;. Define a multiplication by 
the rule if x e ©;, y e S; then zy = a;,;. The evaluation is defined then by 
m=kifreS,. 

(vii) S, a residuated structure with ascending chain condition. p any prime 
of. ra = 1if p Da, ra,= 0 otherwise defines an evaluation. (See part III 
of paper.) This example applies to the ideals of any commutative ring with 
chain condition, but no modular condition need be assumed. 


3. We assumarize here the notations and definitions we shall employ. We 
denote our structures by German capitals GS, G;, G’, --- . The letters U, --- , 
) are reserved to denote sub-sets of elements of our basic structure © which 
are not necessarily structures. We use small latin letters a, b, --- for the 
elements of our structure, and write x « ¥ (x e S) for the set ¥ (the structure ©) 
contains the element xz. x D yory C2,x py, x = y denote as usual zx divides 
y, does not divide y, x equals y. We use (z, y) for union and [z, y] for cross- 
cut, reversing Ore’s usage. (Ore [1], Ward [1], [2].) We assume that © has a 
unit element 7 dividing every other element. The null element z divisible by 
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every other element need not exist. Multiplication z-y or zy and residuation 
x:y are one-valued operations on © to © defined by the following conditions: 


R 1. a, b « S implies a:b « S. M 1. a, b € S implies ab « S. 


R 2. a:b = i df and only if a > b. M 2. a = b implies ac = be. 
R 3. a > b implies ate D b:c and = M2. ab = ba. 


c:b Decia. 
R 4. (a:b):c = (a:c):b. M 4. (ab)c = a(bc). 
R 5. [a, b]:c = [a:e, bic]. M 5. ai = a. 
R 6. c:(a, b) = [e:a, c:b]. M 6. a(b, c) = (ab, ac). 


In addition, the two operations are assumed to be interconnected by the 
formulas 


(3.1) a>(a:b)b; ifa Dab thena:b Dz. 
(3.2) abia Db;_~—s if y:a D b then y Dab. 


A structure over which both a residuation and a multiplication may be defined 
satisfying R 1—M 6 and (3.1)—(3.2) will be said to be residwated (Ward-Dilworth 
[1]). We shall assume that the reader is familiar with the elementary proper- 
ties of residuation and multiplication such as a:b = a:(a, b) = [a, b]:b; a:be 
= (a:b):c; a:(a:b) > (a, b) and so on. (Ward [1], [2], Dilworth [1], Ward- 
Dilworth [2].) 

If X, Y) are any two subsets of S, we denote by (X, 9) [¥, Y] and XY the sets 
consisting respectively of all unions, cross-cuts or products of elements of X 
with elements of 9) (Ward [2]). We write ¥ D ¥ if every element of ¥ lies in %. 
For example, ¥ D X¥ means X is closed under multiplication. We use ¥ + 9 
for the set-theoretic sum of ¥ and 9). 


4. An element p of © is said to be a prime if p > ab implies p Da or p D8, 
and primary if p > ab, p a implies p D b' for some t. The following lemmas 
are true in any residuated structure in which the ascending chain condition 
holds. They are readily proved by transcribing their analogues for commuta- 
tive ideal theory (von der Waerden [1] chapter 12) into the language of struc- 
ture theory. 

Lemma 4.1. If q is primary, there exists a prime p such that p D q D> p. 

p will be said to correspond to q. 

Lemma 4.2. Let q and p be elements of S with the properties 

(a) qgDabandq pa imply p Db. 

(8) pq. 

(y) pb implies q Db’ for some t. 

Then q is primary, and p is the prime element corresponding to q. 
The union of any set ¥ will on occasion be called the leader of %. 
If g = [a, b] implies g = a or g = b, q will be said to be irreducible. 
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II. EVALUATIONS 


§. Any set of real numbers closed with respect to addition forms a residuated 
structure with respect to the division relation “less than or equal to.” The 
union (a, 8) and cross-cut [a, 8] of two real numbers a and 8 are respectively 
their minimum and maximum, while their “product” af and “residual” a:8 
are respectively a + 8 and a — (a, 8). (Dilworth [1]; Ward-Dilworth [1] 
section 2, first theorem; Ward [3].) If the set of real numbers is bounded above, 
they still form a residuated structure provided that we take the product af 
equal to the least upper bound of the set whenever a + £ is greater than it. 
We shall use the letter « to denote the least upper bound of values. If no upper 
bound exists, we take o = +, the ideal null element of the structure of all 
the reals. 

A function x on © to such a set of reals is called an evaluation of S if the 
following four conditions are satisfied: 


E 1. For every element a of S, ra is a uniquely determined real number. 
E2. a = b implies ra = mb. 

E 3. (i) x(a, b) = (aa, xb) and (ii) ala, b] = [xa, rb]. 

E 4. rab = (xa + xb, o). 


We shall call the real number za the value of the structure element a. 
If the values of za are bounded above, we shall say that the evaluation is 
bounded. Since for any a, a = ai,i Daanda > b implies a = (a, b), we have 


(5.1) m=0 ‘re 20,7€G6. 
(5.2) a > b implies za S 7b. 


Since every evaluation is a homomorphism, we may define by means of the 
evaluation a congruence relation x = y (mod 7) over ©, elements being congru- 
ent if and only if they have the same values. This congruence relation has the 
usual properties; that is, it is an equivalence relation, and if a = b (mod 7) 
then for any c, 


(a, c) = (8, c), [a, c] = [, cl], ac = be (mod =). 


We call the elements congruent to i the units of © modulo 7. They form a 
dense residuated sub-structure of G. Moreover if u is any unit 


au = a (mod 7), every a of S. 


6. Since we may think of an evaluation as a mapping of the structure onto 
the metric space of the real numbers, the question arises as to the connection 
of the evaluation with the topology of the structure. Structures have been 
topologized in several ways. For instance, Glivenko [1, 2] has shown the 
identity of normed structures with certain types of metric spaces. Stone [1] 
has shown that Boolean algebras are mathematically equivalent to locally 
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bicompact totally disconnected topological spaces, and H. Wallman [1] has 
similarly treated the topology of a distributive structure. In this connection 
one of us has found that much of Wallman’s theory for a distributive structure 
holds in any structure over which a multiplication is defined. 

If we attempt to introduce a metric into the structure by the use of the 
evaluation following the method of Glivenko, the difficulty arises that we may 
have a > b properly with ra = rb. If we attempt to connect the evaluation 
with the topology of the structure by the method of Stone and Wallman, it is 
not clear what the map of a point (that is, a structure ideal) should be in terms 
of the evaluation. Our results in this direction are incomplete, and belong 
properly to the general question of the topology of residuated structures which 
one of us (R. P. Dilworth) will treat elsewhere. 


III. Discrere EvALUATIONS—CLEAVAGES 


7. If a is any positive value, then the elements of © whose values are 0, 
a, 2a, 3a, --- obviously form a multiplicatively closed sub-structure of ©. 
A particularly interesting and important case occurs when this sub-structure 
coincides with © itself. We shall call the evaluation then discrete. For a 
discrete evaluation, there is no loss in generality in taking the values to be 
0,1, 2, --- , the set breaking off or not accordingly as the evaluation is bounded 
or unbounded. Let ©, denote the set of elements of S with values k. Then 
we have a set-theoretic separation of S 


(7.1) S=Sot Git Set--- + Get Ger t-:-, 


where each @; is a structure, and Sp is multiplicatively closed. We denote the 
set SG: + GS. + --- by S’, so that 


(7.2) S=Qt+ Ss. 


We shall now introduce the important notion of a cleavage’ of a residuated 
structure. Let © be a structure. From now on we assume explicitly 
1. © is residuated. 
N 2. The ascending chain condition holds in ©. 
DEFINITION OF A PrimME CLEAvAGE. A separation of S 
(7.3) S = U + &, U, B no elements in common, Ui non-empty, is called a prime 
cleavage of S provided that 


(7.31) ur rv, Uur»>WS), BDA (SY). 


THEOREM 7.1. Every cleavage of S determines a prime, and with every prime 
is associated a cleavage. 





* The idea goes back to Krull [1]. For the special case when the multiplication of the 
structure is the cross-cut operation (but no chain condition is assumed, so that the cleavage 
does not necessarily define a structure element), the notion was applied to Boolean algebras 
by M. H. Stone [i], and extended by G. Birkhoff [2] to any distributive structure. The 

‘primary cleavages’’ we introduce here seem to be new. 
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Proor. By N 2 and (7.31)(iii), the union of & exists, and lies in B (Ore 
(1] §2). Denote it by p. p cannot divide an element of UU. For then by (7.31) 
(ii) p = (p, u) e U contrary to (7.3). Assume that 


p > ab, p pa, a, bin S. 


Then abe B,aeU. If b € U, ab € U by (7.31) (i), and p p ab. Hence be B . 
and p > b. Hence p is a prime by definition. The conceivable case p = i 
is excluded because then since 1 > z, every xz, B would contain S and WU be 
empty. 

We observe that the separation (7.2) induced by the evaluation of © is a 
cleavage. Since both U and & in (7.3) are easily shown to be structures, we 
shall use (7.2) henceforth to denote any prime cleavage. Conversely, given (7.2) 
with associated prime p, we may define a bounded evaluation over S by rz = 0 
ifppazjrx = 1lifp D2,x€S. We have thus proved 

TuroreM 7.2. Every discrete evaluation of S determines a prime, and every 
prime determines at least one evaluation. 


8. We shall next extend the notion of a cleavage so as to characterize the 
primary elements of ©. 
With the notation of the previous section, let 


(7.2) S6=GQ+SC’ 

be a cleavage with associated prime p, so that 

(8.1) G2S, SIGS, SYFdC,S), 
while 7 

(8.11) p « S'; x « S’ implies p D z. 


DEFINITION OF A PRIMARY CLEAVAGE. A separation of ©’ 
(8.2) S’ = U* + B, U*, VB no elements in common, is called a primary cleavage 
of S provided that 


(8.21) U* D Gu*; BD S" for some positive integer k; B D (B, B). 


THEOREM 8.1. The leader of B is a primary element q of S whose corresponding 
prime is p. 

Proor. The result is trivial if U* is empty, as then @ = G’. Assume hence- 
forth that U* is non-empty. N 2 and (8.21) (iii) guarantee that the leader q 
exists and lies in @. Assume that q Dab, q>pa;a,binS. Then either a eS 
oradeUl*. In either casebe S’. For if b « Go, ab ¢ S& or ab € U* by (8.1) (i) / 
and (8.21) (i). But if b eS’, then p Db by (8.11). We have thus shown that 

(a) g Dab and q p aimply p Db. | 

By (8.11) and (8.21) (ii), we have ) 

(8)p Db. (y) If p Db, then g DB’. ; 
Hence by lemma 4.2, q is primary, and p is the prime corresponding to q. 
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THEOREM 8.2. Every primary element of S determines a primary cleavage. 
Proor. Let qg be any primary, and let p be its corresponding prime. Then 
by lemma 4.1 


(8.3) p2q>p 


where we may assume that k > 1. Let (7.2) as before be the cleavage asso- 
ciated with p. We now separate S’ into two disjoint classes U* and ¥% as in 
(8.2) by the rule x « U* if gD z;x¢«Bif gq Dz, x any element of S’. We shall 
show that (8.21) holds. 

First if b « S’, then p Db. Hence p* > b*, so that by (8.3), q Db or bY eB. 
Hence (8.21) (ii) holds. Also, if g > b, g Dc then g > (0, c) so that (8.21) (iii) 
holds. Finally, assume that a « @ and b « U*. Then since p > ab, either 
ab « U* orabe B. If abe B, theng Dab. Sincebe U*,q pb. Hence since 
q is primary, g > a‘ for somet. Then by (8.3), p Da’ or p Da, contradicting 
ae@o. Hence if a e G and b « U*, then ab « U* giving (8.21) (i). 

It is important to observe that the set U* is in general not a sub-structure 


of S. 
9. We return now to the evaluation z and the associated separation of S 
into residue classes: 
(7.1) S=GotGtSot--- + Get Gert-:-:: 
Let us define 


SF=Git+Gr+--- + Gu, 
so that 


So" =Se + Giut-::- 


SG = S*+ 6”. 


Then it is easy to see that a primary cleavage is defined, for the conditions (8.2), 
(8.21) are all satisfied. Hence we may state 

THEOREM 9.1. Let x be a discrete evaluation of a residuated structure in which 
the ascending chain condition holds, and let (7.1) be the corresponding separation 
into residue classes modulo x. Then the leader of the substructure S, of all ele- 
ments of S with the value k = 1 is a primary element ¢ of S which divides all 
elements of S with values =k and belongs to the prime element p = q" leading S . 

THEoreM 9.2. The primaries q™, gq, --- are all irreducible. 

Proor. If q leads S, and g = [a, 6], then by E3, either rq = xa or rq = 7b. 
Hence by Theorem 9.1, either g Daorg >b. Hence gq = {a, b] implies g = @ 
or g = bso that q is irreducible. 

Although a primary cleavage can be associated with an arbitrary primary 4, 
an evaluation cannot in general be determined having q as one of its leaders. 
For S* and S” must both be structures and admit of special multiplication 
rules not required in our general definition. 

To give a simple illustration, consider the non-modular structure & pictured. 
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A residuation and multiplication may be defined over & by the rule given in 
theorem 8.1 of Ward-Dilworth [2]; viz. zy = yif x = i;zy = rify = i; 2y =z, 


otnerwise. 7 is the unit and =p is a prime while all other elements are primary. 
We may define three distinct evaluations over 2 by the separations 


(1) & = {t};& = {p, a, b, c,d, e, z}. 
(2) X {7c}; & - {p, a, d}; % = {b, C, @, z}. 
(3) Xo {i}; & wat {p, b, e}; % _ {a, Cc, d, z}. 


Thus the primaries a and b both have evaluations associated with them. But 
no other primary determines an evaluation. 

Consider c for example. Its primary cleavage is % = {7}, f* = {p, a, b, e, d}, 
t” = {c,z}. But &* is not a structure, so that no evaluation is defined. Simi- 
lar results hold for d, e and z. 

Thus while any discrete evaluation of a structure satisfying N 1 and N 2 
determines a chain of primaries all associated with the same prime, not every 
such chain determines an evaluation. On the other hand, every prime deter- 
mines at least one evaluation; namely that determined by za = 1 if p Da; 
ma =0ifp pa. 

If the evaluation + is bounded, so that © separates into a finite number of 
residue classes modulo 7, 


S=Gt+Gt---+G, 


then the evaluation may be defined in a manner strictly analogous to the 
evaluations of a finite principal ideal ring. Namely, let the leader of S, be q, 
and let p be its associated prime. For any other element a of G, there is then 
a least power of p such that g > ap’. We then may define 


ra =n — sifq Dap’,q>p ap”. 
In particular, this definition applies to any discrete evaluation of a residuated 
lattice of finite order. 
IV. EvaLuaTions PRESERVING RESIDUATION 


10. We shall conclude by giving a few properties of bounded evaluations under 
which residuation is preserved. Consider an evaluation satisfying E 1, E 2 and 
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E3 (i) x(a, b) = (xa, xb). 
E5 ra:b = ra:rb = ra — (za, 7b). 
E6 The evaluation is bounded. 


Let o as before denote the least upper bound of the values of 7. If S does 
not contain a null element z, we may adjoin z to © without destroying the 
residuation by defining z:z = 1, zi = 2, 2:3 = 2x = 2,% #t,x2€S. (This 
fact is a special instance of theorem 8.2 of Ward-Dilworth [2].) Clearly rz = g. 

THEOREM 10.1. Jf a, b are any two elements of S, then 


E4. zab = (xa + mb, o). 


Proor. Adjoin z to ©. Then by E5, rz:rab = x(z:ab) = 2x((z:a):b) 
= (xz:ra):rb or o — rab = o — ra — (o — wa, rb). Hence since c is finite, 
rab = ra + (o — za, mb), giving E 4. 

Let denote the greatest lower bound of all positive values of zx. 

THEOREM 10.2. If \ = 0, every real number in the interval (0, o) is a limit 
point of values. If x > 0, then the evaluation is discrete. 

This theorem does not require the evaluation to be bounded. The first part 
of the theorem uses only E 4, and is true for any evaluation. But the second 
part of the theorem depends essentially on E 5, as may be shown by simple 
examples. 

Proor. If \ = 0, we may select a sequence of elements a; , d2,--- ,@n, °°: 
of S such that a, = ma, > 0, anir S an, lim ag = 0. Since az is positive, 
for any positive 6 there exists an integer r, such that rran < B S (ra + Lan 
for all sufficiently large n. Then if b, = a;", by E 4, 7b, = rp, and lim mb, = £. 

Suppose that \ > 0. Then there exists an element | of S such that ml = . 
For otherwise, we may pick a sequence of elements x; of S such that 2, > m2n41 
> A; lim rz, = X. Choose m so that tzm < 2. Then by E5, rtm:2mu 
= Tim — Timi < 24 —2A <A. Hence rem = TImy1, giving a contradiction. 

Let b be any other element of S with a positive value rb. Then we can choose 
a positive integer r such that rA < mb < (r + 1). Then by E5 and E4 
mb:l’ = rb — x(b, I’) = rb — rk < dX. Hence rb = ri, and the evaluation is 
discrete. 

THEoREM 10.3. If a discrete evaluation satisfies the conditions E 1, E 2, E 3 (i) 
and E 5, then tt satisfies E 3 (ii); that is 


nla, 6] = [ra, 7b] for any elements a, b of S. 


Proor. We may assume that 7b = za = 0, so that we need only prove that 
nla, b] = rbif za S xb. 

Since the evaluation is discrete, we may assume that ra = r, rb = s where 
r and s are positive integers. Furthermore, there exists an element / of © 
such that al = 1. 

Lemma 1. {l’, I’] = cl’. 

For since r < s, l’ DI so that [I’, ’] = U°. The result now follows from E 2. 
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Lemma 2. If xa = me then zfa, b] = af{c, b]. 

For z{a, 6]:[c, 6] = z[a:[c, b], b:[c, b]] = wa:[c, b] by E2. Since c D [e, b], 
re < mc, b]. Hence za S ac, 6], so that ra:[c, b] = Oby E5. Thus fa, bd): 
[cb] = 0. Hence by E5, z[a, 6] S a{c, I]. Similarly, x[c, b] < x{a, 6], giving 
the lemma. 

The theorem now follows easily. For since ra = al’ and rb = zl’ by E 4, 


the lemmas give 
r{a, b] = al’, b] = al’, 0] = al’ = ab. 


If the evaluation preserves residuation, the class separation 


(7.1) S=QtGatat+-:-:: 


is subject to very stringent conditions; for if a « ©; and b e S;, then we must 
have a:b e Go or a:b € ©;_; according asi — j S 0. 

The reader can easily show thereby that the structure discussed in section 9 
admits of no such residuation. The interesting correspondence we have devel- 
oped between primes and evaluations is thus destroyed. 
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ON CERTAIN POWER SERIES HAVING INFINITELY MANY 
ZERO COEFFICIENTS 


By M. 8S. Rosperrson 
(Received September 19, 1938) 


1. Introduction 
Let f(z) be regular within the unit circle and have the power series 


(111 fe) =2+ > ait. 


When f(z) is univalent within the unit circle it is well known (1) that 
a, = O(n). 
If the function is also odd, that is, if 
f@) + f(—z) = 0 


identically, or in other words, if 
a, = 0 for n = 0 mod 2, 


then in this case there exists (2) an absolute constant A greater than one for 
which 
lan| <A for all n. 


It would seem as though the vanishing of one half of the coefficients prevents 
the other half from being unbounded. 
For the univalent functions with real coefficients the sharp result 


lan| Sn for all n 


is known (3). This fact was obtained by showing it to be also true for the 
larger class of analytic functions called by W. Rogosinski (4) typically-real 
functions, that is, those functions f(z) which assume real values for, and only for, 
real values of z when z lies within the unit circle. However, for the class of odd 
typically-real functions the coefficients are not bounded, though they are 
bounded for odd univalent functions, a sub-class when the coefficients are real. 
The following example illustrates the unboundedness of the coefficients of an 
odd typically-real function: 


. £7 2 2 -! 
fo) = GS. alata oF | 








(1.2) 


=z+ >> (2n+1)2"™. 
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That this function is typically-real is readily seen since the coefficients are real 
and since the function is also the sum of two univalent (and a fortiori typically- 


real) functions 5 (1 — z) and 5 (1 +z)”. 


In addition, mention might be made here of the fact that the coefficients of 
an odd typically-real function are bounded if —7f(7z) is also typically-real (5). 

We are thus led to this question: For the functions f(z) which are typically- 
real what further property, analogous to f(z) being an odd function, will ensure 
that the coefficients a, are uniformly bounded? 

The author solves this problem in this paper and finds the best possible value 
of the universal constant which is the bound for the coefficients. 

For the condition 


(1.3) f(z) + f(-z) = 0, or ag = 0 


which ensured boundedness for the coefficients of univalent functions we substi- 
tute the following generalization of (1.3) to be applied to the typically-real 
functions: 


for n = 0 mod 2 


al 
(1.4) > flee”) = 0, or a, = 0 for n = 0 mod p, 
k=0 


where p is any odd integer greater than one. In this case there exists a constant 
A(p) independent of f(z) but depending upon p such that for all n 


(1.5) |an| < A(p). 


Further, (1.5) is true for even pandevenn. But it is false for even p and odd n. 
We find the following estimates for A(p): 
Cas (a): p odd, n odd, n < p, 


| an | S smaller of (n, p — n) =e. 


CasE (b): p odd, n odd, n > p, 


| dn | S smaller of (n _ o|"|,9[2] + 2p — n) Ssp-l. 


Cask (c): p odd, n even, 


| an | S smaller of (n ~ |” |.9[2], + 2p — n) sp-1. 


Cask (d): p even, n even, 


| an | S smaller of (» — |” |, [2 +p- n) 3 
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Thus in every case A(p) S p — 1. We have used symbols above which we 


define as follows: 
[x]. 
(1.6) [z]. 
[x] 


For the special case p = 3 we have the best possible value of A(p). We obtain 
the sharp result 


IIA 


the largest odd integer 


z, 


the largest even integer 


iA 


z, 


the largest integer 


lA 


x. 


cos nd 








(1.7) | a, | S maximum 
Osest 


For a fixed n the equality sign is attained by the typically-real function 





2 3 
&(z: ¢) z2—zseco@?+z 


(1.8) | rt — 22 cos (5 + 6) + at — 2z cos (: oe ‘) +2 2 


Po 7S ules nr COS Np 2” 
a—1.0 “at cos } 





in which @ has the value for which | cos n@/cos ¢ | attains its maximum in the 
closed interval (0, 7/3). In the theory of univalent functions the extremal 
function usually turns out to be the same regardless of the value of n. Hence 
this example is especially interesting since the function for which | a, | attains 
its maximum varies with n. Simple calculations give for p = 3: 


la|<i, |als a3 — 10)(2 + 104! = 1.466 ..., 


(1.9) 


la|S-=125, au=0,--- 


Ha! on 


lim sup. max | a, | = 


no f(z) 


where equality signs are attained. 

Finally, for the case p = 3 we obtain a Stieltjes integral representation for 
the functions f(z) of the type considered above from which we deduce an in- 
equality for the rate of growth of f(z): 

(1.10) ye AMG 


2. The case p = 3 
Let f(z) be given by (1.1) with 
a, = 0 for n = 0 (mod 3), 
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We suppose f(z) typically-real for |z| < 1. Thus the coefficients are real and 

in addition, if z = re”, the imaginary part of f(z), denoted by Sf(z), has the 

same sign as sin @ for r < 1. In particular this condition is satisfied whenever 

f(z) is univalent and has its coefficients all real. We need the following 
Lemma. The necessary and sufficient condition that 


a, = 0 for n = 0 mod p 
for the function 
fe) = Li ane” 
is that the following identity be true: 


p—l ‘ 
(2.1) De S(ce"™"!”) = 0. 
k=0 
Proor. Suppose that (2.1) holds. If z = re” then 


, 1 ad aoe 
ast” . f( zener?) e nid de : 
2rr” Jo 


p—l . 1 2r . p—l q 
‘i ye ermerilp aah | en” . >> f(ze**"!?) dé, 
k=0 


k=0 2nr” Jo 
or 
Pn “ 0 for n = 0 mod p. 
Conversely, if 
a, = 0 for n = 0 mod p, 


a consideration of the power series of f(z) shows that (2.1) holds in virtue of the 
relation 


p—l 2mri 

miiip  L—e~ 

e = -——___ = 0, 
k=0 1 — e2mri/p 


This completes the proof of the lemma. 
We make use of this lemma at first with p = 3. Let 


Sf(re) = v(r, 6). 
Since f(z) is typically-real we have forr < 1 


m # 0 mod p. 


v(r, 0) >0 for 0<60<z, 
v(r, 0) <0 for <6 < 2Qz, 
v(r, r — 6) = —v(r, x + 8), 
v(r, 6) = — v(r, —86). 


(2.2) 


By 








e 
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By (2.1) with p = 3 we have 
Sle) + flee") + f(ze'"") = 0, 


and in particular the imaginary part of the lefthand member is zero. This can 
be written in the form 


(2.3) v(r, 0) + o(r, “r + 0) - u(r, = - ) = 0. 
The coefficients of f(z) are all real and are given by 
(2.4) a, = RA [ v(r, 0) sin n6 dé. 

mr” Jo 


We shall modify formula (2.4) by using (2.3), and alter the range of integration. 
We notice in passing that for n = 1 the integrand in (2.4) is positive over the 
range of integration. 


® 2/3 22/3 ® 
(2.5) [ or, 6) sin na do = | +f + [0 =n+hth. 


/3 


Let 6 = : — ¢in J; which then becomes 


we 2Qr : Qn 
(2.6) I, = . volr,— + ¢)sinn(|— + ¢) d@. 
0 3 3 
Let 8 - + ¢ in I, which becomes 
a/3 
(2.7) I; = [ o(, = + +) sin n (= + +) a9. 
0 3 3 


Using (2.6) and (2.7) we write (2.5) as 
[toe ¢) sin n@ + o(+ ae. é) sin n (7 — +) 
0 ? , 3 3 
+(e +e)ana +b 


On substituting the value of v (+ = -- 6) obtained from (2.3) we obtain 


[ “ale é){sin ng + sin n( ii +)} 
+0(+, 2 + @){sinn(o +2) + sin n (6 — +)} ae 


=26n™™ [™ 7 _ Ine [8 (Oe 
= 2sin > v(r,¢) cosn| - — ¢ ) dd + 2sin — v| r,— +¢)cosnddp 
3 Jo 3 3 Jo 3 
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We suppose f(z) typically-real for |z| < 1. Thus the coefficients are real and 

in addition, if z = re”, the imaginary part of f(z), denoted by Sf(z), has the 

same sign as sin @forr <1. In particular this condition is satisfied whenever 

f(z) is univalent and has its coefficients all real. We need the following 
Lemma. The necessary and sufficient condition that 


a, = 0 for n = 0 mod p 
for the function 
fe) = Lo ane” 
is that the following identity be true: 
(2.1) . f(ze*""'”) = 0. 


Proor. Suppose that (2.1) holds. If z = re” then 


2x 
at” sd *. [ f(ze**"!? edo ‘ 
2rr” Jo 


p—l F 1 Qe Y p—l ‘ 
Qn - > ernerilp al : [ en : De See”) dé, 


k= 2ar” 
or 
Pan ue for n = 0 mod p. 
Conversely, if 
a, = 0 for n = 0 mod p, 


a consideration of the power series of f(z) shows that (2.1) holds in virtue of the 
relation 


p—l wee _ emt 
re wn? on oe mo, m # 0 mod p. 
k=0 


1 ion e2mri/p 


This completes the proof of the lemma. 
We make use of this lemma at first with p = 3. Let 


Sf(re*) = v(r, 6). 
Since f(z) is typically-real we have forr < 1 
v(r, 0) >0 for 0<6<z, 
v(r, 0) <0 for + <6 < 2z, 
v(r, x — 0) = —v(r, + 8), 
v(r, 9) = — v(r, —6). 


(2.2) 
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By (2.1) with p = 3 we have 
f(z) + f(ze***"*) + f(ze**") - 0, 


and in particular the imaginary part of the lefthand member is zero. This can 
be written in the form 


(23) v(r, 8) + o(>, or s) " or, = @ s) bar 


The coefficients of f(z) are all real and are given by 


(2.4) a, = z. [ v(r, 6) sin n6 dé. 
ar” Jo 


We shall modify formula (2.4) by using (2.3), and alter the range of integration. 
We notice in passing that for n = 1 the integrand in (2.4) is positive over the 
range of integration. 

® 2/3 22/3 ® 
(2.5) l ur, 6) sin no do = +f +f -hthth. 


1/3 


Let 6 = ad — ¢in I which then becomes 
2/3 
(2.6) n= [" o(+, 2 + 6) sinn (7 + 6) de. 
fy 3 3 
Let = = + ¢ in Is which becomes 
a/3 
(2.7) n= [ o(+, 2 + 6) sinn (7 + 6) ao, 
0 


Using (2.6) and (2.7) we write (2.5) as 


[toe ¢) sin nd + o(+ ~~ é) sin n (7 — +) 
0 : cy 3 
+ o(r, = + 6) sin ” (= + +)} ae. 
On substituting the value of v (- = - +) obtained from (2.3) we obtain 
[ o(r, ) (in nd + sin n (= —_ 6) 
0 ; \ 3 
4 o(n26+ ofan a(4-+%) + an a(2—o)ha 


x/3 «/3 
= 2sin tf ur, 4) cosm(* — 4) dp + 2sin = [ 0( 1,28 +6) cosneds 
0 3 3 Jo 3 





cs. 4 : 
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a/3 4/3 
. nT T . 2nr Qr 
= 2sin™ [ 0(*,7 — 4) cosnodg + 2sin 7 [ 0( 1,2 +4) cosnsas 


a eas fg ) nT ( 2r )} 
= asin™™ [ {o(,.5-< + 2cos =v 4a t¢ cos n¢ dd. 


Thus we have modified (2.4) to the new form 


4/3 
(2.8) an = z sin I v (« - 6)+ 2 cos » (« _ + 6)} cos n¢ d9, 
ar” 3 Jo 3 3 3 


and in spite of the fact that we have used the identity (2.3), in which there ap- 
pears a negative term, to obtain (2.8), the integrand in (2.8) for n = 1 contains 
only positive terms over the range of integration, as did (2.4). Therefore, 
since we also have for n = 1 


4 4/3 
§ edie oe {0(, 5-6) +0(1,% + 6)} cos ode 
ar Jo 3 3 


we obtain the inequality 



































9.3 (* tg ) nt 2r ) 
he Se a > é 
ja 5 23 | o(r,% d +2008 "F o(r, 2 + 6 | cos n¢@ | de 
4 4/3 
on ‘ec ‘ ( Bs $) +0 (- wy +)} 008 2 | cos odd 
mr” Jo 3 3 cos ¢ 
< 8 maximum | °° = j 
Tr 0s¢sr/3 cos @ 
On letting r — 1 we obtain 
(2.10) |an| S maximum wenn 
O<e¢sr/é cos @ 





The inequality (2.10) is sharp inasmuch as the equality sign is attained for fixed 
n by the function (z; @) defined in (1.8) wherein a proper choice of ¢ is made. 
To see that ®(z; ¢) is typically-real for |z| < 1 and for 0 < ¢ S 7/3 we may 
write 


(2.11) ¥(re”; 6) = — (1 — 7’) sin 0. 


. 
4 
where 


N = {(1 + 1°) see @ — 4r cos 6} + (4 — sec? ¢){(r — cos 2¢)* + sin’ 29} 


2 2 


1 — 22 cos (F— 4) +2 ; 





D = 











1 — 22 cos (7 +4) +2 
Consequently the imaginary part of ®(re”; ¢) has the same sign as sin ¢ for 
r < 1 provided |sec ¢| S 2. This last condition is satisfied if @ lies in the 
closed interval (0, 7/3) which we have used. Although the function &(z; ¢) 
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is typically-real it is, however, univalent only for ¢ = 0 and for ¢ = 2/3 in 
which cases the function reduces to 


ail—z+2z)° and 2l+2+2)" respectively. 


Let us now calculate the first few values of u, defined as 


‘ COs np 
Mn = Maximum | ——— 


0<esz/s | Cos¢ |’ n # 0 mod 3. 





We note that local maximum and minimum values of nd occur at points ¢ 
for which 
(2.12) tan @ = n tan nd, 0545 2/3, 


at which points we have 


cos nd 
cos ¢ 











2 4 
_|_1+ tan p > 1. 
(2.13) 1 (‘= ey 
+ ae ae 
n 
If n = 2 equation (2.12) has the unique solution ¢ = 0 in the given range. 
| cos n@/cos ¢ | has the value one at both ends of the interval. It is also a con- 
tinuous function of ¢ in this interval. Thus we = 1 and |a.| <1. For all 
larger values of n equation (2.12) has at least one positive solution for ¢. The 
number of solutions increases with n. For the continuous function cos n¢/cos @ 
2k +1 
2n 


| At the same time this function has either a maximum 





vanishes for the values @ = ( \s where k is a non-negative integer not 


2n — 3 





greater than | 


or minimum point between successive zeros of the function. Since at the 
maximum and minimum points the expression in (2.13) is not less than one, 
while at the end points the value of | cos n@/cos ¢ | is one, it follows that the 
maximum has the value given by (2.13), that is 

2-4 
(2.14) in = SEC [1 + (=*) | ’ 
where ¢ is a certain solution of (2.12). But since when n approaches infinity 
there are zeros of cos n@/cos ¢, and & fortiori solutions of (2.12), arbitrarily 
near to 1/3, it follows that 


us 


(2.15) lim sup #n = sec 5 = 2. 
Elementary calculations give 

R= 1, 
(2.16) us = £3°(4 — 104)(2 + 10*)? = 1.466 .-.., 


Ms = $= = 1.25. 
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3. A Stieltjes integral representation of f(z) 
Assuming p = 3, we have by (2.8) the formula for the coefficients 


«/8 
<a {v(0, 5-6) + 200s o(»,2 = + 4) cos npg 
Tp” 3 Jo 3 3 
forp <1. Hence for|z| =r < p we have | 
Z i tas ~ F 
(5) = 2 [7 9(e.§ HE 2ain GF ome (5) jo 
n=l 
+ = + 0(6,2 + D)p> 2 sin 27 cos ng (2) ag 
3 n=1 3 p 

4 
_ 2:3 6 (2:6)-0(6,% — 6) cos dae 
wr Jo p 3 

4 «/3 
- 2-3 [ & (=*;4)-0(0, 2 +4) cos ¢ dq, 
wr Jo p 3 
‘| ton z—zseco+2 
(3.1) B(z; ¢) _ f a ? : . 
i, — 2z cos at¢ + 21 — 22 cos (F —o)+2 
We define two functions of bounded variation by the equations 
a ie T 
a(p, ¢) = al o(., = 6) cos ¢ d¢, 


¢ 
Blo, ¢) - af 0(0, 2 +6) cos ¢ d®¢, 


defined for the range 0 S @ S x/3. Since the integrands are positive these 
functions are non-decreasing functions of ¢ for fixed p < 1. As p varies the 
functions a(p, ¢) of ¢ are of bounded variation uniformly in p since the total 


variation is 
4/3 2 «/3 - 
[ da(p, @) = cf v (- 3 ~ 6) cos ¢d¢ 


<3, o( es Pe 2r + 4)} cos # ds 
3? Jo 4. % at | 
. mpa,/3 < 2/3. 


A similar remark applied to B(p, ¢). Consequently for any sequence {pm} 
approaching unity through values less than one the functions 


am(p) = apm, >) 


are uniformly of bounded variation. It follows from a theorem of Helly (6) that 


bo 


where 





(3.2) 


,; oo 
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the am(@) are a compact set: there exists a subsequence a,(@) of the sequence 
an(¢) and a limiting function a(¢) (in our case non-decreasing also) such that 


lim an(d) = a(¢) 


for every ¢ in the closed interval (0, 7/3). 
By another theorem of Helly (6) it then follows that 


f(2) = lim f (zpn) 


2/3 


a lim © | {B@; d)da(on, #) — (—25 4)dB(on, 4)}, 


Pn 


3 a/3 
ga) se) = 8 [tates adda) — (—z5 #)aB0)}, 


where a(¢) and B(@) are non-decreasing functions of ¢ in the interval (0, 7/3). 
Conversely, if a(@) and B() are any two arbitrary non-decreasing functions 
of ¢ in the closed interval (0, /3), normalized so that 


4/3 
8.4) 3 atave) + 0@)) = 1, 


then the function f(z) formed as in (3.3) is a member of the class of functions 

under discussion. This follows readily since ®(z; ¢) and —#(—z; ¢) are both 

typically-real for |z| < 1, and since each has its leading coefficient positive 

(same sign). ‘Thus formula (3.3) generates all of the functions of our class. 
From (3.3) we may now express the coefficients a, of f(z) by the formula 








i OF 
si oe 3 cos nd (-1)"7 
@) “ BS [M828 ates) + (1 A)}. 


From this formula and (3.4) the inequality (1.7) may easily be obtained again. 


4. The rate of growth of f(z) 
From (3.3) and (3.4) we obtain the following inequality for f(z): 


(4.1) \f(re*)| S max max |4(re”, ¢) | 
O<¢sr/3 0S0<24r 


where ©(z; ¢) is given by (3.1). To calculate an — for the right-hand 
member of (4.1) we write (z; ¢) as follows with z = re” 











2.3'6(2: 4) = 3! + tan ¢ + 3' — tang 
: 1 — 2205 (F +4) +2 1 — 2¢.c08(F — )+# 
2.3! i hi. 
=| &(re™; 9) | < 3° + tan ¢ 4 3° — tan¢ 





[1 — 22 c05(F +46) +2 [1 — 2 c0s(% — 4) + # 
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|1 — 2zcosa + z’| = [(2r cos 8 — cos a — r’ cos a)” + (1 — 7°)’ sin’ a}? 


> (1 — r’) |sina|, 








; 4 Re 
2.3 eres @)| <2) 3? + tan ¢ 5 3 — tang | _ 4sec o 
. in 7 +4) sin(? -4)| al 
yee 3 
Hence, since 0 S ¢ S 2/3 
‘ 2 rsecd 4r 
10. < = < Cs Be: Se 
(4 9) | B(re ’ ¢) | = 33 1 a r2 = 34(1 is r?) ’ 
, Ar 
16 < Se... ere ] 


The results of the preceding sections apply 4 fortiori to univalent functions 

which are real on the real axis and for which (1.4) holds (p = 3) inasmuch as 

these functions are also typically-real. ( 
Again, if we have a univalent function 


F(z) =z+ do enz” 
1 


a 
with real coefficients c, satisfying ( 
Cc, = 0 for n = 0 mod 3, e 
and such that F(z) is convex in the direction of the imaginary axis, certain 1 
analogous results can be obtained for F(z). This follows from the relation (7) ' 
of F(z) to f(z) given by 
—_ [*f@) “Onn 
F(z) = — dz = — 8. 
(z) [ 2 dz dX av 
Thus c, = = @ (2) from (1.7). (E 
n n 
5. Generalization to p > 3 
Let f(z) be typically-real in the unit circle, given by (1.1), and let 

a, = 0 forn = 0 modp Ww 
where p is some positive integer greater than one. The question arises whether ( 

there is an inequality for a, analogous to (1.7). To begin with, we may notice 
that no such inequality implying uniform boundedness to a, for all n exists for 1 

any even value of the interger p. This follows at once since the function given 
‘ Mee: th 
by (1.2) satisfies the condition 9 
an = 0 for n == 0 mod 2k wt 
for any positive integer k, yet the coefficients for this function are unbounded. for 
In what follows we therefore restrict ourselves, unless we state otherwise, to a 

a 


odd values of p. 
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A proof analogous to that given in (2.11) for (z; ¢) shows that the function 


z— 22 cos) see +2 


$,(z) = fi fig ent (: ‘ +) + “ ‘ — 2z cos (: ~ 6) + ?} 





(5.1) 





is typically-real for | z| < 1 for all values of ¢ in the interval (0, r/p). This 
suggests the inequality 











| sin = 
cos 
(5.2) lea] & +B ne 
T 0s¢st/p| COS 





sin 


as the generalization of (1.7) to p > 3. The inequality (5.2) is correct for 
p = 2,3 and o, as is readily seen, with equality sign for the function ®,(z) of 
(5.1) with an appropriate choice of ¢. However, we have shown that the in- 
‘ equality (5.2) cannot be correct for even values of p greater than 2. 
; Whether (5.2) is correct for odd values of p > 3 the writer is unable to say. 
) The method employed for p = 3 can be generalized to p > 3 and leads to the 
following formula for a, : 


/p 
o= — oe {0(r,% — 6) + 2 c0s™ o(r, 2 +¢)} cos nods 
Tr Pp Jo p Pp P 


(5.3) f 4 fe beats o( 1, + 6) sin nk + 1) 7 00s nic om i} : - 6} 
mr” Jo k=2 Qkr a T Fg 
tor, ay a +) sinn(k—1) Fens { (k++ 1) a +} 


’ 


p when use is made of (1.4) which may be written in the form 

Tr $(p—1) 4( —1) 

“ (5.4) o(r,¢)+ > o(r, BF +4) — > o(r, 4) =o. 

: k=1 Pp k=1 P 

ir : 

a4 The method, however, fails for p > 3 since the proof for p = 3 necessitated 
that the integrand in (2.8) be positive when n = 1. The integrand in (2.4) was 

. positive for n = 1 to begin with, and even after the substitution from (2.3), 

which contained but one negative term, the integrand in (2.8) remained positive 

1. for n= 1. But for p > 3 the analogous identity (5.4) has more than one nega- 

0 live term and thus the terms of the integrand in (5.3) fail to remain all positive 


after substitution from (5.4). 
That the coefficients are bounded is, however, true for all odd p. The follow- 
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ing elementary proof yields (1.5), though perhaps not the best possible value 


of A(p). 
By a result due to W. Rogosinski (4) 





(5.5) f(z) = ae 
where 
(5.6) F(z) =1+ i bnz”, RF(z) > 0 for |z| <1, 
and where 
(5.7) |b,| $2 for all n. 
From (5.5) we have 
Qn =1+bth +--- +b, n odd, 
Qn = b; + b3 +5 +--+ + Da, n even. 
Let us suppose p odd, n odd. Since 
a, = 0 for n = 0 mod p 
we have 
l+b+h+--- +b. =a, =0, 
(5.8) brats + Deeps + +++ + Deere = Beernp — Gere = 0, 
for k = 1, 2,3, --- , and in addition, 
5.9) bi + bs + bs + --- + dept = Gey = 0, 
Dekpt1 + beepis +--+ + dereteypi1 = Greer2»p — Arep = 0. 


In the first place, if n is odd and n < p 
Q,=1L+bh+h+--- +b, 
and again 
Gn = (1 + be + bg +--+ + bp) — (Onur + Onis +--+ + bps) 
= —(bnti + bays + +++ + bp). 


Thus a, can be represented as the sum of either }(n + 1) or $(p — n) terms 
each of absolute value not exceeding 2 (in the case of bp = 1, not exceeding one). 
Consequently, 


(5.10) | an | S smaller of (n,p — n) S a n < Pp. 


Again, let us suppose n odd, p odd, and n > p. Let us define the symbols 
[x]o , [z]., [z] as in (1.6). Using (5.8) we have 











1€ 


). 


»). 
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(5.11) On = der-ypys +--+ + Ona 
for a certain integer k such that (2k — 1)p +15 nn—-—1 S (2k + 1)p — 3 
which is to say 2k — 1 = : o Again we may alternatively write for a, : 


dy = (deoe—ypta + +++ + Dees) — (bags + +++ + Deer p+) 
= (basi + +++ + Desert). 


Thus a, may be represented as the sum of either 


n n 
n—pl_— 4 2p —n 
asl ls]. + 
2 2 
terms of absolute value not exceeding 2. Hence for n > p, both n and p odd, 
we have 


(5.12)  |an| S smaller of (n _ »|*]., [2], + 2p — n) sp-1. 





Next, let us suppose p odd, n even. 
Gn = by + bg --+ + On = Dn4r + --- +O, y= [2] 


Qn = —(bngi + +++ + dy42p-1) 


whence 
n n 
(5.13) |a,| < smaller of (n - »|2| : [2] + 2p - n) Sp-l. 
Thus for p odd, we have for all n | 
(5.14) |a,| S$ p—1. 


It is clear by section two that for p = 3 the inequality (5.14) cannot be re- 
placed by 


ja.;|Sp—1l—e 


for e > 0 arbitrarily small. 

Although for even values of p the coefficients are unbounded, nevertheless, 
the coefficients with even suffixes are bounded. To see this assume p even and 
proceed as follows: 


bint + Dinis + --- + Dainers = Gainp — Ap = 0 
fork = 1,2,3,.... Hence, if n and p are even, 


Gn = bur + --- +b. = — (day + --- + by+p1) 





anh . 
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where 


Alt] 


sds [ay | $ smaller of (n ~ p["], o[2] +p —n) 52. 


A consideration of the several inequalities above yields the following 
THEorEM. If 


fn(z) = 2 + ase” + age? + --- + ane” 


ts a polynomial of degree n and is typically-real with respect to the unit circle the 
coefficients satisfy the inequality: 


ja| s["*?], k=1,2,---n. 


This completes the proof of the statements in the introduction to this paper. 


Rutecers UNIVERSITY, 
New Brunswick, N. J. 
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A GENERALIZED LAMBERT SERIES AND ITS MOEBIUS FUNCTION’ 


By Wituram C. Doyts, 8.J. 
(Received November 23, 1938) 


I. Introduction 


The series which we shall discuss is 


Andaz” 
H(z) = ros Set 
e (2) > 1 — a,z"’ 
where \ is any integer, positive, negative, or zero; u, a positive integer, greater 
than zero; and a, and b, , any two sequences of complex numbers. This func- 
tion, which we shall call the H-series, is a generalization of Garvin’s F-series’ 


On 2” 

i- 
and Feld’s series* 

a 

1 — a_2”’ 
consequently, as pointed out by Garvin, all other Lambert series, such as Weier- 

. strass’ and Hansen’s, are particular cases of the H-series. It is possible, of 

course, to define H(z) for any integral value of u, but this would needlessly 
complicate the statement of most of the following theorems. Instead, a special 
theorem is given for negative u’s. When yu is zero, the H-series reduces to a 
simple power series. 

After determining the region of ordinary and uniform convergence of the 
H-series, its relation to power series will be discussed and a new generalized 
Moebius function developed to make possible the expansion of any power series 
in an H-series. 


II. The Region of Convergence 


In a preliminary study it is natural to restrict ourselves to the regions where 
H(z) is certainly regular. For this purpose let 





‘This study was made under the guidance of Francis Regan of St. Louis University, 
St. Louis, Mo., and presented to the American Mathematical Society in two papers under 
the titles, “On Garvin’s R (n) function,” (April 10, 1937) and ‘‘A further generalization of 
Lambert series” (September 7, 1937). 

* Unless otherwise specified, all summations are from n = 1 ton = ~. 

*M. C. Garvin, “A Generalized Lambert Series,” American Jour. of Math., LVIII, 3 
(1936), pp. 507-513. 

‘J. M. Feld, “The Expansion of Analytic Functions in Generalized Lambert Series,”’ 
Annals of Math., XX XIII (1932), p. 139. 
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L s|a,|"" SM, 
then the region or ring in which the singularities are, is 
1/M"* < |z| S$ 1/L"". 


At first thought it might appear that the exclusion of this ring is significant; 
but this is not so. In fact, even the unbounded sequence, a, = n, makes the 
series have only a small region of singularities, namely (1/3)"*" < |z| < 1. 

Note that this singularity ring degenerates into the unit circle of the F-series 
when a, = 1, or into some other circle when a, = a. Furthermore if L is zero, 
the region covers all of the complex plane except that portion which is included 
in a circle of radius, 1/M*, with center at the origin. 

By means of the test of du Bois-Reymond,’ the regions of ordinary convergence 
are found to be as follows, 

TuroreMI. The H-series converges and diverges at the same points as >> axb,2" 
for |z| <1/M™. 

THEOREM II. The H-series converges and diverges at the same points as 
DY baz?” for |z| > 1/L"". 

THeorREM III. If uw is a negative integer, the H-series converges and diverges 
at the same points as >. dnb»z\” for |z| > 1/M™" and at the same points 
as >, b,2z°”" for |z| < 1/L™". 

The third theorem follows immediately from the two preceding if the trans- 
formation z = 1/z’ is applied to the H-series. We will merely indicate the 
proof of Theorem II, and leave it to the reader to supply the details of the 
method to Theorem I. 

Since 





An n 
Ya bazo”™ a > ae 1 — an2” at > An Bn, 


— 4,2" a,2"" 


we know from the du Bois-Reymond test that >> baz” ”” converges if An 
(i.e. H(z)) converges and >> (Bras: — Bn) converges absolutely. But 


DX | Buia — Bul < Dy 1/(Le")"-(|2|“* + 2) 


does converge when | Lz“| < 1. In a similar manner we may also show that 
H(z) converges if > b,z“”” converges. For this purpose write 


H(z) = > baz*”" (> _ 1). 


1 — a,2"" 


It is now an easy matter to apply the Weierstrass M-test and prove 
TueoreM IV. The H-series converges uniformly in every closed region lying 
completely within one of its regions of convergence. 





5 K. Knopp, ‘‘Theory and Application of Infinite Series,’’ p. 430. 
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III. Some Transformations 


In order to facilitate both the application of the above theorems and further 
theoretical study of the series itself, it is very useful to have at hand the following 


transformations, 

(1) z= s/M"* z= s/L* aia s/(ML)"*. 

The result of these substitutions is a new H-series with M or L equal to one or, 
in the last case, M = 1/L. But of prime importance is 

(2) zs = (1/(ML))"", 


an inversion across the circle | Z| = (1/(ML))"** followed by reflection. The 
resulting series is 
b.(ML (ud) n/u (ud) n 


1 — (DD un 
an 





This H-series has exactly the same singularity ring as the original series, but 
any region of convergence that was beyond the ring of singularities is now 
within it and conversely. 

The last result suggests the possibility of showing that any statement made 
about an H-series for the region including the origin can be immediately ex- 
tended to any other possible region. But this is not quite true. When u is 
less than , relation (3) gives an H-series that diverges at the origin; and this 
difficulty appears in fact for any H-series that has a negative X. To avoid this 
we can use 

TozoreM V. Any H-series with a region of convergence that does not include 
the origin can be expressed as the sum of another H-series that does include the 
origin plus a finite number of power series with negative coefficients. 

In proof of this statement we have only to consider the case of an H-series 
with negative \’s, since any other types can be reduced immediately to (3) 
(which includes the origin except when uw — dis negative). The desired expres- 
sion is given by a generalization of a lemma due to Ananda-Rau,’ which is 


(qu—A)n 


—\n a 
4 Gnbnz yy Anda (pu-d)n 0. 
(4) i ae +X aabae F a > 
What we wish to show here is that if the left term of (4) has a region within 
the singularity ring, then a choice of q such that gu — A is positive will make 
the H-series on the right convergent at the origin, and the common region of 
all the series on the right will be the same as the region of the original series 
on the left. 





nos Anands-Rau, “On Lambert's Series,”” Proc. London Math. Soe., ser 2, vol. 18 
» p. 3. 
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For simplicity let us assume that M = 1 (use transformation (1) if it is not), 
Then by Theorem I }> anb,z *" converges for |z| > 7; and since r < | (i.e, 
the series in question has by supposition a region within the singularity ring), 
it is true that :é a,b, converges. Consequently p> Gnade” * converges for 
|z| < 1, and the H-series on the right side of (4) converges everywhere within 
the region of singularities. Finally an application of Cauchy’s root test will 
show that the common region of convergence of the remaining power series 
is |z| > r. 

Hence all further considerations of the H-series can be limited to the region 
including the origin, and extended by the above transformation to the other 
cases. 


III. Relation to Power Series 


Since each term of an H-series with a positive \ is analytic for |z| < r and 
the series itself converges uniformly for |z| < p <r, it is possible to expand 
it in a power series. The result is 

THeorEM VI. Every H-series that converges within a circle about the origin 
can be developed in the series 


H(z) = >> Anz” 
where only those A, occur whose subscript satisfy the congruence 
(5) n/d = (modulo u). 
The values of the A, are given by the sum 
(6) An = DU ai"ba 


over all d’s satisfying (5) and 


n—dnr 
du — 


Next we can ask, under what conditions is formula (6) reversible, that is, 
given a power series, is it possible to develop it in an H-series? This question 
is answered by 

THrorEeM VII. The necessary and sufficient condition that a power series 
>> Anz” be expressible as an H-series is that p be a multiple of X. 

The proof of this theorem is an exact parallel of Garvin’s proof for the cor- 
responding theorem of the F-series.’ It consists in showing that if u and A 
are relatively prime or are multiples of relatively prime integers, or if ) is a 
multiple of u, then the a,b, of the H-series is not in general uniquely expressible 
in terms of the A,’s of its power series. But if u = md, m = 1, 2, 3, --- , then 


(8) Ayn = Do’ ai*ba, 
d 





(7) l= 





7 Am. Jour. of Math., LVIII, 3 (1936) p. 510 (Theorem 3). 
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where >. means that the sum is taken over all divisors, d, of n such that n/d 
d 


= 1 (modulo m). This formula is reversible. 
We preface the development of the expression for this reversibility with a 
definition of a generalized Moebius coefficient. 


IV. The Number Theory of m-Divisors 


Formula (8) is characterized by the fact that the sum is taken over those 
divisors, d, of n that make n/d = 1 (modulo m). It is easy to show that if 
n = 1 (modulo m) these divisors always belong to the class of numbers congruent 
to one modulo m. For this reason we shall use the letters u, d, and h for these 
numbers and make the following 

Derin1TIOn. The m-divisors of u are those divisors of u that are congruent to 
one modulo m. 

Two interesting and easily proved properties of these divisors are 

Both d and u/d are m-divisors of u. 

If d is an m-divisor of u, and h is an m-divisor of d, then h 1s an m-divisor of u. 

The Moebius coefficient for m-divisors is Garvin’s R(n) function. This can 
be generalized by what we shall call the S-function modulo m, defining S(u) 
as a function of a such that 


lifu=1 
1 U(u/d) ie 
ya 8@)={ oust 


For example if m = 3, the values of S(u) can be built up in the same manner 
as R(n), and are found to be , 


Sil) =1 S(16é) =a —a’ 
S(4) = —-a etc. 
S(7) = —-d 


S(10) = —a® S(28) =2a°— a’ 
8(13) = —a* = §(112) = —a” + 2a” + 2a’ — 3a‘. 
It is also possible to evaluate S(u) directly for any wu by means of the formula 


(9) S(u) Be > Is i x  sdincliaaaa 
where d means here the set of m-divisors of u greater than one; >,’d, the sum 
of the r d’s whose product is uw; the sum, >_, is taken over all integral values of r 


that have any meaning; and the sum, >., taken over each permutation of yd. 
P 


To verify this formula take the above definition of S(u) for a general value of wu, 
denoting the m-divisors by 1, d; , dz, ds, --- ; then insert the expression of each 
S(d;), expanded in the same manner. Solving this expression for S(u) and 
multiplying out the parentheses, we obtain 
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S(u) = —al 4 giwldnttan 4 qlulan+taria gig.) 4 qltwldv+tdrléry S(du) 
fence f ghuldd tian) 4. qliuldyr taal gq.) 4 qlulded+ldaldan) gy, ) 
a eee oe 
where di, diz, dis, --- are the m-divisors of d;. Continue this process and 


regroup the terms according to the number of l’s in the exponent of a. When 
l(d) is replaced by (d — 1)/m, it is an easy matter to derive formula (9). 

This S-function modulo m will be used as the inversion relation for the H-series 
when a, = a; but in the general case it will be necessary to use a wider definition 
of S(u), namely, 


lifu=1 
4 lula) aa 
(10) »» Qnlu S(d) {0 if u > - 


In this case each S(u) must be built up from the definition. 


When m = 1 and a, = 1, the S-function reduces immediately to the Moebius . 


coefficient. It is Garvin’s R-function if a, = 1 and m #1. In the latter case 
formula (9) can be used to good advantage in making a new definition of R(n) 
that has some resemblance to the definition of the original Moebius function. 


V. The Expression of a Power Series as an H-Series 


We are now in a position to develop the general inversion theorem for m- 
divisors expressed in terms of the coefficients of the H-series and a corresponding 
power series. 

Formula (8) can be written in this form 


1 Ud{h)-+1 
Ay = Do’ as by. 
h 


Multiplying both members of this equation by S(n/d) and summing over all 
m-divisors of n, we obtain 


2 S(n/d) Axa = ay S(n/d) a a, as" >, . 


Now in the double sum of the right hand member of this equation there is a set 
of d’s that are the m-divisors of n, and for each d, a set of h’s that are m-divisors 
of d. Consider for a moment the complete set of h’s, namely, the h’s correspond- 
ing to all the d’s. On the one hand there are as many h’s as there are d’s, since 
each d is an m-divisor of d, and is therefore an h. On the other hand there are 
no more, since each h is also ad. It is true then that the complete set of h’s 
is the same as the set of d’s. 

It is possible, then to rearrange the above equation in the following manner 


2, S(n/d) Ava = 2 aaba 2 S(n/(hd))ai™. 
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— “ Free n, the whole expression reduces to a,b, , and we have 
except when ’ | 
= VIII. The coefficient anb, of the H-series that corresponds to the series 
THEOREM . /, 
¥, Anst’” is given by the equation, 


Gnbn = >, AyaS(n/d). 
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1. Introduction 


In a previous paper the author was led to the following question: Given 
the complete set of solutions {X} = [a , x2, --- , 2] of linear equations 


(1.1) L; = af?2, + --- + az, = 0, t=1,...,8 


’ 


over an algebra %, to what extent can we determine the equations? Naturally 
the solutions {X} will also satisfy any equation DAL: = 0 derivable from 
(1.1) with any A; from A. Write A; = ia? ae Shek 8; = >rAi, 
4; C AW is a left vector ideal over % and the solutions {X} belong to all linear 
bas ia equations whose coefficients are vectors of S;. We shall express equations 
ORE (1.1) by saying that the vectors {X} annihilate the vectors A; on the right or 


. a6 that the vectors A; annihilate {X} on the left. Our question is now: When 
et Wy is a left vector ideal over 2% determined by its right annihilators? In general 


pe the totality of left annihilators of {X} forms a left vector ideal 8; which con- 
tains S, but may also contain other vectors. Hence unless 8; = S; the solu- 
tions {X} of equations (1.1) do not determine the equations, i.e. S;, unam- 
biguously since all equations from S; would do equally well. 

DeFIniTI0n 1. The totality of left annihilators S" of the totality of right anni- 


4 i! ie ) hilators S’ of a set of vectors S is called the left closure S; of S. 


We define the right closure as above, interchanging “right’”’ and “left.” 

DEFINITION 2. An algebra % is said to be strongly closed if every left (right) 
vector ideal over % is its own left (right) closure. 

DeFINiTION 3. An algebra Y is said to be weakly closed if every left (right) 
ideal of XA is its own left (right) closure. 

It was shown by the author in the above paper that a semi-simple algebra 
is strongly closed. The result has been announced’ by J. von Neumann that 
a regular ring, the infinite analogue of a semi-simple algebra, is strongly closed. 

Weak closure of an algebra is an immediate consequence of strong closure, 

, since the ideals of the algebra may be considered as vector ideals of length one. 

This paper is devoted to an investigation of the properties of this closure and 
the characteristics of closed algebras. The two principal results are (1) that a 
weakly closed algebra has a unit (Theorem 3.2) and (2) that an algebra which 
is weakly closed is also strongly closed (Theorem 5.2). Hence “strong” closure 





1 Group rings and extensions. I. Annals of Math., vol. 39 (1938), pp. 220-234. 
2 J. von Neumann: ‘‘On regular rings.’’ Proc. of the Nat. Acad. of Sci., vol. 22 (1936), 
pp. 707-713. 
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is one of the principal properties of “weakly” closed algebras. Various struc- 
ture (lattice) properties of annihilators and closures are proved in section four 
of which Theorem 4.5 is the most powerful. Note that in an arbitrary algebra 
the cross-cut of closed vector ideals is closed, but that the union of closed 
vector ideals need not be closed. Finally in section six it is shown that an 
algebra is closed if and only if the ideals in its radical are closed, and this inci- 
dentally reproves the closure of semi-simple algebras. 

Most of the theorems in this paper are stated for left ideals. It is to be 
understood that by interchanging “right” and “‘left’’ the corresponding theorem 
for right ideals holds. 


2. General Closure Properties 


With any set of vectors S over an algebra %{ we have associated a set 8, 
which we call the right closure and a set S; which we call the left closure. To 
justify this terminology we show that these closures satisfy the general closure 
postulates” 

c1 SDS. 

c2 §=S. 

C3 If S DT, thenS DT. 

Proor or Cl. Let S = {X}. If S’ = {Y}, then every vector of {X} 
annihilates every vector of {Y} on the left. Hence {X} is contained in S” 
the totality of left annihilators of {Y}. 

Proor or C2. S’” = (S’)” = Ss by definition and hence by C1 S’” > S’. 
On the other hand S”” annihilates S” on the right and in particular S C S™. 
Hence S” C §" the totality of right annihilators of S. Consequently S’” = S’ 
and Ss” = S" or 8, = 8:. 

Proor or C3. If S > T, then S’ C 7” and from this 8S’ D 7". 

In proving C2 we actually proved the stronger statement 

TaroreM 2.1. S'” = S’, S’’ = 8°. 

This states that every left (right) annihilator is its own left (right) closure. 
As was remarked to the author by J. von Neumann, the closed vector ideals 
re poate Ps which are annihilators. For conversely if 8S; = S, then 

= §" = (g")' 

THEoREM 2.2. The right (left) annihilators of a set of vectors over U form a 
right (left) vector ideal. 

This is an immediate consequence of the linearity of equations (1.1). 


3. Existence of a unit in weakly closed algebras 


th this section, save in the statement of the two theorems, where precision 
dictates otherwise, “closed” will be used instead of “weakly closed,” since no 


reference is made to strong closure. 
a eeeeereeenieseneestnianshitieentnns 

‘Garrett Birkhoff: “The meaning of completeness.” Annals of Math., Series II, vol. 
38, pp. 57-60 (1937). 
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: ‘eh Lt 1. Introduction 

t be In a previous paper’ the author was led to the following question: Given 

the complete set of solutions {X} = [x , 22, --- , 2] of linear equations 
(1.1) L; = aa, +--+ asx, we 0, i= s, Oye gy 


over an algebra %, to what extent can we determine the equations? Naturally 
the solutions {X} will also satisfy any equation DAL; = 0 derivable from 
(1.1) with any A; from Y%. Write A; = [a{”, .-. , aS). Then S, = Dri, 
\; C AW is a left vector ideal over 2% and the solutions {X} belong to all linear 
equations whose coefficients are vectors of S;. We shall express equations 
tiie) | (1.1) by saying that the vectors {X} annihilate the vectors A; on the right or 
be ee that the vectors A; annihilate {X} on the left. Our question is now: When 
Ps, is a left vector ideal over 2% determined by its right annihilators? In general 
the totality of left annihilators of {X} forms a left vector ideal 8; which con- 
te tains S; but may also contain other vectors. Hence unless 8; = S; the solu- 
tions {X} of equations (1.1) do not determine the equations, i.e. S,, unam- 
biguously since all equations from S; would do equally well. 

Derinition 1. The totality of left annihilators S"' of the totality of right anni- 
hilators S’ of a set of vectors S is called the left closure S; of S. 

We define the right closure as above, interchanging “right” and “left.” 

DEFINITION 2. An algebra Y% is said to be strongly closed if every left (right) 
vector ideal over A is its own left (right) closure. 

DerFINiTION 3. An algebra Y is said to be weakly closed if every left (right) 
ideal of % is its own left (right) closure. 

It was shown by the author in the above paper that a semi-simple algebra 
is strongly closed. The result has been announced’ by J. von Neumann that 
a regular ring, the infinite analogue of a semi-simple algebra, is strongly closed. 

Weak closure of an algebra is an immediate consequence of strong closure, 

» since the ideals of the algebra may be considered as vector ideals of length one. 

This paper is devoted to an investigation of the properties of this closure and 
the characteristics of closed algebras. The two principal results are (1) that a 
weakly closed algebra has a unit (Theorem 3.2) and (2) that an algebra which 
is weakly closed is also strongly closed (Theorem 5.2). Hence “strong” closure 








1 Group rings and extensions. I. Annals of Math., vol. 39 (1938), pp. 220-234. 
? J. von Neumann: ‘‘On regular rings.” Proc. of the Nat. Acad. of Sci., vol. 22 (1936), 
pp. 707-713. 
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; one of the principal properties of “weakly” closed algebras. Various struc- 
ture (lattice) properties of annihilators and closures are proved in section four 
of which Theorem 4.5 is the most powerful. Note that in an arbitrary algebra 
the cross-cut of closed vector ideais is closed, but that the union of closed 
vector ideals need not be closed. Finally in section six it is shown that an 
algebra is closed if and only if the ideals in its radical are closed, and this inci- 
dentally reproves the closure of semi-simple algebras. 

Most of the theorems in this paper are stated for left ideals. It is to be 
understood that by interchanging “right” and “left’’ the corresponding theorem 
for right ideals holds. 


2. General Closure Properties 


With any set of vectors S over an algebra % we have associated a set 8, 
which we call the right closure and a set 8; which we call the left closure. To 
justify this terminology we show that these closures satisfy the general closure 
postulates” 

C1 SOS. 

(2 §=S8. 

C3 IfS DT, thnS DT. 

Proor or Cl. Let S = {X}. If S’ = {Y}, then every vector of {X} 
annihilates every vector of {Y} on the left. Hence {X} is contained in S” 
the totality of left annihilators of {Y}. 

Proor or C2. S™” = (S")" = 8° by definition and hence by Cl S™” D> S". 
On the other hand S”” annihilates S” on the right and in particular S C 8S”. 
Hence 8” CS” the totality of right annihilators of S. _ Consequently s'= ss 
and S"" = S“ or §, = 8,. 

Proor or C3. If S > 7, then S° C 7” and from this 8” D 7". 

In proving C2 we actually proved the stronger statement 

TaEorEM 2.1. S’” = §’, S’' = 8°. 

This states that every left (right) annihilator is its own left (right) closure. 
As was remarked to the author by J. von Neumann, the closed vector ideals 
F: te Pa which are annihilators. For conversely if 8; = S, then 

=5 = (8). 

THEOREM 2.2. The right (left) \annihilators of a set of vectors over X form a 
right (left) vector ideal. 

This is an immediate consequence of the linearity of equations (1.1). 


3. Existence of a unit in weakly closed algebras 


th this section, save in the statement of the two theorems, where precision 
dictates otherwise, “closed” will be used instead of “weakly closed,” since no 


reference is made to strong closure. 
en enseaeitiinenieastsnats 

*Garrett Birkhoff: ‘“The meaning of completeness.’’ Annals of Math., Series II, vol. 
38, pp. 57-60 (1937). 
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THEOREM 3.1. A nilpotent algebra is not weakly closed. 

Let % be a nilpotent algebra and suppose A” ~ 0, a” = 0. The right 
annihilator of (0), is % but the left annihilator of & includes %"™ and hence 
is not (0),. Hence % is not closed. 

THEOREM 3.2. A weakly closed algebra XU has a unit. 

Suppose % is a closed algebra. Then by Theorem 3.1 % is not nilpotent. 
An algebra which is not nilpotent must contain an idempotent e. We use the 
two sided Pierce decomposition of 2% with respect to e 


(3.1) a = exe + (xe — exe) + (ex — exe) + (exe — ze — ex + 2). 
Here 

(3.2) L=uAtmtatxz, 

where 


me =, wWe=—%2, re =—0, «re = 0, 
(3.3) 


(i= 2%, Ce = 0, ers = 23, Cr, = 0. 
The corresponding decomposition of % is 


(3.4) Y= M+ WwW+%As+ UH, 


where (Deuring, Algebren, p. 13) any element z of % has an unique representa- 
tion (3.2) with x; from Y;, 7 = 1, 2, 3,4. Now % is a subalgebra of 4, since 
4%, C %, being annihilated by e on both sides. Unless % is nilpotent, it 
contains an idempotent e,. If we put e* = e + e&, e* is an idempotent and we 
may obtain a decomposition (3.4) of % with respect to e* in which the new % 
contains the old %; and also at least e,. In this way we may change the idem- 
potent e so as to enlarge %, as much as possible. Let us suppose this done in 
(3.1)-(3.4). Then %, is nilpotent. 


(3.5) P) = 0, ‘ n 


Now if % = A; = A, = 0, A = A, and e is a unit of W and the theorem is true. 
We shall prove the theorem by showing that if %f , Ys; , %, do not all vanish then 
there is an ideal in & which is not its own closure and that therefore % is not 
closed. 

Suppose that % = %; = 0 and A, + 0. Then as %,%, = 0 and Af = 0, 

; annihilates % on the right and (0), is not its own right closure. Hence % 
is not closed. Suppose % = 0. If % = 0, then A #0 C(0);. If U% #9, 
then U7" ¥ 0 C (0):. Hence (0); ¥ (0); and % is not closed. Similarly if 
A; = 0, (0), + (0), and Y is not closed. 

There remains the possibility that %, + 0, Us ~ 0, while %, may or may not 
vanish. Consider the complex 


(3.6) Z = [Me , Ws , M4]. 


1, 


IV 





Hen 
Y's 
Frot 
(3.9 


whe 


Som 
since 








TYPE OF ALGEBRAIC CLOSURE 363 


Lemma. If Mf = 0,n 2 1, then Z’"™™ = 0. 
7" consists of complexes 


(3.7) = yy? 2. gf @nty 


where A” is any one of A, As, W,. Because of (3.3) the following rela- 
tions hold 


% = 0, 

(3.8) W2%As CX, 
MA, = 0. 

Hence a product (3.7) not vanishing because of (3.8) contains either (a) n + 1 
Y,’s and this where yg? = wy? =... = YP"*? = YW, or (8) at most n %’s. 
From %%; C 
(3.9) uc oy" ates gy’ = []’ 
whereu >n+1and A’ = %;, W, except possibly that 2’ = %,. Now as 

a = 0, 
(3.10) 

Ws re 0, 


a product II’ is zero if an %; is anywhere except at the beginning. Hence the 
II’s not vanishing because of (3.10) are of one of the forms 


(3.11) We, MA, USM, AAS 7M. 
Since A? = O and u = n + 1 these all vanish except possibly %:% "%.. But 
here necessarily % = %,, 4°"t” = %, and in II there are at most n — 1 


%.’s whence u = n + 2and so also %3%i "MW. = 0. This establishes the Lemma. 
Let 


(3.12) Z** #0, Z‘*=0, 


where by the Lemma ¢ is at most 2n + 1. (e), = % + Ys is annihilated on 
the left by Us; + WM; (ec): = WZ. + Ae is annihilated on the right by % + %. 
As Z‘* annihilates %, Ys, %, both on the right and on the left, it is contained 
in the closure of both (e), and (e);. Consequently unless Z~" C % one of 
these is not its own closure and % is not closed. Let us suppose Z°* C %. 
Then there must be an s S ¢ — 2 such that Z°€ %, Z’ CU forr > s. 
Note that a product 9% ... 9% C Z* will be in one of %, %, %, % 
depending upon & and 9% and the relations (3.3). With z;, 7 = 1, 2, 3, 4, 
from Z’ the following relations must hold 
2:A; = 0, j = 2, 3, 4 except possibly 23%, ~ 0, 


(3.13) 
Az: = 0, j = 2,3, 4 except possibly Usz2 ¥ 0. 


Some of these relations are consequences of (3.3). As an example of the others 
since zs C Z*** © 9%, necessarily 22%; = z2%se = 0. Here the z is contained 


selon 
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in the closures of (e), and (e), and so unless 2, = 0 these ideals are not their 
own closures. Let us suppose zs = 0. Hence in Z’ there are elements z; or z; 
or both and possibly elements 2; . 

In Z°" ¥ 0 we have 2;%2 and %s2z2 (zs , z2 from Z”) as the only sets containing 


non vanishing elements. This z; = a3 --- a4 Or @3--- bs and z = dz.--- by 

or a --+ a: (a;, b; from A,;). Hence in Z*™ the only non-vanishing elements 

are of the form ax) tee thf These may be written alternatively as az, 
4 3 


or 23@2 and so Z’ contains both elements zz and 23. Z’** = 0 since otherwise 
there would be non-vanishing elements beginning with (a or ending with ( 
in 2°"". 

Now though Z is not an ideal, Z*” is a two sided ideal in %. Consider 
Z** as a right ideal in %,. Its left annihilators include %, Ws, % and 
%s%e in Ws. 

(1) Suppose there are no further left annihilators of Z°*. 

The right annihilators of %, %s, % and 3%. include zs; from Z*. Hence 
(Z°**), is not its own right closure and & is not closed. 

(2) Suppose Z*™ has further left annihilators W: (necessarily in %;) and that 
Z'** is its own right closure. Then W,Z°™' = 0 by definition or 


(3.14) Wizs%. = 0 
with z; from Z’ where W253 ¥ 0 since z; is not in the right closure of Z***. But 


now in consequence of (3.3), (3.13), and (3.14) Wizs-% = 0 and Wiz; C (0); * 
(0),. Hence & is not closed. 


4. Structure properties of closure 


If S and T are left vector ideals over any associative algebra YU, the following 
are easily proved: 

TueorEeM 4.1. If S > T, then S’ s T’. 

TurorEeM 4.2. (SUT) =S' NT". 

TurorEM 4.3. (SN T)’ = SUT". 

The status of the inequality in Theorem 4.1 is given by 

TuEorEM 4.4. % is strongly closed if and only if S; > T; implies Si < Ti, 
and S, > T, implies Si < T!. 

If S; > T,, then S; < 7; always. If % is strongly closed we may exclude 
equality since S; = 77 implies Sj’ = 77' whence S; = T;. Conversely if 
equality is always excluded, % is strongly closed. For S;' = S, always and 
if ever Sj' > S, then S;” < Sj contrary to Theorem 2.1. Hence S$; = S: 
and Y is strongly closed. 

With further assumptions Theorem 4.3 may be improved: 

TueoreM 4.5. If 8S, T, and S’ U T" are closed, then (SN T)’ = SU T’. 

Proor: Under these assumptions and the use of Theorem 4.2 


SUT =(S UT)" =(s'n Ty’ =(SN TY. 


and 
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Tavorru 4.6. SNTS(SNT) SSNT, 
SUTSSUTS(SUT). 


These relations are direct consequences of Theorems 4.1, 2, 3. From the first 
of these relations we have 

TuzorEeM 4.7. If S and T are closed then S 1 T is closed. 

The preceding theorems are perhaps less striking for what they include than 
for what they seem to lack in completeness. Theorem 4.4 makes clear the 
necessity of permitting equality in Theorem 4.1 for algebras which are not 
closed. But a counter example will show that in Theorem 4.3 we cannot con- 
clude that (S MN 7)’ = S” U 7” even when both S and T are closed and that 
the analogue of Theorem 4.7 does not hold for the union of vector ideals. 

Let % be the algebra over the rational field with a basis 1, e, x where e’ = e, 
ex = 2, xe = 0, x” = Oand let S = (e),, T = (e + z),. Here(SN T) = 
(1), while S’ U 7” = (1 — e, x), although both S and T are closed. Moreover 
S' = (1 — e), and 7” = (1 — e — 2), are both closed but S’ U 7” is not closed. 


(s’ U 7") = (1),. 


5. Strong closure a consequence of weak closure 


THEorEM 5.1. If YU is weakly ciosed then the principal left vector ideal S,; = 
[a;, @2, +++ , Gn] 2s ats own left closure. 

The proof will be by induction on n. Fern = 1 S; is a principal ideal of 
and its closure is a special case of the weak closure of Y%. Let m = 2 and assume 
that every principal vector ideal of length n — 1 is closed. 


S; includes those vectors Sj = [x , 0, --- , 0] for every x; such that 
(5.1) ayr, = 0. 
S; also includes all those vectors S*” = [0, 2, --- ,2n] such that 
(5.2) Got, +--+» + apr, = 0. 
Let U = [u, ue, +--+, Ua] be any vector of §;. Then for every 2; of (5.1) 
(5.3) mx, = 0, 
whence uy C (a): and from the weak closure of Y%, wu = ta,. Here 
U— tla, --- an] = [0, v2, ---, 0] = V CS,. Now for every [z2, --- , tal 
of (5.2) we must have 
(5.4) vote + --. + tn = 0, 
whence by the closure of principal vector ideals of length n — 1 [v2, v3, --- , Un] = 
Its, Nas , aK , Ady] and (0, V2, U3, °°° » Vn] ae: (0, Nae , Aas , Save , Ady]. ‘But the 
difficult part of the proof is still to come. For every w C (ai), M (a2, «++, n)r = 
a, f) ,,w = an = —(dor2 + .--- + Gp%n) and conversely for every 


ee | CS Si, at, = —(aere +--+ + Gntn) Ca, f 6. Since 


oe oe 
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V = (0, daz, +--+, Adn] C Si, O = Adote +--+ + AGnTe = —Aaiti. Hence 
\ <C(a, N 6,)'’. From the weak closure of 2%, a, , 6, , and a! U bi are all closed 
and we may obtain \ C a} U 6} by application of Theorem 4.5. But this 
means that \ = » + vy with» Ca,vr Cc b} whence ya; = 0, vag = 0,.-., 
vd, = 0. Hence V = (0, Aaz,---,AGn] = [wai, wae, ---, dn] and U = 
tla,, ---, an] + V = (¢ + w)[a,---,a,] and U C S;. But U was an arbi- 
trary vector of S;. Hence 8; = S and the theorem is proved. 

TuHroreM 5.2. If WU is weakly closed then every vector ideal over A is its own 
closure and % is strongly closed. 

The proof will be by induction on the length n of the vector ideals. For 
n = 1 this reduces to weak closure which is assumed. 

Let S; be a left vector ideal of length n and assume that all vector ideals of 
length n — l are closed. As a vector ideal over a finite algebra %, S, will have 
a finite basis 


(5.5) Ai = [Ga , Gin, --- , Qin], a=1,---,8. 

Let Sj = {[0, be, --- , bal} be the left vector ideal of all those vectors of S; 
whose first component is zero and let B; = {[be, bs, --- , bal} be the associated 
left vector ideal of length n — 1. 

Lemmal. Let A =[a;, a2, ---, Gn] beany vector of S,. Thenif {[x3, ---, cal} 
is any vector of B, there exists an x, such that 
(5.6) Qyt, + aor, + --- + apr, = 0. 

If Al = {[zi, 22, ---,2n]} then the totality of vectors C, = {[z2, --- , Lal} 
forms a right vector ideal of length n — 1, and if [c2, --- ,c,] © C}, then 
(0, ce, ---,¢n] © Aj’ = Az by Theorem 5.1 and hence [cz, --- , ¢n] C Bi. 
Hence B; > C! and Bi CC” = C, since C, is a vector ideal of length n — 1. 
Consequently [xzz, --- , x] © Bi C C, and there must be an 2; such that 
(a. , @2,°°*,@a) C Al. 

Lemma 2. If [x2, --- , x2] © Bi then there is an x; such that 

[t1, 28, ---, 2a) CS. 

Now [x1 , 22, --- , 22] © Sj if and only if 

(5.7) inti + az, + --- + ante = 0, a=1,---,8 


Lemma 1 assures us that for any individual one of these there will exist an 2. 
But we must find an 2, satisfying all of these simultaneously. Suppose we 
have found an x{*” such that 


(5.8) aury?” + anrg +--- + aint, = 0, t= 1,---,f-1, 
and let 
(5.9) Qnt, + Gat, --- + Gint, = 0. 


For any p € (a1): A (aia, +++, @iaa)ip = Man +--+ + AjuGjaa = AiMia- 





(5.11 
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Hence Ai +--+ + A4A;4 — AVA; = [0, be, --- , bn] where [b2, --- , ba] C 
B,. Consequently 
(5.10) Ards +--+ MdinTn +---+ dj-10j-1,2%2 is a dj-10j-1,nEn 

= Ajdjet, «++ + AjGj non, 

and we have from (5.8, 9, 10) : 
6.11) pat? = oxi 4 
or . 
(5.12) p(xi>” — xi) = 0. 
Hence ar? _ zi C [(aa)i N (Qu, --- , @jaa)d = (@a)i U (an, --- » @j1,1)1 
by Theorem 4.5 because of the weak closure of %{. This means that 
(5.13) a? —a = uty, 
where p C (aj), C (au, --- , @j-a,)7 OF 
(5.14) dnp = 0, aa = 0 *#=1,---,j-1. 
Now put 
(5.15) a? = 2? —yv=a+u, 


and we have in consequence of (5.8), (5.9), and (5.14) 
(5.16) aaxi? + anzg + --- + aintn = 0, t=1,---,j. 


In this way we may continue until we find an 2; satisfying all of equations (5.7) 
and the Lemma is proved. 

Using these two lemmas, we may prove the main theorem without much 
difficulty.. Let U = [u, ue, --- , Un] be any vector of 8; = S;'..S) contains 
all those vectors [z;, 0, --- , 0] such that 


(5.17) air, = 0, (i - 1, 2, OF» 3). 
Then 


2 € ((an). U (aa): U --- U (Ge1) 1)’, 
(5.18) me ((@i1): U (aa): U --- U (Gui) )” = (an): U --- U (@a):, 
U1 = Ady +--+ + Age. 





Si contains 4S; + --. + AS, = [u, u2,--+, Un]. Hence S; contains a 

vector U’ = [uw , ue, -++ , Un] with first component u.. Here V = U — U’ = if 
0, 2, --- on] CS, and | 
(5.19) Vote + --- + vrnt, = 0 

if [t1, 22, +--+, ta] is any vector of S;. The totality of [z2, 23, --- ,%] = D, 


appearing in (5.19) must also satisfy 
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V= [0, Adz, +> » Ad] Cc S:, O = dete +--- + NOnTn = —)Adim. Hence 
AC (a, N b,)’. From the weak closure of 2, a, , 6, , and at U b are all closed 
and we may obtain \ C a) U 6} by application of Theorem 4.5. But this 
means that \ = » + »v with » C a, vy bi whence ua; = 0, vag = 0,--., 
vd, = 0. Hence V = (0, Age, --- ,AGn] = [wai, wae, ---, dn] and U = 
tla,, ---, dal + V = (¢ + w)[a,---,a,) and U C S;. But U was an arbi- 
trary vector of S;. Hence S,; = S and the theorem is proved. 

TuHroreM 5.2. If YU is weakly closed then every vector ideal over % is its own 
closure and % is strongly closed. 

The proof will be by induction on the length n of the vector ideals. For 
n = 1 this reduces to weak closure which is assumed. 

Let S; be a left vector ideal of length n and assume that all vector ideals of 
length n — l are closed. As a vector ideal over a finite algebra %, S, will have 
a finite basis 


(5.5) Ai = [aa , Qi2, --- , Gin], 7=1,---,8. 

Let Sj = {[0, be, ---, bal} be the left vector ideal of all those vectors of S; 
whose first component is zero and let B; = {[be, bs, --- , bal} be the associated 
left vector ideal of length n — 1. 

Lemmal. Let A =[a, a2, ---, Gn] beany vector of S;. Thenif {[x2, ---,xal} 
is any vector of Bi there exists an x; such that 
(5.6) Qt, + aera + --- + ante = 0. 

If Aj = {[xi, 22, --- , @n]} then the totality of vectors C, = {[z2, --+ , tal} 
forms a right vector ideal of length n — 1, and if [co, --+, cal CG C+, then 
[0, c2,--+,¢n] CG Aj’ = A, by Theorem 5.1 and hence [c2, --- , cn] CBr. 
Hence B; > C! and B; C Cl" = C, since C, is a vector ideal of length n — 1. 
Consequently [xz2, --- , 2%] © Bi C C, and there must be an 2 such that 
ss tre Low |e 

Lemma 2. If [x?, --- , x2] © Bi then there is an x; such that 

ar, @e,-°>,%a] CS. 

Now [a1 , 22, --- , 22] © Sj if and only if 

(5.7) inti + ante + --- + ant, = 0, t=1,---,8 


Lemma 1 assures us that for any individual one of these there will exist an 1. 


But we must find an 2 satisfying all of these simultaneously. Suppose we 


have found an x{*” such that 


(5.8) aaxy’” + ante +--- + aintn = 0, 1=1,---,f-1, 
and let © 
(5.9) Gant, + Gates --- + Aint, = 0. 


For any p C (a1): A (dia, +++ , Giaa)ip = Mau +--+ + Ajadjaa = Asa 
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Hence Ar +--+ + AjaApA — AJA; = [0, be, --- , bn] where [b2, --- , ba] C 
B,. Consequently 


(5.10) hawt, fees + MGintn +--+ Aj j-10%2 «+ + Aj-10j-1,n0 


= AjQts --- + AjGinta, 
and we have from (5.8, 9, 10) | 
(5.11) px? wi pry , rf 
or 
(5.12) p(x;?” — ai) = 0. 
Hence 2{7” — 2; C [(aa)i N (an, --- , @jaa)d” = (aa)i U (an, --- , aj-aa)i 
by Theorem 4.5 because of the weak closure of %{. This means that 
(5.13) ar? —ai=uty, 
where p C (a;1)7, ¥ C (Qu, +++ , @j-1,1)7 OF 
(5.14) anu = 0, aw = 0 t#=1,---,j-1. 
Now put 
(5.15) ay? = 2? —y =a +4, 


and we have in consequence of (5.8), (5.9), and (5.14) 
(5.16) anti? + anze + --- + ainte = 0, t=1,---,j. 


In this way we may continue until we find an 2; satisfying all of equations (5.7) 
and the Lemma is proved. 

Using these two lemmas, we may prove the main theorem without much 
difficulty.. Let U = [u, ue, ---, Un] be any vector of 8; = S;'..S; contains 
all those vectors [x , 0, --- , 0] such that 


(5.17) ant, = 0, (i = 1, 2, er , 3). 
Then 
1 € ((ay1) 1 U (da): U.---U (441) )’, 


(5.18) we ((au): U (ex): U --- U (a1) i)” = (an): U --- U (Gui, 
U = Ady +--+ + Ade. 





Si contains 4S; + --. + AS, = [u, w2,--+, Un}. Hence S; contains a 

vector U' = [ur , ue, +++ , Ua] with first component u.. Here V = U — U’ = / 
(0, Ve, ++- » Vn] G. 8, and 

(6.19) Vat, +--+ + Untn = 0 | 


if [2 , Tay ---, Zn] is any vector of S;. The totality of [v2, 73, --- , tn] = Dy 
appearing in (5.19) must also satisfy 
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(5.20) boxe + tee oh Datn z= Q 


, bn] of B,. Hence D, C Bi. But by Lemma 2 
B; CD, and so D, = B,. Now [ve, --- , Val C D) = Bi’ = Bi since B; isa 
vector ideal of length n — 1. Hence V = [0, »2,---,0n] GC S? CS, and 
U = U'+VCS,. But U was an arbitrary vector of 8:. Hence 8; = §; 
and our theorem is proved. 


for any vector [be, --- 


6. Relation of idempotents and the radical to closure 


In semisimple algebras idempotents play an important réle, and in particular 
every ideal a can be written as the principal ideal of an idempotent, though 
for a given a the idempotent is not in general unique. Let us investigate the 
réle which idempotents play in relation to algebras in general and closure. 

Let R be the radical of A. Then %* = %/R is semisimple. 

TuHEorEM 6.1. If a is any left ideal of A, (e*): = a* = (a, R)/R in A*, then 
in A there is an idempotent e such that e/R = e* and a = (e): U r where 


r CR — e). 
Proor: Let e¢; be any element of a such that e,/® = e*. Then ej — q = 
tCR. Put es = 3 — 2c. Then & — e = —3t + 4¢’. Similarly put 


es = 3cz — 2e,etc. ¢t belongs to 9 and must be nilpotent. Here each e; — ¢; 
(¢ = 1, 2,---) is divisible by a higher power of ¢ than the last and finally 
e, — em = 0. Puten = ec. Nowe; = e =--- = em = e (mod &) and e 
is an idempotent. Moreover since e: C a and e is a polynomial in e; then e Ca. 
Hence (e); C a and as (e*) = a/®, e/M = e* it follows that a = (e); U p with 
pCR. Here pe C (e):. Hencea = (e); U pe U p = (e): U pe U p(l — e) = 
(e): U p(l — e). Pas $ 

THEoREM 6.2. If e is an idempotent then (e): = (e): U (0):. If Uhasa 
unit the principal ideals of idempotents are closed.* 

Proor: (e); = xe foralla CY. Hence y — ey C (e); since xe(y — ey) = 0. 
Again if z C (e); in particular ez = 0, whence z = z — ez. Hence (e); = 
y —ey,forally. Letw C(e):. w= we + (w — we) where we C (e); C(e):. 
But (w — we)(y — ey) = 0 implies (w — we)y = 0, whence (w — we) C (0):. 
Hence (e); € (e): U (0):. But (e), C (e); and (0), is contained in the closure 
of any ideal. Hence (e); = (e): U (0):. 

THEeorEM 6.3. Let X% be an algebra with a unit and e an idempotent. If 
b = (e): U a: = (e), U all — e), then 6 = (e): U (ail — @)). 

Proor: If x Ca;, x = xe + 2(1 — e) and ze C (e);. Hence (e); U a = 
(e): U ail — e). By Theorem 4.2 6” = (e)} U (a(1 — e))’ = (1 -— 2) A 
(a(1 — e))’. But this implies 6b” = (1 — e)(a(1 — e))’. For if y C (1 — @); 
then (1 — e)y = y, and if y C (a(1 — e))’ then y = (1 — ely C (1-8) 
(a(1 — e))’; hence 6” C (1 — e)(a(1 — e))’. Conversely if 2 C (1 — e)(a(1 — @))’ 
then z C (1 — e), and (1 — e)z =z... 

Also z = (1 — e)w where w is a right annihilator of a(1 — e)w. Hence 





4This theorem comes from a remark of J. von Neumann. 
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a(1 — e)w = 0, or (1 — e)(1 — e)w = 0, or (1 — e)z = Oandz C (a(l — e))’. 
Consequently (1 — e)(a(1 — e))’ > b’ and b’ = (1 — e)(a(l — e))’. Hence 
5 = ((1 — e)(a(l — ))'. Now 6 > (¢), and if z Cb, x = ze + x(1 — 0), 
whence z = 2(1 —e) Cb. If2(1 — e)(a(1 — e))" = 0, then 2(a(1 — e))’ = 0, 
whence z € (a(1 — e))” = (a(1 — e)). Consequently 6 C (e), U (a(1 — e)). 
But by the second part of Theorem 4.6 (e); U (a(1 — e)) C 6 and by Theorem 
6.2 (2): = (e):. Hence b = (e), U (a(1 — e)) and the theorem is proved. 

TaroreM 6.4. An algebra A with a unit is closed if and only if the ideals in 
the radical R are closed. 

If &% is closed then it is necessary a fortiori that the ideals in ® be closed. 
For sufficiency of this condition suppose that the ideals in ® are closed. Let a 
be any left ideal of 2%. Then by Theorem 6.1 a = (e); U r wherer C R(1 — e). 
By Theorem 6.3 @ = (e), U 7 whence a is closed if r is closed. Hence if the 
ideals in R are closed, then % is closed. 
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FUCHSIAN GROUPS AND MIXTURES Me 
ay ae} ij By Gustav A. HEDLUND en 
War ting A C 
\ 3 hh bes 1. Introduction a 
bE 2 le 
ia. A flow in a space is metrically transitive if whenever the space is divided into 
4 two complementary, measurable, invariant sets, one of the sets is of measure 
ee zero. Metric transitivity implies thai for almost all motions the average time (2. 
I. spent in measurable sets is the same for sets of equal measure. It is known 
he (Hopf, Ch. V)’ that the flow defined by the geodesics on any surface of constant 1 
Bt negative curvature, of finite connectivity, and of finite (hyperbolic) area, is tra 
eeGna ae metrically transitive. hy} 
te EPUREE A deeper property than metric transitivity is that which has been called trai 
" | | mixture (cf. Hopf, p. 36). If a flow is a mixture, any set of positive measure eye 
‘4 oy | spreads itself homogeneously throughout the space with increasing or decreasing I 
th | time. If a flow is a mixture it is metrically transitive. hoo 
Hee The object of the present paper is to show that the geodesic flow on a surface be t 
of constant negative curvature, of finite connectivity, and of finite area, is a as i 
mixture. The derivation is elementary and geometrical. It makes use of the Wist 
known metrical transitivity of the flow, so it does not furnish a new proof of to e 
that property. Essential use is made of the horocycles, which have been studied and 
in a previous paper by the author (cf. Hedlund). elen 
of ¥ 
2. The hyperbolic plane and the space E of elements G 
The interior V of the unit circle U, 22 = 1, provided with the metric tion 
that 
(2.1) ds = 2\de| 22 <1, with 
1 — 2 <3 
is a hyperbolic plane. The hyperbolic length or H-length of a curve y of Class C’ Ps 
. . . . . . . a 
in vy is / ds, ds given by (2.1). The geodesics or H-lines (hyperbolic lines) are Gen 
Y 
ares of circles orthogonal to U. The H-distance (hyperbolic distance), H(P:, P2), of £ 
between two points P; and P; of W is the H-length of the unique H-line segment 
joining these points. (2.3) 
An H-circle (hyperbolic circle) is the locus of points at equal H-distances from 
a fixed point of V and the fixed point will be called the center of the H-circle. This 
An H-circle is also a euclidean circle, the euclidean center not necessarily Gi 
a coinciding with the center just defined. Oriented H-circles will be termed thro 
i right or left according as the sense of rotation is clockwise or counterclockwise. Pt 
posit 


bap 1 Confer bibliography at end of paper for references. 
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A horocycle is a euclidean circle internally tangent to U. The point Q of 
contact with U is the point at infinity of the horocycle and this point together 
with the euclidean radius completely determine the horocycle. The horocycle 
with point at infinity Q and euclidean radius r will be denoted by C(Q, r). The 
horocycle C(Q, r) is an orthogonal trajectory of the set of H-lines having Q as 
end point. Oriented horocycles will be classified as right, Cx(Q, r), or left, 
((Q, r), according as the sense of rotation on the horocycle is clockwise or 
counterclockwise. 

Hyperbolic area is defined by the integral 


(2.2) | | 3 ee ar aa 


The metric (2.1) and the integral (2.2) are invariant under linear fractional 
transformations which take W into itself, so that under such transformations, 
hyperbolic distance and hyperbolic area, as well as angle, are invariant. These 
transformations carry H-lines into H-lines, H-circles into H-circles, and horo- 
cycles into horocycles. 

Let E be the set (x, y, ¢), 2 + y’ < land —& < ¢ < + o, with neighbor- 
hoods defined by considering this set as a subset of euclidean space. Let E 
be the space obtained by considering the points (z, y, @ + 2nr),n = 0, +1, ---, 
asidentical. If the angle @ at each point P(x, y) of VY is measured in the clock- 
wise sense from the direction through the point parallel to the positive z-axis, 
to each point of EH there corresponds a point in V and a direction at this point, 
and conversely. A point in W together with a direction at this point is an 
element, so that E is the space of elements in the hyperbolic plane. The point 
of ¥ associated with the element is the point bearing the element. 

Given a point of E, there are an infinite number of points of E, the identifica- 
tion of which defined the given point. Of this infinite set there is just one such 
that 0 S$ @ < 2z, so that a set of points of EZ is in one-to-one correspondence 
with a subset of E for which 0 < @ < 2x. Let the subset of EF for which 0 < @ 
< 2r be denoted by E*. The set FE, of points in E will be said to be measurable 
if the set ET in one-to-one correspondence with it in Z* is measurable, considering 
E* as a subset of the euclidean space (x, y, ¢). This is equivalent to the condi- 
tion that the points of # corresponding to EZ; be a measurable set. The measure 
of E will be defined as 


(2.3) mE, = Sff 4(1 — x” — y’)* dxdyd¢. 


This method of defining measure is equivalent to that of Hopf (cf. Hopf, p. 68). 

Given a set F, in E, the set E2 will be said to be obtained from EF; by a rotation 
through the angle a if the elements in EZ, are those obtained by rotating each 
element in E, through the angle a, the sense of rotation being clockwise if a is 
Positive, counterclockwise if a@ is negative. If EH, is measurable, the same is 
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evidently true of Z,, and from the definition of measure as given by (2.3), 
we have mE; = mE. 


3. The geodesic, horocycle and circle flows in E 


A point e of E, or element, determines a unique directed H-line g having this 
element as one of its elements. Let the H-length s along g be measured from 
the point Py bearing the given element and be positive in the positive direction 
ong. Let ,e, denote the element of g at the point determined by s. The trans- 
formation G* defined by e — ,é, is a continuous, one-to-one transformation of E 
into itself and depends continuously on the parameter s. This is the flow de- 
fined by the geodesics or hyperbolic lines and will be called the geodesic flow. 
It is not difficult to show that measure, as defined by (2.3), is invariant under G?. 

A point e of E determines a unique right horocycle having e as one of its 
elements. In a manner analogous to that in which the geodesic flow is defined, 
a right horocycle flow rH; can be defined by using right horocycles instead of 
hyperbolic lines. The left horocycle flow ,H; is defined similarly by making 
use of left horocycles. 

It will now be shown that the right and left horocycle flows preserve measure. 
It is convenient to derive first some elementary geometric results. 


Let PQ be an arc of a horocycle with both Pand Q lyingin v. Let ¢p denote 


the smallest positive angle at P between the arc PQ and the H-line segment PQ. 
Let ¢g be the similarly defined angle at Q. Since horocycles are circles and 
H-lines are either circular arcs or straight line segments, it follows that dp = ¢¢ 
and this common value will be denoted by gpg. Evidently,0 < dpe < 1/2. 


Lemma 3.1. Given s > 0, let PQ be an arc of H-length s of any horocycle. 
Then H(P, Q) and ¢rq depend only on s and not on the horocycle or the particular 
arc of it. Denoting H(P, Q) and org by H(s) and ¢(s), respectively, the functions 
H(s) and $(s) are continuous and increasing, and 


lim H(s) = +, lim ¢(s) = 2/2. 


8 —+00 8—>+00 
In the proof of this lemma it can be assumed that the horocycle becomes a 


right horocycle when so oriented that the are PQ with P as initial point is posi- 
tively directed, for if this is not the case, the proof which follows will apply if 
the réles of P and Q are interchanged. 

The point P can always be transformed to the origin by a linear fractional 
transformation taking W into V and such that the element at P of the directed 


arc PQ is transformed into a given element at the origin. Let Cx(A, r) be the 
unique right horocycle determined by this element. Since the linear fractional 


transformation transforms right horocycles into right horocycles, the are PQ 
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is always transformed into an arc OQ’ of C2(A, r) and the point Q’ depends 
only ons. Since H(P, Q) = H(O, Q’), H(P, Q) depends only on s. Since the 
transformation is conformal, ¢pg depends only on s. As s becomes infinite 
the point Q’ approaches A (in the euclidean sense) and lim H(s) = +o. As 


s becomes infinite, the angle ¢(s) approaches the angle between C,(A, r) and 
the hyperbolic ray OA. But C2(A, r) is orthogonal to OQ, so lim ¢(s) = 2/2. 


8—>+00 
That H(s) and ¢(s) are continuous and increasing is obvious. The proof of the 
lemma is complete. 

TuroreM 3.1. The right and left horocycle flows are measure preserving. 

The discussion will be restricted to the case of the right horocycle flow og 
since the proof for the left horocycle flow is entirely similar. Also, only the case 
s > 0 will be considered, as there is no difficulty in applying the proof to the 
case s < 0. 

Lemma 3.1 yields a simple decomposition of gH? into rotations and the trans- 
formation Gy) , all of which are known to preserve measure. For, given e, 
a point of Z, and s > 0, let us determine eH,(e), which we will denote by xe, . 
Let P be the point bearing e and let Cx be the right horocycle determined by e. 


Let Q be the point of Cz such that the directed are PQ, with initial point P, of 
Cz is positively directed and has H-length s. Then ge, is the element of Cz at Q. 
Using the notation of Lemma 3.1, we let H(P, Q) = H(s). It follows from that 
lemma that the element ze, can be obtained from e by rotating e through the 
angle (s), thus determining an element e*, then passing to the element Ga(.)(e*) 
= on) , and finally, rotating gen;.) through the angle ¢(s). (It should be noted 
that in the case under consideration both the rotations are positive through the 
angle ¢(s). The only other possibility occurring in the omitted cases is that 
both rotations are negative through the angle —¢(s).) 

Let R2 denote the transformation of E into itself which keeps the point of ¥ 
associated with each element fixed and rotates the direction of each element 
through the angle a. The preceding results can be stated symbolically as 
follows: 


(3.1) nH = Ro -Gue Rew; 8s > 0, 


while analogous formulas hold in the other cases. The stated theorem is an 
immediate consequence of the fact that all the transformations on the right of 
(3.1) are measure preserving. 

Given p > 0, a point e of EF determines a unique right (left) H-circle of radius 
pand having e as one of its elements. Thus a right (left) circle flow ,C%(7C%) 
can be defined in a manner analogous to that in which the geodesic flow is de- 
fined by making use of right (left) H-circles of radius p instead of geodesics. 
Since the proof of the following theorem is entirely similar to that of Theorem 
3.1, it will be omitted. 

THEorEM 3.2. The right and left circle flows are measure preserving. 
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4. The surface M, the space of elements Ey and flows in Ey 


Let F be a Fuchsian group with U as principle circle. Such a group has a 
normal fundamental region R containing the origin and bounded by H-lines 
or segments of such lines which are congruent in pairs. If points which are 
congruent under F are considered identical, there is defined a two-dimensional 
manifold M of constant negative curvature. 

The group F defines a group I of transformations of EF into itself (Hopf, 
pp. 70-71). Furthermore, the transformations of I’ preserve measure in £. 
If elements which are congruent under I are considered identical, there is defined 
a space Ey, the space of elements on M. To each point of Hy there cor- 
responds an infinite set of congruent (under I) points of E. Of this infinite 
set there will be at least one with the point bearing it in R. There will be only 
one with the point bearing it interior to R. Given a set Ey in Ey, let E* be a 
set in E in one-to-one correspondence with Ey, such that all points bearing the 
elements of E* are in R and such that the element e* of E* corresponding to a 
point of E%, is one of the infinite set of E corresponding to this point. It is 
evident that if one of the sets H* corresponding to a given Ey is measurable, 
all will be, for any two differ only by a set of measure zero. The set Ey of Ey 
will be measurable if the set E* is measurable and the measure of E%, will be 
defined as that of E*. 

The geodesic, horocycle, and circle flows in E transform congruent elements 
into congruent elements, so that each of these flows defines a flow in E y which 
will be called respectively the geodesic, horocycle and circle flows in Ey and 
denoted by G, , eH, or 1H, , 2C? or Ct, as the case may be. It is readily shown 
that these flows in EF y are measure preserving due to the measure preserving 
properties of G7, pH*, ,H*, 3C® and 7C?. 

For later purposes it is desirable to introduce a metric into the space Ey. 
If (21, y1, $1) and (22, y2, ¢2) are points of EF representing elements e; and e 
of E, the distance between these elements will be defined as 


H(P1, Ps) + || ¢1 — $l, 


where P; is the point (11, y:) of V, P: is the point (x2, yz) and || ¢1 — ¢2 || is the 
minimum of the set |¢:1 — ¢2 + 2nr|,n = 0, +1,---. This definition is 
evidently independent of the choice of points of FE representing the given ele- 
ments. If p; and pe are points of Ey» or elements on M, there correspond to 
pi and p> infinite sets S; and S2 , respectively, in EZ. Then D(pi, ps), the distance 
between p; and pz, will be defined as the greatest lower bound of the distances 
between pairs of points of which one is in S; and the other is in Sz (cf. Morse, 
p. 53). 


5. The metric transitivity of horocycle flows 


The group F will now be restricted to being of the first kind with a finite set 
of generators. Under these conditions it is known that mE y < © and that 
the geodesic flow G, is metrically transitive (cf. Hopf, Ch. V). It will now be 
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shown that this implies the metric transitivity of the horocycle flow gH,. The 
proof for LH, is similar. 

To prove the metric transitivity of gH, , it must be shown that any measurable 
set V of E» which is invariant under gH, , and thus consists of the elements 
on a set of right horocycles which is invariant under F, is either a set of measure 
zero or the complement of such a set. Thus it can be assumed that V is an 
invariant (under gH,) set of positive measure and it suffices to show that V has 
points in common with any measurable set W in E y and of positive measure. 

Recalling the notation of §3, RZ denotes a transformation of E into itself 
which takes the element determined by (z, y, ¢) into that determined by (z, y, 
¢ + a), and, as was pointed out there, R® is measure preserving. Under this 
transformation congruent elements transform into congruent elements, so that 
R* defines a transformation R, of E y into itself which is also measure preserving. 
Let V be a measurable set in E y and let R.(V) = V 

Lemma 5.1. lim m(V,-V) = lim (Va +t V) = mV. 


a—0 

For let P be a point interior to the fundamental region FR and let S,,r > 0, 
be the interior of a square with center P and with sides of length r such that all 
points in S, are in the interior of R. Let Ep be the set of elements of E y deter- 
mined by the set (x, y, @) where the point (z, y) liesin S, and 0 < ¢: <¢ < ¢ 
<2r. The set Hy is an open setin Ey. 

The lemma is obviously true for dn open set of the type EZ). It follows that 
it is true for an open set consisting of the sum of a finite number of non-over- 
lapping sets of type Hy). The passage to the case of a denumerable set of 
non-overlapping sets of this type offers no difficulty. An open set in E x is, 
except for a set of measure zero, the sum of a denumerable set of non-overlapping 
sets of the type of Ey , so the lemma holds for open sets. By complementation 
it holds for closed sets. Since a measurable set contains closed sets of measure 
arbitrarily close to that of the given set, and is contained in open sets of measure 
arbitrarily close to that of the given set, the lemma follows for measurable sets. 

THEorEM 5.1. The right and left horocycle flows are metrically transitive. 

Let V and W be measurable sets of positive measure in EZ y , with V invariant 
under pH,. Then V,/2and W_,/2 are measurable sets and mV). = mV, mW_.z/2 
= mW. The metric transitivity of the geodesic flow G, implies (cf. von Neu- 
mann, pp. 590-591) the following: 





1 7 a0 MV «2MW_+/2 
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It follows that there exists an infinite sequence 0 < s; < s < ---, with lim s 
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= +, such that 


mV x2mW sr _ mVmW 
2mEu 2mEu ’ 


Let §; be the number such that s; = H(3,), where H(s) is as defined in §3. 
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The existence and uniqueness of 3; follows from the facts that H(0) = 0, H(s) 


is continuous, and H(s) is increasing with lim H(s) = +. From these 

properties of H(s) we also have lim 5; = + a. Be $(3;) = @,7=1,2,..., 

where ¢(s) is as defined in §3. Then, with the aid of Lemma 3.1, lim ¢; = 1/2. 
From 05 


Varz = Vo;-Vai2 + (Vai2 — Vo;- Vay) 
it follows that 
Gs,(Vay2) = Gs,(Vo;-Ver2) + Ge,(Varz — Vo,- Vara) 
and hence 
(5.2) G.,(Va2)-We—xj2 = Ge;(Vo;-Vay2)-W—a2 + Gs;(Vey2 — Vo,;-Vej2)-Wire, 
where the two sets on the right have no common point. Since lim ¢; = 2/2, 
with the aid of Lemma 5.1 there exists an Ni such that ie 


mVmW 





(5.3) mM Va — Vo;-Ven) < 6mEu’ a> Ni. 
Since G, is a measure preserving transformation, 
mMGs;,(Vaj2 — Vo,-Vrj2) = M(Vaj2 — Vo,-Vay2), 
and hence, from (5.3), 
mG. ;(V x2 sea Vo,+ Vere): W_x2] 
(5.4) Vmw 
4 mG, (V x2 —_ Va,;- Vase) < a’ > Ni. 
Applying (5.1) and (5.4) to (5.2), there results 
Vmw ' 
(5.5) mlG.,(Vo.- Vir): W—ral > 3, i> M,. 
This evidently implies 
mVmW 
(5.6) m1G..(Vo,)- Wal > So, $> M- 


Again making use of Lemma 5.1, there exists an integer N2 > Ni: such that 


VmwW 
(5.7) m(W_.z/2 -_ W_;-W_-2) < ae 1? N. 


From 
W_z/2 sal W_4;-W_x + (W_xz/2 _ WF ig, -W_x/) 


and the fact that the sets on the right have no points in common, 
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(5.8) m(Vi- Wee) = m(Vi-W_o;-Wa) + m{Vi-(Wap — W_o,-W_an)}, 
where V; = G.,(V¢,). By combining (5.6), (5.7) and (5.8) we obtain 





(5.9) m(V;-V_¢,) 2 m(Vi- W_4,-W_s2) > lela i> Nz. 
From (3.1), | 
rH, = Ro Gave) Row), y 
and thus 
6.10) eHi,(V)-W = [Ry (G.;{V5,})]-W 
= R,,[G.,(Vs;)-W_-»,] = Re [Vi-W-.,]. 
Since V is assumed to be invariant under ;H, , 
rH, (V)-W = V-W 
and since Ry; preserves measure, we have, with the aid of (5.10), 
m(V-W) = m(V;-W_,,). 
Applying (5.9), there results 
m(V-W) > eo, i> Ns, 


so that the sets V and W must have points in common. The proof that the 
right horocycle flow is metrically transitive is complete. 

The similar proof that the left horocycle flow is metrically transitive is omitted. 
6. The geodesic flow is a mixture 

The flow G, is a mixture if, V and W being arbitrary measurable sets of E, 


(6.1) ie wig). w1i= Sen 


s—teo mExy [ 





This relationship will hold for measurable sets if it holds for all open sets, and 
it will hold for all open sets if it holds for a particular set S* of open sets such 
that any open set is the sum, except for a set of measure zero, of a denumerable 
set of non-overlapping sets from S*. In the following V will be restricted to a 
set S* satisfying the stated conditions, while W will be any open set of Ey. 
The set S* can be chosen, in particular, as follows. Let o be the interior of a 
(euclidean) square lying, together with its boundary, in the interior of the 
fundamental region R. Let J be an open interval of U. Let H(c, I) be the 7 
set of initial elements of directed H-rays (hyperbolic rays) with initial point in ¢ 

and terminal point in J. No two elements in E(c, I) are congruent, for no two 

interior points of R are congruent and there are no fixed points of elliptic trans- 

formations interior to R. Thus the elements E(o, I) determine a set O* of Eu 

such that the points of O* are in one-to-one correspondence with the set 
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E(c, I). The sets O* evidently form a set S* of open sets of the desired kind. 
Thus it is sufficient to prove that if O* belongs to S* and O is any open set, then 


, *) | — ™O*mo 
(6.2) Jim m[G,(O*) -O] ——- 





The proof will be carried through only for the case s — +, inasmuch as the 
proof is similar for s > — ©. 

Let Q be a point of the square o used in determining O* and let E(Q, I) be 
the set of initial elements of the H-rays with initial point at Q and terminal 
point in I. Let Og be the subset of O* determined by the set E(Q, I). Then 
the set G,(09) is the set in E » determined by the elements situated on a seg- 
ment of an H-circle with center Q and radius s, and with directions perpendicu- 
lar to the H-circle and directed outward. The segment of the H-circle is that 
between the geodesic rays with initial points at Q and points at infinity at the 
ends of the segment J used in determining O*. Thus the set [G,(O*)],/2 is the 
set determined by the elements on a set of arcs of H-circles of radius s and with 
centers in «. As s becomes infinite the minimum length of these arcs becomes 
infinite. Suppose it can be shown that 


mO*;2mO 
(6.3) lim m{[@,(0*)]-2-Ozn} = —22—™, 
8—>+00 mEu 
where the subscript 7/2 again indicates rotation through the angle 7/2. Then 
the corresponding relationship in (6.2) holds since measure is preserved by the 
rotation through the angle —z/2. For brevity let [G.(O*)].7 = O., Ox = O, 
and Ey = Q. Then the desired relationship is 
(6.4) lim m(0,-0) = mom 
8—>+00 
Since G, and rotations preserve measure, mO, = mOp. 

Now consider the set O, , a set determined by the elements on a set of arcs 
of right H-circles, each of radius s. The desired result (6.4) is implied by 
(6.5) lim inf m(0,-0) = ™Oomd 

8—>-+00 
For if (6.5) holds for sets of the stated kind, it holds for measurable sets, and, 
in particular, for closed sets. Thus 


lim inf m(O,-C9(0)) = mtn off) 
s—>-+00 mQ 


where C(O) is the complement of O with respect to. From 
m(0,-0) + m(O,-Ca(0)) = mO, = m0o 
it follows that 
lim sup m(O,-0) = m0» — lim inf m(O,-C9(0)). 


8—+00 8—>+00 
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Thus 


. mOomCo (0) mOy mO 
Se. eo 
and (6.4) holds. 

Let 0! be the set of ZH» = Q determined by the elements on the set of all 
subsegments of the ares of right H-circles determining O, such that the initial 
point of each subsegment is at the initial point of the are containing it and 
each subsegment is of length L. Let O; be the set obtained by repeating the 
process, but using the terminal points of segments of 0; as initial points. This 
process can be repeated a certain number of times, say k(s), without leaving the 


ares determining O,. Since the minimum length of the segments of O, becomes 
k(s) 


infinite with s, k(s) does the same. Let OF = >> O}. We omit the elementary 


i=1 


proof of the following statement. 


(6.6) lim mO* = mO, = mOp. 


8—>+00 


To prove (6.5) it is sufficient to show that, given e > 0, there exists an S 
such that 


627) m(0"-0) = = mO2 —em02, e>B. 


For since O, D> OF, m(O,-0) = m(O%.0O) and it follows from (6.6) and (6.7) 
that 


lim inf m(0O,-0) = 


8—>+00 


_ em0y ° 





mOm0, 
mQ 


But since € can be chosen arbitrarily small, (6.5) must hold. 
To prove (6.7) it is sufficient to show that given ~ > 0, there exists an S(é) 
and for each s a measurable set 27 C O? such that 


m(O% — 33) <% s > S(a, 
(6.8) * 7 mO * * 
m(z;-O) = aa m=, — emz,, s > S(@. 


For, given ¢, choose @ such that 0 < é < ¢/2 and 


e mQ 
e< - —-mOQ). 
. 3m0 


Then if s > S(@), 


m(O% 0) = m(z*.0) = of >* — ez? 
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> MO mo? — ™  — emo? 
> on? .. Latin cell, s > S(e). 


moa 3 2 
With the aid of (6.6) there exists an S > S(é) and so large that 


3 M0 < 5 mOr, s>S8. 
But then 
m(O; -0) = me m0! — em0;, s> S, 


and (6.7) holds. 

We now proceed to the definition of the sets 23 such that the conditions of 
(6.8) are satisfied. Any point p of Q determines, under H,, a path in Q, 
namely the set p, = r2H.(p), —~7 <s < +o. This set in Q is represented 
in WV by an infinite set of congruent right horocycles. By the length of the 
path segment p,p: we shall mean |¢ — s|, which is also the H-length of any 
one of the segments of horocycles in W representing this path segment. 

According to Theorem 5.1 the right horocycle flow 2H, is metrically transitive. 
This implies the existence of a measurable set 2* C Q such that m(Q — 0*) = 0, 
and if p C Q*, the path through p is equidistributed in 2. Specifically, if 
p < Q%*, if vy is a path segment through p and of length L, and if L denotes 
the linear measure of the part of v in O, 


(6.9) Nets oy wee 


independently of the initial point of v, provided that it contains p (this is the 
ergodic theorem of Birkhoff, cf. von Neumann, p. 590, a). 

Given « > 0 and L > 0, let 2.(L) be the-set of points of 2 such that if 
p CQ.(L), any path segment through p and of length L has the property 


L . mO 

Rage apt 
Since this is an inequality, and the set O is an open set, the set @.(L) is an 
open set. Let Li < Lz < --- , be a sequence of positive numbers such that 
lim L, = +, and consider the corresponding sets 2.(L;), 7 = 1, 2,---. Let 


n->o 


Q; _ II 0(L;). 
i=j 
Then 2; C 2 C ---, and since each of these sets is measurable, the same is 
true of the outer limiting set. Given any point p C 0*, there exists an N, 
such that p C 0.(L:), 7 > N,. Thus the outer limiting set of the sequence 
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%C % C --- contains 2*, and we have lim m2; = mQ* = mQ. Since mQ; S 


j72 


mQ(L;) < mQ it follows that lim mQ(L;) = mQ and we can conclude the 


Io 
following. Given « > 0, there exists an L(e) and an open set O(e) such that 
m(Q — O(e)) < ¢, and if p C O(e), any path segment of length L(e) and passing 
through p is such that 

L(e) . mO 
where L(e) denotes the linear measure of the part of the segment in O. Since 
an open set of finite measure contains a closed set whose measure differs from 
that of the open set by an arbitrarily small amount and since, m(Q) being 
finite, the set can be chosen as compact, the following lemma can be stated. 

Lemma 6.1. Given « > 0, there exists a compact, closed set C(€) and a number 
L(e) such that m[Q — C(e)] < € and if p C Cle), any path segment of length 
L(e) and passing through p is such that (6.10) holds. 

Recall that the set OF is the sum of the sets Oi, i = 1, 2, --- , k(s), where 
each of these sets is determined by the elements on sets of ares of right geodesic 
circles and of length LZ. A set such as O% will be called a tube of length L, a 
segment of which is the subset determined by the elements on one of the arcs 
determining O}. The initial points of the tube 0% are the points determined by 
the initial elements of the arcs determining O:. The initial points of O} form 
a two-dimensional manifold m; which is the homeomorph of the interior of a 
circle. The diameter of such a tube will be defined as the diameter of its set 
of initial points. Given 7 > 0, it is evidently possible to define a set of non- 
overlapping tubes, each of length L, each of diameter less than 7, and such 
that their sum is, except for a set of measure zero, identical with O}. Thus 
the set OF can be considered as the sum, except for a set of measure zero, of a 
set of non-overlapping tubes +7? , each tube of length L, and each of diameter 
less than »(s), where lim »(s) = 0. ; 


8-0 


Now given é > 0, let « = é/2, and let L(e) and C(e) be the length and set as 
determined by Lemma 6.1. Let the L used in determining OF be L(e). Let 
2; be the subset of O* formed by those tubes of the set }>7': which have a point 
in common with C(e). Then 


m(O; — 23) < miQ -- C(e)] < « < % 


and the first condition of (6.8) is satisfied. Suppose that the second condition 
of (6.8) is not satisfied. This would imply the existence of a sequence 


i <& <---, with lim s, = +, such that 
(6.11) * 4 mO. ox ee ote 
m(z,,-O) < Ty mze; — emZ,,, 2k Site 


But then this inequality would necessarily hold for a tube 7; of the set forming 
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z;,, and we would have a sequence of tubes, 71, 72, --- , with each 7; a 
member of the set z. , and such that 

- _ mO ‘ mO 
(6.12) m(T;-0) < 2 mT; — mT; < oa mT; — 2emT;. 


If n; denotes the diameter of 7;, we have lim 7; = 0. Each of these tubes 


is of length L(e) and each contains a point of the set C(e). The points of the 
tubes are determined by segments of right H-circles, the radii of which become 
infinite as 7 becomes infinite. We show that the existence of such a sequence 
of tubes is incompatible with the properties of C(e). 

To that end, let p; be a point in 7; and in C(e). Since the set C(e) is closed 
and compact, the sequence p: , pz, --- , contains a subsequence which converges 
to a unique point p of C(e). We can assume that this is true of the sequence 
itself or that lim p; = p. Likewise, if g/ is an initial point of one of the segments 


t—0 
of T;, it is no restriction to assume that there exists a point g* such that 
lim qf = q*. Given a neighborhood of q*, since lim 7; = 0, for 7 sufficiently 


large, the set of initial points of the segments determining 7’; lies in this neigh- 
borhood. The point g* determines a path of the flow eH,. Let q® = rH (9°) 
and let g*q° be the path segment joining g“ and g*. As 7 becomes infinite, the 
radii of the right H-circles, segments of which determine the segments of 7’; , 
become infinite and, again making use of lim 7; = 0, the segments of 7; 


io 


approximate q*q° uniformly and arbitrarily closely. Since lim p; = p, it 


follows that p must lie on q“g*. Thus, if Z(¢) denotes the linear measure of 
the part of qg*q° in O, : 
L(e) Mg mO 
Le) ~ mQ 
Let the path segment q*q° be divided into v equal closed segments of length 
6 > 0. Let vs be the number of these segments made up entirely of points u 
such that all points within distance 6 of u lie in O. It is readily shown that 
as 6 approaches zero, the sum »6 of the lengths of such segments approaches 
L(e). Thus, by choosing 6 = 6 sufficiently small, 
v56 mO 3 
le” ae 3 
Now let the tube 7; be divided into + subtubes by dividing each of the seg- 
ments of 7’; into > equal segments each of length §. As 7 becomes infinite each 
of these subtubes approaches uniformly one of the segments of length 6 of 9“q°. 
For 7 sufficiently large, vj of these subtubes will lie entirely in O. Since any 
one of these subtubes (for fixed 7) can be obtained from any other one by 
measure preserving right circular flow, all of these subtubes have the same 
measure ui. Thus, for 7 sufficiently large, 
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m(T;-O) > Viwi v5 mO 3 
“mT = tu ~ Lf) 7 ma ~ 2° 
which is the desired contradiction. The second condition of (6.8) must be 
fulfilled by the sets 2; and the geodesic flow G, is a mixture. We state this 
result as a theorem. 

ToEoREM 6.1. If M is a two-dimensional manifold of constant negative curva- 
ture obtained by identifying the points of the hyperbolic plane 





2| d 
ds = | z | : 23 < 1, 
1 — 2 
| which are congruent under a Fuchsian group F which has z2 = 1 as principal : bi 


circle, is of the first kind and has a finite set of generators, the geodesic flow on M 
is a mixture. 

The value of the curvature of all these manifolds is —1. However, by 
replacing the coefficient 2 in the metric by a suitable positive constant, the 


curvature can be made to assume any given negative value and the proof of 
the stated theorem still holds. The manifolds thus obtained include, in par- 
; ticular, all closed, orientable, two-dimensional, Riemannian manifclds of con- 
) stant negative curvature. More generally, they include the set of complete bb Ail 
. (every geodesic can be continued to infinite length) two-dimensional Riemannian . | 


manifolds of constant negative curvature, of finite connectivity and of finite 
4 (non-euclidean) area (cf. Hopf, p. 69). By including transformations of the kind 


t oe az+b 
cz+d 
in the group F, the results hold for non-orientable manifolds. We have then 
the following result. 
THEOREM 6.2. The geodesic flow on any complete, two-dimensional Riemannian 
manifold of constant negative curvature, of finite connectivity and of finite area, 
h 1s a mixture. 
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‘CLASSIFICATION OF CURVES ON A TWO-DIMENSIONAL MANIFOLD 


UNDER A RESTRICTED SET OF CONTINUOUS DEFORMATIONS 
By C. Tompxins! 
(Received September 16, 1938) 


Let % denote a continuous deformation of the inner equator of a torus over 
the surface and back onto itself in such a way that each point of the inner 
equator describes a path homotopic to a meridian circle of the torus. Let 1(2) 
denote the maximum length to which the inner equator is stretched during the 
deformation %. The problem then arises: what is the greatest lower bound 
of 1(%{) as % ranges over all possible deformations of the sort just described? 
It is shown in §8 that this greatest lower bound is precisely the length of the 
shortest closed geodesic on the surface which passes through a pair of opposite 
points on the outer equator of the torus. Furthermore, there exists a deforma- 
tion % for which this greatest lower bound is actually reached. 

The solution obtained for this special problem in the calculus of variations 
in the large depends on the following “three-circle theorem”’: 

If A, B, and C are three concentric circles in a plane and if D(t),0 S t < 1, 
is a continuous deformation of A into C (i.e., D(0) = A, D(1) = C) then there 
exists a value ty) such that the curve D(t)) intersects B in diametrically opposite 
points. The proof is given in §6. 

This three circle theorem admits extensions and generalizations galore. One 
of these is presented here; the particular one chosen for consideration has been 
singled out because it introduces no really difficult computations and yet serves 
to illustrate a line of reasoning which seems to apply to many similar problems. 

The proof of this extension of the three-circle theorem constitutes the main 
body of the paper (§§1-5), and it is the first thing to be considered. The 
proof of the three-circle theorem will then be presented as a corollary of the 
extended theorem, and finally the solution of the special problem announced 
above will be given. 


1. Introduction and preliminary classification 


Let S be a connected open region of a two-dimensional manifold with a 
metric; let P be a simple closed polygon of S which separates it into two dis- 
joint components S; and Sz, i.e., Si + S. = S — P, and let there be given a 
topological mapping, not the identity, of P onto itself. Denote by R the 
space of oriented closed curves in S, and by R’ the space of closed curves in S 
such that no curve corresponding to a point of R’ intersects P in both a point 
and the image of this point under the given mapping. There will be presented 





1 National Research Fellow. 
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a natural classification of points of R’ such that two points of R’ may be con- 
nected with a continuous arc if, and only if, they have the same classification; 
this means that closed curves of S will be classified so that one can be deformed 
into another without the transmigrant curve at any time simultaneously inter- 
secting a point of P and its image if, and only if, the two curves have the same 
classification. That the classification to be presented accomplishes this result 
is the principal theorem of this paper (the theorem is stated in §5). 

In this section a preliminary classification of any curve C which intersects D 
in a finite set p of points p; (¢ = 1, 2, --- , m) will be presented; a point at 
which C intersects P but does not actually cross it will not be counted among 
the points of p. In later sections loops of C will be pulled out, reducing the 
number of points of p, and this process will be continued until further reduction 
is impossible. Then an approximation to a general curve will be introduced 
yielding a curve which can be classified by the procedure of this section, and 
finally it will be shown that the classification of any curve is unique and that 
this classification possesses the qualities advertised above. 

Before proceeding further, it is necessary to fix a suitable machinery for the 
classification. A definite orientation is assigned to P. A realization of the 
fundamental groups G; and G2 of the spaces S; and S_ must be adopted and 
retained throughout the classification. Then the fixed points of P under the 
transformation must be deleted from P; this will either leave P intact or split P 
into at most a countable number of open arcs Q, (this family of arcs will be 
denoted by Q). The labelling of these arcs is retained throughout the pro- 
cedure of classification. 

Involved in the preliminary classification of this section are the points of p 
and of p’, where p’ denotes the set of image points of the points of p under the 
transformation of P. In particular p; will denote the image of p;. Concerning 
the points of p’ it is useful to know the following lemma. 

Lemma 1. The images of points lying in the same arc Q, all lie on one arc of Q. 

Proor: Since the mapping is topological, Q,; is mapped either onto itself or 
onto the are P — Q;. In the second case, the mapping can have no more 
fixed points and the images of points lying in Q, must lie in the only other arc 
of the family. In the first case the images of points of Q, must lie on Q, itself. 
This completes the proof of the lemma. 

If C intersects P, the subscripts of the points p; are chosen according to 
cyclic order of the points on C. The next step in the classification of C is to 
choose the finite set of ares of Q which contain points of p or of p’, and to asso- 
ciate with the symbol Q, of each of these arcs an ordered set of symbols p; and 
P; corresponding to the order of occurrence of the points corresponding to these 
symbols on the arc in question (this order is with respect to the order sense 
induced on each of the ares of Q by the orientation assigned to P). The third 
step is to group subsets of the symbols which are associated with the same arc 
of Q into bunches. This is accomplished according to the following definition: 
maximal set q of points of p all of which lie on the same arc and which are not 
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separated on this are by any point of p’ will be called a bunch if the images of 
the points of g, which (according to lemma 1) all lie on one are of Q, are not 
separated on this arc by any point of p. The order relations between points 
of the same bunch are dropped, but the order relations between points of 
different bunches are retained. The final step of the classification is to asso- 
ciate with each point p; an element of the fundamental group of one of the 
components. The method of doing this depends on whether p; and p;;; belong 
to the same bunch or not. If they do, the element of G assigned to 7; is just 
the element assigned in the realization to curves of the type of the curve con- 
structed by following C from a point just past the point p; to a point just before 
the point p;,1 and then returning to the start by means of an arc approximating 
the are of P which lies between p; and pi: and which contains no points of p’. 
If p; and pis: do not belong to the same bunch the element assigned to 7; is 
that corresponding to curves of the type of the curve obtained by passing 
along C from a point close to p; to a point close to pj; as before and returning 
along an are approximating the are of P which joins p; to pis: (as opposed to 
the are which joins p;,;; to p; ; this distinction again arises from the orientation 
assigned to P). 

Two curves C and C’ will be called equivalent under this preliminary classifica- 
tion if they intersect P the same number m of times and (i) if m # 0, there 
exists a cyclic permutation of the numbers 1, 2, 3, --- , m so that when it is 
applied to the indices of the intersections of C’ the formal classification is 
exactly the same as that of C; or (ii) if m = 0, either the same element of the 
fundamental group G; or G2 is assigned to curves of their types or else each 
corresponds to the identity element but in different components. 

Lemma 2. If Ci and C2 are equivalent under this classification, there exists a 
homotopic deformation of C; into Cz using only curves corresponding to points of R’. 

Proor: If the number of intersections of C; with P is zero, the lemma is 
trivial. If there are intersections, it is evident that each of these intersections 
can be made to coincide with the similar one of C2. by means of a deformation 
of the type allowed. Indeed, suppose that the intersections of C, with P are 
dencied by 71,; and those of C. with P by pe,; with the indices chosen so that 
the equivalence in classification is apparent with no further change of index. 
Some points pi,; may coincide with the corresponding points p2,;, and these 
will be left alone for the time. Any other point p:,; which does not coincide 
with the corresponding point of the other curve may be deformed into such a 
point by means of a homotopy on the allowed curves which moves points 
between its first and last positions and points corresponding to these by any 
iteration of the mapping, and only those points, and which does not change 
the classification of the curve. Now, the points which are forcefully moved 
can not be points which are already lying on their corresponding points on the 
other curve, or the order relations between points of intersection of the two 
curves of P would not be the same, and they would not have the same classi- 
fication. The points of p:,; can thus be made one at a time to coincide with 
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those of p2,; until the two sets coincide exactly. After this the arcs of the 
transform of C, may be deformed in the components of S; and S: without 
again crossing P until the two curves coincide throughout. 


2. Reduction of a class 


There will be described here a means of deriving, from a class of curves 
with m intersections with P, a reduced class which is either the same or has 
fewer intersections with P. The points to be removed are maximal sets of p 
each containing more than one point such that (i) all the points of the set 
belong to the same bunch; (ii) those in each bunch have consecutive indices; 
and (iii) all but the last in each set have associated with them identity elements 
of the groups G, and G,. If the number of elements in a set which is removed 
is odd the set is replaced by one point having associated with it the order rela- 
tions of the bunch from which the set is removed and the group element of the 
last point of the set removed. If the number is even, nothing replaces the set 
removed, but the group element associated with the point which immediately 
precedes the set is replaced by the group element obtained by multiplying it 
on the right by the element associated with the last point of the removed set 
and then, if the point immediately following the removed set is in the same 
bunch as the one which immediately precedes it, but not in the same bunch 
as the points of the set, or if the point immediately following the set lies be- 
tween the point preceding the set and the set itself, this product is again multi- 
plied on the right by the element of the fundamental group in which the first 
product lies and which corresponds to a curve approximating P and having 
the same orientation. The images of the deleted points are also deleted, the 
residues of the sets p and p’ are grouped into a new set of bunches and the 
group elements associated with points of new bunches are changed by multi- 
plying by P as above if necessary, and the new class is the result. If all points 
of p are removed in this process the new classification is represented by just 
the proper group element. 

Lemma 3. There exists a homotopic deformation of a curve C of class a into a 
curve C’ of the class a’, the reduced class of a. 

Proor: Let C be any curve of class a, and deform it homotopically by moving 
ares corresponding to those lost in the reduction keeping them always on their 
original components S$; and S2 until they approach arbitrarily closely arcs of P 
none of which contain points of p’. They may then be deformed onto these 
ares and then removed in any way onto S — P so as to achieve a curve of the 
class a’. This curve may then be deformed into any other curve of this class 
because of lemma 2. 


3. Complete reduction of a class 


A class a* is said to be the complete reduction of the class a if the reduction 
process when iteratively applied to a until the resulting class is invariant under 
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the operation yields the class a*. As an immediate consequence lemma 4 
follows. 

Lemma 4. There exists a homotopic deformation on curves of R’ of any curve C 
of class a into a curve C* of class a*, the complete reduction of a. 


4. Classification of general curves of R’ 


The preliminary reduction of the most general curve of R’ is not unique but 
rather depends upon a more or less arbitrary polygonal approximation to the 
given curve. Let C be any curve of R’; the set D of intersections of C with P 
is closed, and the set D’ of images of points of D under the mapping of P onto 
itself is also closed. Since C belongs to R’, D and D’ do not intersect, so there 
is a positive number b such that if p and q are two points of P whose distance is 
less than b the distance between their images p’ and q’ under the mapping of P 
is less than a/2. Construct an open non-singular band B of S around P and 
choose a positive number c smaller than each of the numbers a/2 and b and 
smaller than the distance from P to S — B. Finally, choose a number d as 
small as c and so small that every curve with Fréchet distance’ less than d 
from C is homotopic with C. Let EH represent the closed set of point s of C 
which are not joined with some point of D by an arc of C lying wholly in a 
d-neighborhood of D, and let the positive number e denote the distance between 
the disjoint closed sets D and £; if the set EF is vacuous, simply write e = d. 
Now make a polygonal ¢-approximation C; on S to C so that C; intersects P 
only a finite number of times. This is the preliminary reduction of C. The 
classification of C is achieved by obtaining the complete reduction of the 
classification of C; . 


5. Uniqueness of classification; principal theorem 


The nature of the first reduction of general curves of R’, the reduction based 
on inequalities throughout, immediately yields the following lemma. 

Lemma 5. If C is any curve of R’ there exists a number f such that if C’ is any 
other curve of R’ with Fréchet distance less than f from C, C and C’ admit the same 
classification. 

The réle of the inequalities is to permit the same approximating polygon to 
be substituted for both C and C’. 

The final preliminary result is stated in the next lemma, which will be proved 
by induction. 

Lemma 6. The classification of any curve C is unique. 

Proor: The only place where the procedure of classification is not uniquely 
determined is in the choice of the approximating polygon C,. Now suppose 
that C; and I; are two allowed approximations of C. The degree of approxi- 
mation is so chosen that the only difference between the first classification of 





2 In this case, this means that the two curves can be parameterized simultaneously 80 
that points corresponding to the same parameter are within a distance d of each other. 
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these curves is in the existence of lemeents in C; not in I’; which are of the type 
which disappear in the passage to C;, and the presence of similar elements in 
r, which are not in C;. (These are elements corresponding to ares of C; and 
T, with which the identity element is associated and which subtend no point 
of the point set D’ or of the set A’ and which subtend no fixed point of the 
mapping of P.) It will be shown that the addition of any number of arcs of 
this type to a curve does not affect the final classification. Indeed, consider 
any curve with a finite number of intersections with P and add a finite number 
of arcs of this type. In the first reduction of the preliminary classification of 
this curve all these arcs are removed and possibly some arcs which would be 
removed from the original curve are also removed. Thus the difference between 
the momentary classification of curves reduced one step lies in the presence of 
extra arcs on one curve which will be removed in the next step, exactly the 
difference at the start. Thus this difference persists through each step of the 
reduction, and after the final step of the reduction of the simpler curve one 
more reduction leaves this classification invariant and causes the classification 
of the other to agree with that of the first. Then, returning to the lemma, 
the equivalence of C; and I; is achieved by starting with a curve C; which is the 
obvious common part of C; and I; and adding arcs to it, first to get Ci, and 
then to get T,; , never changing the classification. 

THEOREM. A necessary and sufficient condition for the existence of a continuous 
deformation in R’ of a curve A into a curve B is that the classification of A and B 
are the same. 

The sufficiency is a consequence of lemma 4 and the accuracy of the approxi- 
mation used in the classification. 

If the condition is not necessary there exist curves A and B of R’ and a 
deformation on curves of R’ of A into B, such that the classifications of A and B 
differ. Suppose this deformation is C(t), 0 < ¢ S 1, with C(0) = A, C(1) = B. 
Then from lemma 5, curves with ¢ near zero admit the same classification as A; 
let g be the greatest number such that all C(é) with t < g admit this classifica- 
tion. If C(g) admits this classification then curves with slightly higher values 
of t also admit it, by lemma 5, so g is not the highest number as demanded. 
On the other hand if C(g) admits any other classification so do the curves C(t) 
with ¢ neighboring and below g. This contradicts lemma 6 and proves the 
theorem. 


6. The three circle theorem 


The three circle theorem of section 1 will now be established as a corollary 
of the main theorem. §S will be taken as the plane, P will be the circle B of 
lemma 1, the mapping will be the mapping which makes a point of B correspond 
to the diametrically opposite point. Then the classification of the circle A is 
expressed just by the identity element, the classification of C is expressed by a 
generating element of the fundamental group of the region outside the circle B, 
Which is certainly not the identity element. Then the main theorem yields 
the three circle theorem as a direct consequence. 








wipe eyeing srn ap et, eee ia 





390 C. TOMPKINS 


7. The special problem 


The special example concerns deformations on a torus whose explicit para- 
metric representation may be given 


x = (a — b cos v) cos u, 
y = (a — b cos) sin u, 
z= bsinv. 


In the space R, of closed curves on this torus the equation v = 2zxt (0 < t < 1) 
represents an arc with parameter ¢ (i.e., to each value of ¢ there corresponds a 
closed curve on the torus). This are begins and ends with the point corre- 
sponding to the inner equator of the torus. Arcs which in R, are homotopic 
with this arc will be admitted and with any such arc & a number 1(%) is intro- 
duced. This number, positive and possibly infinite is the length of the longest 
curve on the torus corresponding to a point of 2%. There will be asked two 
questions: 

(i) What is the greatest lower bound of 1(%) for all admissible arcs ? 

(ii) Does there exist a deformation 8 of the admitted class such that 1(%) 
is this greatest lower bound? 

Before the actual answer to these questions is obtained the following lemma 
will be proved. 

Lemma 7. Jf U(t),0 S ¢ S 1, ts any allowed deformation of the inner equator 
of the torus around the torus and back onto itself, there exists a value ty of t such 
that the curve U(to) intersects the outer equator in diametrically opposite points. 

Proor: Map the torus on to a plane with polar coérdinates r = e’, # = u. 
Then the deformations in question are mapped into continuous deformations 
of the curve r = 1 into the curve r = e”", and the curve r = e” corresponds to 
the outer equator. Then, from the three circle theorem, at some stage of the 
deformation the image of the transmigrant curve cuts the image of the outer 
equator in diametrically opposite points and so, since the mapping is a one to 
many mapping, that is, since the mapping of the torus on the plane has a 
unique inverse, the transmigrant curve must intersect the outer equator in 
diametrically opposite points. 


8. The deformation 


In this section a knowledge of Bliss’s paper on geodesics on a torus’ is neces- 
sary. There are four paths of minimum length connecting a pair of dia- 
metrically opposite points of the outer equator. Suppose v = f(u),0 Su S71, 
0 S v S 7, is one of these, with f(0) = f(r) = wr. The function f(u) has one 
minimum in this range at u = w/2. At all other points its derivative differs 
from zero. Suppose f(1/2) = c. There will be constructed here a deformation 





* Gilbert Ames Bliss, The geodesic lines on the anchor ring, Annals of Math., series 2, 
vol. 4 (1902), pp. 1-21. 
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of the type sought of which the longest curve will be the curve obtained by 
adding to this curve the similar curve with r Su S 2randr Sv <2. (The 
curve so obtained is, because of symmetry, a closed geodesic.) It follows from 
lemma 7 that a curve of at least this length must be included in any allowed 
deformation, and so this deformation completes the answer to both the ques- 
tions of §7. 

(i) The greatest lower bound of the numbers U(Y) is the length of the shortest 
closed geodesic (of the topological type of the curves of %) which passes through 
diametrically opposite points of the outer equator; 

(ii) This bound is an actual minimum which can be realized. 

The actual deformation is defined as follows. Suppose the closed geodesic 
already defined is denoted by ‘he equation v = f(u), —~ <u< o. Then 
the deformation is 
fr0<t351/4 and —27/2 S u S 3/2, v = Act; 

for 1/4 St S$ 1/2and|u — x/2| S — 4at + 2x, v = 4(e — cit + 2c — a; 
for 1/4 S$ ¢ S$ 1/2and 3x/2 = u = —4nt + 5x/2, v = f(u + 4at — 5x/2); 
for 1/4 St S$ 1/2and —x/2 = u = 4nt — 5/2, 1» = f(u — 4at + 5x/2). 

This completes the definition of the deformation for 0 S$ ¢ < 1/2. For 
1/2 $ t S 1 the analogous deformation with center at (34/2, 2x — c) instead 
of (r/2, c) is used. That the lengths of the curves depend in a monotonically 
increasing fashion on ¢ for 0 S ¢ S 1/2 is obvious from a direct calculation 
(very simple if accompanied by a diagram). The curve fort = 1/2 is just the 
geodesic in question. This completes the demonstration. 

It might be remarked here that this property of the closed geodesic is related 
to known properties of closed geodesics. The questions (i) and (ii) of §7 were 
posed by Professor Marston Morse, and he gave a correct guess as to the answer 
to question (i); everyone would expect the affirmative answer to question (ii).‘ 
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FRECHET DEFORMATIONS AND HOMOTOPY 
By C. Tompxins! 
(Received September 12, 1938) 
1. Introduction 


In the calculus of variations the type of continuous deformation of a curve 
which arises naturally is a deformation continuous in the sense of Fréchet dis- 
tance (see the next paragraph for definitions), whereas in the classical topological 
treatment of continuous deformations an entirely different definition of con- 
tinuous deformation is adopted. The difference lies in the distinction between 
parameterized curves—those appearing in the homotopy theory of topology— 
and unparameterized curves, which seem naturally suited to the calculus of 
variations. To apply a Fréchet metric to parameterized curves is unreasonable, 
for then distinct curves have a distance zero from each other, but it is clear that 
if this is done—or if a homotopic deformation is taken with its curves considered 
as unparameterized—every homotopic deformation is a Fréchet deformation. 
Something close to the converse of this statement may be obtained in spaces 
which are sufficiently well-behaved that in a fairly uniform way every two curves 
with sufficiently small Fréchet distance belong to the same homotopy class; 
in this case a Fréchet deformation can be replaced in an obvious way by a homo- 
topic deformation with the same first and last curves. The principal theorem 
of this paper is a little more accurate than this in that it guarantees the possi- 
bility of simultaneous parameterization of all curves in a Fréchet deformation 
in a strongly continuous manner, thus substituting for the Fréchet deformation 
in any metric space a homotopic deformation. 

TureorEM. Let C(t), 0 < ¢t S 1, represent a Fréchet deformation of a closed 
curve in a metric space. Then for each value of t the curve C(t) may be parameter- 
ized with a parameter u in such a way that the curve is expressed as a point function 
p(t ; u) which ts continuous in both variables t and u. 

This theorem has been proved for ares by M. Morse, and the demonstration 
here will depend primarily upon Morse’s result and a paper by H. Whitney, 
whose results also figure in Morse’s demonstration.” The technique here will 
involve the substitution of a Fréchet family of arcs for the family of closed 
curves and the application of Morse’s results. 





1 National Research Fellow. 

* These results are in the following papers: 

M. Morse, A special parameterization of curves, Bulletin American Mathematical Society, 
volume 42 (1936) pp. 915-922. 

H. Whitney, Regular families of curves, Annals of Mathematics, second series, volume 
34 (1933) pp. 244-270. These papers will be referred to as M and W respectively. 
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4s to notation: p(a, b) represents the distance between a and b, where a and b 
may be points or sets of points. (Ci, C2) represents the Fréchet distance 
between curves C; and C,. W-(A) is the set of all points p such that p(p, A) S «. 


2. Fréchet Deformations 


The Fréchet distance [C; , C2] between two sensed closed curves (continuous 
images of a circle) C; and C; will be defined as follows. Suppose C; is given as a 
continuous point function defined on a circle C and C; is given as another point 
function defined on the same circle. Consider any two sense preserving homeo- 
morphisms H, and Hz of C onto itself. Then a new parameterization is intro- 
duced by H: on C; and by Hz on C,. Let d(H, , H2) represent the least upper 
bound of distance between pairs of points, one on C; and one on C; , correspond- 
ing to the same values of the parameter of C after the homeomorphisms. The 
greatest lower bound of the numbers d(H, , He) for all allowed homeomorphisms 
is the Fréchet distance (C, , C2). 

DermniTion. A one parameter family of sensed closed curves C(t),0 St S 1, 
is a Fréchet deformation if for every positive number « there exists a positive number 
5 such that [C(th), C(te)] < ¢« whenever | ty — te | < 6. 

The chief result of this paper will be that it is possible to introduce a param- 
eter u simultaneously on all the curves C(t) of a Fréchet deformation so that 
each curve will be given as a point function C(¢ ;~) continuous in both the 
variables. In this sense a Fréchet deformation is equivalent to a homotopy. 
This is the result Morse proved for arcs. 


3. The function yu 
The principal tool used here is Whitney’s function u(A) whose argument is 
any point set of a separable metric space R. To define this function choose a 
sequence of points dense over R, {a;}. 
Let p be any point of R and define 


(nm) = __P4&Ps a) 
fie) = TF op, a)’ 
Then let A be any point set of R and define 
ui(A) = L.U.B. fp) — G.L.B. fi(Q), p,qeA 


and finally, 
u(A) = >) ui(A)/2° 


The properties of the function u(A) which make it important are principally 
these: 
Lemma l. If A C W,(A’), with « > 0, then 


u(A) < u(A’) + 2e (W. p. 246) 
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Lemma 2. If A C A’ and A’ contains a point at positive distance from A, then 
u(A) < u(A’) (W. p. 246) 


Lemma 3. If A is any closed point set, (possibly vacuous) and qoq, a simple 
arc with an interior point p not in A, and if u(A + gop) = a, then for any positive 
number ¢ there exists a positive number 6 such that if 9091 ts an are with Fréchet 
distance from qoq:lqo% gogi] < 5 and if p’ is a point of gogi such that u(A + qop’) 
= a, then p(pp’) < «. (W. pp. 256-259.) 

Proor or Lemma 3. Suppose the proposition false; then there exists a point 
set A, an arc gog: and a sequence of arcs {qoqi} approaching qq; in the sense of 
Fréchet and there exist points p on qoq: and p* on qogi such that wlA + pq] and 
u[A + p'q] are both equal to a and such that the distance from p to any p’ is 
at least «. It is clear that there is a subsequence of points {p’} which converges 
to a limit point p* on qq , and this point has a distance at least «from p. Two 
cases arise: p* lies between p and q or between p and q; ; the treatment of the 
second case involves interchanging the réles of p and p* in the treatment of the 
first, which’ will be presented here. 

Choose ¢ > 0 so that 30 < p(p, p*qo) and 30 < p(p, A), and choose a base 
point a; of the set of points on which the definition of the function » depends 
so that p(a:, p) <o. Then p(a;, p*qo) > 20 and p(a;, A) > 20; from this it 
follows that ui(pgo + A) > wi(p*go + A) + o for the particular choice of index i 
while for all other indices un(pgo + A) = ua(p*go + A). From this it follows 


that u(pqgo + A) > u(p*go + A) + o/2*. But there exist arcs of the sequence 
{qoqi } such that p"go is as close as is wanted to p*q ; in particular this distance 
may be taken to be less than o/ 2°**. Then by lemma 1 u(p"go +A) < u(p*q 
+ A) + o/2°. The left member of this inequality u(p"qo + A) = a. Com- 
bining it with the preceding inequality the contradiction a < y(p*q + A) 
+ ¢/2° < u(pqo + A) = ais obtained. 


4, The associated family and its expansion 


Let S be a metric space, S’ the space of sensed arcs in S metrized with the 
Fréchet metric and finally let C be a sensed closed curve in S. To any point 
p on C there corresponds an arc in S obtained by starting at p and tracing out C 
in a positive sense, ending again at p: this point is represented by a point in the 
space S’. Suppose that C is represented as a continuous function of a point u 
on a circle; then this parameterization is induced on the set of points in S’ 
associated with the choices of p. Under this parameterization it will be shown 
that this set is a closed curve: the points in S’ are also continuous functions 
of the parameter u. In anticipation of this result this set of points considered 
as an unparameterized point set with order relations agreeing with those of C 
will be called the curve associated with C. 

Lemma 4. The curve D associated with a closed curve C is the continuous image 
of a circle. 

Proor. Represent C a: a continuous point function p(w) of a parameter 4; 
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since u is defined over a closed point set (a circle) the function p(u) is uniformly 
continuous. Then for any positive number e there exists a positive 6 such that 
alp(u), p(us)] < ¢ whenever | uy — ue| <6. It will be shown that if | uw — we | 
< 6 the points in S’ corresponding to the ares of p(u:) and p(ue) are within a 
distance less than ¢ of each other. Indeed leave the parameter wu intact on the 
first of these arcs and substitute the parameter @ = u + wu, — uz on the second. 
Then the continuity inequality states that under this parameterization cor- 
responding points lie within a distance « of each other, and this implies that the 
Fréchet distance between the arcs is less than ¢«, which was chosen arbitrarily. 

Lemma 5. Let C(t), 0 S ¢ S 1, be a Fréchet deformation in S and let D(t) 
represent the family of associated curves in S'; then D(t) is a Fréchet deformation. 

The proof will follow from a demonstration that (D(t:), D(tz)) = (C(t), C(é)), 
which is immediately evident. 

Other properties of the Fréchet deformations are stated. 

Lemma 6. If C(t) ts a Fréchet deformation and {t;} a sequence of values of t 
approaching t, and if p(ts) represents a point on C(ti) for each index i, the sequence 
{p(t:)} has at least one limit point on C(é). 

Lemma 7. If C(t) ts a Fréchet deformation the set of points contained in the 
sum of all curves C(t) is connected. 

Lemma 8. The curve D of S’ associated with a curve C of S is either a simple 
closed curve or a stmple closed curve taken several times. 

Proor. Let C be given a parameterization; then it is given as a uniformly 
continuous image of a circle, B. This induces a parameterization on D. The 
proof follows from the italicized statements below, each of which is proved. 
If p and q are any points of B which are in different components of the inverse 
image of one point P of D, then the diameter of C is the diameter of the image of the 
arc pg. Since p and gq correspond to the same point on D, they correspond to 
two coincident arcs on C with both end points of each arc at one point, the image 
under the first parameterization of both points p and g. Thus the arc pq goes 
into a closed curve, which is the beginning of the arc corresponding to say p. 
At q the arc corresponding to g begins, and it must coincide with the arc starting 
with p, so it must run through this same closed curve, which now is a second 
section of the arc of p; the arc of g must therefore follow it again, and an induc- 
tive argument shows that the curve C simply traces this curve a finite number of 
times. The next statement: J f C is not a single point the distances between any 
components of the inverse image of a point P of D are bounded away from zero 
uniformly for all P. Otherwise there would be two points of different com- 
ponents arbitrarily close to each other, the uniform continuity of C would, 
with the first italicized statement make the diameter of C arbitrarily small, 
contradiction. An immediate corollary is that the inverse image of a point of D 
contains only a finite number of components, and a neighborhood of this inverse 
‘mage on B corresponds to a finite number of simple arcs through the point in 
question on D. 





*See R. L. Moore, Foundations of point set theory, New York (1932) p. 19, Theorem 32. 
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Now if D is not a simple curve covered once choose a point P of D and two 
successive components of the inverse image of P on B. If the are joining these 
components is not simply mapped on D (under a simple mapping it is allowable 
for an arc to go into a point—a proper name would be a monotone mapping) 
this process may be repeated on this are. Due to uniformity conditions stated 
above a finite number of iterations of this process yields an arc of B mapped 
simply onto a closed curve of D, and the second italicized statement completes 
the proof. 

The final important property of the family adjoined to a Fréchet family has 
to do with its regularity in the sense of Whitney (W. p. 248). A family of curves 
F is defined by Whitney to be regular if (1) no two curves of the family intersect, 
and (2) given any are pq of a curve C of the family and any positive number «, 
there exists a positive number 6 such that if p’ is a point with distance less than 
5 from p lying on a curve C’ of the family, there is an are p’q’ of C’ such that 
(pq, p’q’) < ¢. The second condition obviously guarantees the property an- 
nounced in lemma 8 for any curve D of a regular family. 

Lemma 9. If C(t) is a Fréchet deformation and D(t) the associated deformation 
then D(t) satisfies the second regularity condition. 

Proor. Choose the are pq of a curve D(t,) and choose a positive number «. 
Now suppose a point p’ of a curve D(t) (t not necessarily different from t,) 
has a distance less than « itself from p; then there exist simultaneous parameter- 
izations of C(t,) and C(te) under which p and p’ correspond to the same values 
of the parameter and such that no two corresponding points of the two curves 
have a distance from each other as great as «. This parameterization is induced 
on D(t:) and D(t.); let q’ be the point on D(t.) corresponding to the same value 
of the parameter as g. Then obviously (pq, p’q’) < e. 

In order to achieve the first regularity condition the family D(t) will be 
replaced by a family D,(t) obtained by expanding D(¢) along an extra dimension 
added to the space S’. Specifically, introduce the space S; which is the product 
space of S’ with the line interval 0 < ¢ < 1 and metrize S, so that the distance 
between two points is the distance between their images in S’ plus the absolute 
value of the difference of their t-coérdinates. For any curve D(t:) of S’ substi- 
tute the curve D,(t;) of S; whose image in S’ is just D(t,) and which has the 
value t, for the ¢-codrdinate of each of these points. In this fashion the family 
D,(t) 0 S$ t S 1is built up. The first regularity condition is satisfied: no two 
curves of the family D,(¢) intersect. It is easily seen that all the lemmas of this 
section, lemmas four through nine, are valid if this family D,(t) is substituted 
for the family D(¢), and in addition the following statement is true. 

Lemma 6A. [If {t;} is a sequence of numbers 0 S t; S 1 and p(t;) is a point of 
Dy (ti) for each index 7, then if the sequence {p(t;)} has a limit point on a curve 
D,(t), t must be a limit value of the sequence {t;}. 

In this section there has been substituted for a Fréchet deformation in S the 
expanded deformation associated with it in the space S;—the product space 
of the space of arcs of S with a straight line segment—which is equivalent to the 
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original deformation and which has the property of being a regular family of 
curves in the sense of Whitney. 

Now the space S; will be discarded and of it only the family D,(¢) retained. 
This must be done in order to have a separable metric space, the space com- 
posed of points on D,(t), in which to set up the function uz. 

Lemma 10. The space of points of D,(t) is separable. 

Proor. Each curve of D,(t) is separable, for each curve is a continuous 
image of a circle. Then for a countable dense set of values of the parameter ¢, 
‘t;} on each of the curves D,(t;) may be chosen a countable dense set of points. 
The complete set of points so obtained is necessarily countable, and that it is 
dense follows from the continuity of the family D,(t). Indeed if p is any point 
of D,(t) and d any positive number, infinitely many points of the set within a 
distance d of p may be found as follows. Choose a curve of {D,(t;)} with 
Fréchet distance less than d/2 from the curve of p; on this curve choose a point p’ 
whose distance from p is less than d/2; also on this curve are infinitely many 
points of the countable dense set with distance less than d/2 from p’, hence 
with distance less than d from p. 


5. Cross sections 


If p is any (interior) point of a curve C of a regular family F, Whitney (W. 
p. 256) has defined a cross section through p. A set of points S form a cross 
section through p if the following conditions are satisfied: 
(1) Each point p’ of S lies within an arc qoq; of one of the curves of F such 
that for some d’ > 0 each arc of F with Fréchet distance from qq; less than 
\’ contains at most one point of S. 

(2) p lies within an arbitrarily small arc goq; of a curve of F such that for some 
\ > 0 each are of F with Fréchet distance from qq; less than contains 
exactly one point of S. 

(3) S is closed. 

Since Whitney was presumably considering simple curves the following con- 
dition must be added to his when curves which are not necessarily simple are 
considered. 

(4) If a point p’ of S lies on two ares of any curve it is considered as belonging 
to each of them. 

Continuing to follow Whitney almost verbatim, let F be a regular family 
the diameters of whose curves are bounded away from zero, let @ be a curve 
of F, qo: be an are of C and p an interior point of qoq:(qom: is to be a simple arc). 
Choose « so that 40 < p(qo, pq) and 40 < p(q, pq) and define U = Woe(q). 
If any curve C* of F contains a point p* near p, call g;(¢ > 0) the first point of 
C* in W(qo) (if it exists) following C* from p* towards U; call gq the first point 
of C in W;. Choose » so small that the are genJo © Ve(q) and define u(U 
+ 24x) = a, 

THroreM 1. On each arc near qoqi there is a point p’ for which u(U + P qn) 
= a (and these points form a cross-section through p). 
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The proof of this theorem is a reasonably accurate facsimile of Whitney’s 
proof (W. pp. 257-259), and so is omitted. The only addition to this proof 
necessary is the remark that condition (4) of a cross section is obviously satisfied, 
What is important here is the existence of p’, which follows from lemma 3. 

TurorEeM 2. Let D,(t) be the expanded family associated with a Fréchet def- 
ormation C(t) and suppose the diameters of curves of D,(t) are bounded away from 
zero. Then there exists near any point p of a curve D,(to) a set of points p(t), 
t near ty, such that p(t) lies on D,(t) for each t, p(t) depends continuously on t, 
and p(to) = p. 

Proor. Construct a cross section S(p) through p by the method outlined 
above. If for ¢ near t S(p) contains only one point on each curve D,(t) the 
theorem follows immediately from lemma 3. This includes the case where a 
point of S lying on several branches of D,(¢) is counted as one point. 

If some curves near D,(é) contain several points of S, recourse to lemma 3 
again yields the result that S contains an arc through any point of S with the 
property that near this point there is only one point of S on each curve of D,(i). 
The set of points of S which do not satisfy this condition is countable, for the 
condition is satisfied for points on all curves except those which are simple closed 
curves taken several times and which are limit curves of simple closed curves 
taken fewer times; these curves will be called exceptional curves. The excep- 
tional values of t, that is the values of t such that D,(é;) are exceptional curves, 
form a closed discrete point set. Now it is clear that an arc of S through a 
point near p can be continued to the first exceptional curve on each side of the 
point, and that along with a point on each of these exceptional curves this 
extended arc forms a closed arc.’ This last is true because the are cannot ap- 
proach more than one point on the exceptional curve without violating the first 
conditions for cross sections. In this fashion arcs on each of the open intervals 
of non-exceptional values of ¢ may be constructed and end points added from 
exceptional curves. Then in the usual fashion a countable number of these 
arcs may be joined to form an open are which must approach just one point, 
the point p, on D,(t). This family of ares then yields an are through p. 

THEOREM 3. An expanded family D,(t), 0 < t < 1, associated with a Fréchet 
deformation C(t) admits a set of points p(t), 0 S t S 1, such that for each t, p(t) 
lies on D,(t) and such that p(t) is a single valued continuous point function of t. 

Proor. Suppose first that the diameters of curves of D,(t) are bounded 
away from zero. Let p be a point on D,(0); then a function p(é) for ¢ near zero 
may be constructed such that p(0) = p (Theorem 2). Suppose this function 
can not be extended all the way across the range of t values. Then there is a 
least upper bound of ¢ values for which the function may be defined. Call this 
value a,0 <a 31. If the function p(t) approaches a point p(a) on D,(a) it 
can be extended by adding an are through p(a), so p(t) must converge to an 
arc of D(a). But in this case, if a < 1, an are through any interior point of 
this convergence arc constructed as in theorem 2 will intersect p(¢) in an interior 
point. If the later part of p(t) is replaced by this arc p(t) will be extended 
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past the value t = a. Finally, this scheme may be used if a = 1 to obtain a 
function p(t) 0 S t < 1 which converges to just one point on D,(1), thus com- 
pleting the definition of p(t) for the range 0 < ¢ < 1. 

Now if there are curves of zero diameter, each of these curves consists of just 
one point. The values ¢; such that D,(¢;) are curves with diameter zero and 
such that in every neighborhood of ¢; there are curves with non-zero diameter 
form a discrete closed set. It is evident that a countable family of arcs drawn 
toward one of these points converges to the point, and this permits extension 
of an arc completely across the family. 

Corottary. Let D(t) be the family associated with a Fréchet deformation 
C(),0<tS1. There exists a continuous single valued point function p(t) with 
p(t) lying on Dit). 

This function is the image of the function constructed in theorem 3. 

The principal theorem of the paper is next. 

TurorEM 4. Let C(t), 0 S ¢ S 1, be a Fréchet deformation of a closed curve 
ina metric space. Then for each value of t the curve C(t) may be parameterized 
with a parameter u in such a way that the curve is expressed as a point function 
p(t ;u) which is continuous in both variables t and u. 

Proor. The result of the preceding corollary is that deformations of closed 
curves may be regarded as Fréchet deformations of closed arcs. The con- 
tinuous parameterization of these arcs has been given by Morse (M. p. 921), 
and the parameterization, considered as a parameterization of the closed curves, 
yields the desired result. 


UNIVERSITY OF MICHIGAN. 
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1. Introduction 


In the classical theory of groups of motions (isometries) of a Riemannian 
space, neither “whole” groups nor “whole” spaces were ever considered, but 
only “group germs” and spaces in the neighborhood of a point. Furthermore 
one assumed given a Lie group germ of motions and then deduced theorems 
concerning the structure of the space. The present paper contains a study of 
the total group of isometries of a Riemannian manifold in the large. The 
manifold M is taken of class C’ (r = 2); and by an isometry is meant any dis- 
tance preserving transformation. A natural topology is defined in the group G 
of all isometries. The motion of a point under the group is studied and is 
found to describe a submanifold of class C’. This leads to the introduction of 
parameters in G from which it follows that G is locally euclidean. It is then 
proved that, under these parameters, G is a Lie group of transformations of M. 
The same proposition is proved for any closed subgroup of G. Thus the 
classical theory of Lie groups of motions applies to any closed group of motions. 


2. Lie Groups 


An r-parameter Lie group is a topological group whose group space is an 
r-dimensional manifold in which codrdinate neighborhoods of class C’ (see §3) 
have been introduced in such a way that the law of composition C = B-A 
is described locally by functions y' = ¢'(a’, --- , a”; B', --- , 6") of class C 
((z), (8), (vy) being coérdinates for neighborhoods of A, B, C respectively)” 

An r-parameter Lie group of transformations is an r-parameter Lie group 
realized as a group of homeomorphisms of an n-dimensional manifold M of 
class C’ (see §3) such that the functions * = f‘(2’, --- , x"; a’, --- , a”) describ- 
ing locally the effect of the transformation A = (a) on the point P = (x) of M 
have the derivatives a°f'/dzd«’ continuous in (z, a).* 


3. n-dimensional Riemannian manifolds 


Consider an ordinary n-dimensional manifold M; i.e. a connected Hausdorff 
space each point having a neighborhood which is an n-cell. M is said to be 





1 See, for example, L. P. Eisenhart, Riemannian Geometry, (1926), Chapt. 6. 

* It is usually demanded that the ¢’s be analytic; but Garrett Birkhoff has shown how to 
introduce analytic parameters in a group of class C!: Analytical groups, Trans. Amer. 
Math. Soc., vol. 43 (1938), pp. 61-101. 

’ It would be sufficient to require that the e-derivatives exist at the identity and that 
these derivatives should satisfy a Lipschitz condition in the 2’s. 
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of class C" if to each sufficiently small n-cell neighborhood of each point can 
be attached a coérdinate system such that in the region of overlapping of two 
neighborhoods the transformation between codrdinates of the two neighbor- 
hoods is of class C’ and non-singular. M is a Riemannian manifold of class C’ 
(r 2 1) if it is a manifold of class C’™ and if each codrdinate neighborhood is 
provided with a real, positive definite, symmetric quadratic differential form 
of class C” such that in the region of overlapping of two neighborhoods with 
respective coérdinate systems (x) and (y) and quadratic forms g; ; dx’ dx’ and 
hi; dy’ dy’ we have 

gi; dx‘ dx’ = h;;dy' dy’ (summation i,j = 1, --- , n) 
under the transformation y‘ = y'(z). 

Are length along a curve x* = 2‘(t) is defined in invariant fashion as 


dx’ dz’\} 
$= | (w% =) dt. 


Here the integral is the Lebesgue integral evaluated along any absolutely con- 
tinuous representation of a curve admitting such a representation. Such a 
curve we call an admissible curve. By defining the distance p between two 
points as the greatest lower bound of the lengths of admissible arcs joining the 
points, we can make M into a metric space satisfying the usual axioms. The 
topology induced by this metric is equivalent to the original manifold-topology. 
A second kind of length of an arc AB, metric arc length, can be defined as the 
least upper bound of }°¢'p(P;, Pis1), (Po = A, Pais = B), for all ordered sub- 
divisions P;, P2,--- ,P, of the are AB and for all n. If an arc has finite 
metric are length, it is said to be rectifiable. 

It has been shown that on a Riemannian manifold a necessary and sufficient 
condition that an are be rectifiable is that the functions defining it be of bounded 
variation.* Thus metric arc length and integral arc length are defined for the 
same class of ares, and rectifiable and admissible are equivalent terms. Fur- 
thermore it can be proved that the two kinds of arc length are equal.” 

By a direction at P, we shall mean a unit contravariant vector at P. That is, 
adirection at P associates with each admissible codrdinate system (x) containing 
P: (%) a set of components (uw) = (wu, ---, Un) of a contravariant vector, 
satisfying g;;(2o)u'u? = 1. Anare x’ = 2'(s), where s is the arc length measured 
from P, is said to issue from P in the direction (u) if x(0) = u'. The angle @ 
between two directions (wu) and (v) at P is defined as 


cos 6 = gi;(xo)u'v’. 
The space of directions at P is the subspace gi;(ao)u‘u’? = 1 of the n-dimensional 


number space of the variables (uw). This space is homeomorphic to the (n — 1)- 
sphere. 








‘8. B. Myers, Arc length in metric and Finsler mani folds, Annals of Math., vol. 39 (1938), 
pp. 463-471. 

; *M. Morse, Functional topology and abstract variational theory, Memorial des Sc. Math., 
No. 92 (1938), see p. 67. 
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Geodesics are extremals in the calculus of variations problem associated with 
integral arc length. The following are some important local properties of 
geodesics.” 

(A) Points on geodesics are functions of class C" of initial point, initial direc- 
tion, and length. That is, if g is a geodesic are x’ = g’(s), 0 S s < l, issuing 
from P: (2), the equations of the geodesics issuing from points (#) near P are 
given by 


(3.1) x’ = X‘(s, , u), 
where 
X‘0,z,u)=2, Xi0,%,u)=u', X(s, a, 2) = g'(s). 


Here X‘ and X} are functions of class C’, s represents arc length, while (s, z, u) 
is a set near (s, 2, to). In particular, the equations of geodesics through (29) 
are given by 


(3.2) a’ = X‘(s, a, u). 
(B) The equations (3.1) can also be written as 
(3.3) x’ = F'(z, y) 


where y* = u's. The functions F’ are of class C” for (2, y) near or at (a, 0), 
and the determinant | Fj; | ~ 0 and = 6} at (#, 0). Thus the y’s can be used 
as coordinates near P: (#), and they are called normal coérdinates with (Z) as 
origin. Every point P on the manifold M has a sphere neighborhood in which 
normal codrdinates with P as origin can be used. Such a neighborhood con- 
tains no point conjugate to P, is simply covered by the geodesics through P, 
and these geodesics furnish a proper absolute minimum on M to the length 
of arcs joining their ends. A neighborhood of this type we shall call an 
N-neighborhood of P. 

(C) For every point P there exists a constant 6 > 0 such that every sphere 
neighborhood about P of radius <6 is an N-neighborhood of all its points. 
Such a neighborhood will be designated as a o-neighborhood of P. 

(D) Let M, be any regular r-dimensional submanifold of M of class C" 
through P: (xo), with local equations 


(3.4) z= m'(a,---,a), m0) = 2) — || mi, || of rank r. 


Then the equations of the geodesics perpendicular to M, at points of M, near 
Po can be written 


(3.5) x = M's, Qa, u), 





° See J. H. C. Whitehead, On the covering of a complete space by the geodesics through a 
point, Annals of Math., vol. 36 (1935), pp. 680-685. See also S. S. Cairns, Normal coérdi- 
nates for extremals transversal to a manifold, Amer. Jour. of Math., vol. 60 (1938), pp. 423-435. 
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where ; 
M'‘(0, a, u) = m'(a), M,(0, a, u) = u' 


for (a) near (0) and (u) satisfying 
(3.6) gis{m(a)}mi,u’? = 0. 


The functions M* are of class C’. 

(E) The equations of geodesics perpendicular to M, can also be written as 
(3.7) x" 7 N"(a, z) (z) _ (Zr41; fare Zn) 
where N‘(a, 0) = m‘(a). The functions N’ are of class C” for (a, z) near (0, 0) 
and the jacobian of (3.7) does not vanish. For (a) constant, the z2’s are normal 
coirdinates in the geodesic (n — r)-dimensional surface perpendicular to 
M, at (a). 

To complete our summary of properties of Riemannian manifolds, we state 
a useful definition and a few lemmas. 

Let P; be a set of points converging to P, and let d, denote a direction at P; . 
Then we shall say that the directions d; converge to a limit direction d at P if 
no matter what coérdinate system (x) about P we use, the components (u), 
of d, in that system converge to the components (u) of d. To test for such 
convergence it is sufficient to use just one codrdinate system; for the property 
(u), — (u) is clearly preserved under contravariant transformations. 

Lemma 1. Every sequence of directions at a convergent sequence of points has a 
convergent subsequence. 

For if >> :;9:;(ax)uzuh = 1, for all k ask > © and (a,) — (ao), then standard 
properties of positive definite quadratic forms show that (ux) remains bounded. 

Lemma 2. If a sequence of functions x° = x;(s) representing geodesics arcs 
converges as k — © to a function x‘ = x)(s) representing a geodesic arc, then 
1 (8) > x9 (s). 

This follows from Lemma 1 and (A). 

Lemma 3. For a compact set N covered by a codrdinate system (x), corresponding 
fo an arbitrary « > 0 there exists a 6 > 0 independent of Q in N such that if two 
eee at Q form an angle < 5, their respective components (u) and (v) satisfy 
v—u'| <e. 

For if (u) and (v) form an angle y, we have 
27 

5° 
Properties of positive definite quadratic forms enable one to see that | v —u'| 
can be made arbitrarily small by suitable restriction of ¥. 

Any property of Riemannian manifolds stated and used later without proof 
is provable from properties (A)—(E) and lemmas (1)-(3) of this section. 


gi;(x)(v' — u')(v’ — wu’) = 2(1 — cosy) = 4 sin 


4. Isometries 


An isometry of a metric space is defined as a distance preserving homeo- 
morphism of the space into itself. On the other hand, one might naturally 
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define an isometry of a Riemannian manifold M as a homeomorphism of M 
into itself preserving integral arc length. 

THEOREM 1. The distance preserving homeomorphisms of a Riemannian mani- 
fold M are identical with the homeomorphisms preserving integral arc-length. 

For if a homeomorphism of M into itself preserves distance, it preserves 
metric are length, hence integral arc length. Also, if a homeomorphism pre- 
serves integral arc length, it preserves distance, since the latter is defined as 
the greatest lower bound of integral arc length. 

We note from the minimizing properties of short geodesic arcs that an 
isometry carries geodesics into geodesics. 

TuHrorEM 2. An isometry of a Riemannian manifold of class C’ is a trans- 
formation of class C’. 

Necessary and sufficient conditions that a rectifiable are C: 2’ = 2‘(s) have 
a derivative x” with respect to s at a point P are the following: 

(1) The direction (p) of the geodesic PQ at P converges to a direction (py) 
as Q— P on C. 

(2) Lim (Ar/As) exists, where Ar = p(P, Q) and As = length of PQ on C. 

The sufficiency of these conditions follows from the fact that using normal 
coérdinates (y) about P, and denoting by (Ay) the normal codrdinates of Q, 
we have 

As Ar As As 

The necessity of conditions is proved as follows. Let h;;(y) be the coefficients 
of the fundamental quadratic form in the coérdinates (y). Then 


Ar = Ar(hi;(0)p'p’)’ = (hi;(0)p‘Arp’Ar)! = (hi ;(0)Ay‘Ay*). 


Hence 


— 7 te dy’ dy’\} 
lim — = (r(0 te aR 
From (4.1) it follows that lim p’ also exists. 

Now the first of the two conditions is invariant under an isometry because 
of the continuity in points and directions of the transformations of geodesics 
effected by an isometry. The second condition is obviously invariant. Hence 
if C has a direction at P, its image C has a direction at P, so that we may say 
that an isometry carries a direction into a direction. Furthermore, the new 
direction varies continuously with the old direction and the point at which it 
is taken. 

Under these circumstances, an isometry must be of class C’. For consider 
the curve 


(4.2) a — a(s, ¢), (c) - (c, ks ,c"); x" a c (k = 2, file »M), 
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where a(s, c) is obtained by solving 
wl 
(4.3) $= [ Gale’, ¢, ---, "))Rar" 


for 2’. The function a(s, c) is of class C’. Hence after performing the isometry 
y' = y'(z), the curve y’ = y ‘fa(s, c), c] has a derivative D with respect to s. 
But a/ds exists, hence dy "/ax' exists, and 


av tals, c), de = (s, c). 


Furthermore D is continuous in (s, c). Also da/ds is continuous in (s, c) and 
40. Hence dy’/dz’ is continuous in (s, c). But (4.3) is continuous in z' and c; 
hence dy'/dx' is continuous in (a’, c). Similarly ay'/ax* (k = 2, --- , n) exists 
and is continuous. 

An immediate consequence of this theorem is that an isometry transforms 
vectors and tensors according to the usual laws, transforms the space of direc- 
tions at a point linearly, and preserves angles. 

TurorEM 3. If an isometry T leaves fixed n + 1 points so close together that n 
of them lie in an N-neighborhood of the other, and if the points are linearly inde- 
pendent (i.e. not in the same (n — 1)-dimensional geodesic hypersurface), then T 
is the identity. 

Suppose T leaves fixed the n + 1 linearly independent points Py , Pi, --- , Pa, 
of which P;,---,P, lie in the N-neighborhood o of Py. Then the short 
geodesics PoP, , PoP2, --- , PoPn are fixed under 7’, so are their initial direc- 
tions, and hence the linear homogeneous transformation of the space of direc- 
tions at Po induced by T' is the identity. Hence all geodesic arcs issuing from 
P, are fixed; since length is preserved, they are pointwise fixed. Thus any 
N-neighborhood of Po is pointwise fixed. If Q is a point in an N-neighborhood 
of Py), any N-neighborhood of Q is similarly pointwise fixed. But Po can be 
joined to any point P in M by a broken geodesic are with a finite number of 
pieces, each corner being in an N-neighborhood of the preceding corner. Thus 
Pis fixed. 

Corottary. There is at most one isometry which carries n + 1 points P; oy 
the kind described in the theorem into n + 1 points Q;. 

For if we had two such isometries 7 and T’, then by the theorem, T~’7” 
would leave fixed P; , and so would be the identity. 


5. The group of isometries and its topology 


The isometries of M form a group, which we shall call G. A sequence of 
sometries 7), will be said to converge to an isometry 7’ if for every P in M, 
T,(P) + T(P). With this notion of convergence, the group can be shown 
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to be continuous. It can also be shown’ that if 7.(P) converges to a point P, 
there exists a subsequence T,, of T, converging to an isometry 7’ such that 
T(P) = P. If T;,(P) converges to P, T leaves P fixed; the sequence 7;T™ 
takes P into the same set of points as t.. and converges to the identity. It 
follows that if M is compact, G is compact (i.e. every sequence of isometries 
in G has a subsequence converging to an isometry in G). In these properties, 
G could be replaced by a closed subgroup H of G. 

Without difficulty, we can now topologize, in fact metrize, G so that we 
obtain the above notion of convergence. Consider any set of n + 1 points of 
the kind used in Theorem 3. Then the distance d(7’, 7’) between two isometries 
T and T will be defined as the maximum of the distance p[7'(P), 7T(P)] as P 
ranges over the given set of n + 1 points. This distance can be shown to 
satisfy the usual metric axioms. Obviously the previous notion of convergence 
of isometries 7’; to T implies d(T; , T) —> 0; we must show that d(T; , T) - 0 
implies 7;(P) — T(P) for all P on M. This will not only show that con- 
vergence in this new topology is equivalent to the previous notion of con- 
vergence, but also that the new topology is independent of the particular set 
of n + 1 points used. 

If it were not true that from d(T’; , T’) — 0 follows T;(P) — T(P) for all P, 
there would exist a point Q, an « > 0, and a subsequence 7; of 7; such that 


(5.1) elT:(Q), T(Q)] > « for all i. 


But we know that 7;(P) — T(P) for all P on the given set of n + 1 points; 
hence 7; must contain a subsequence 7’;’ such that there exists an isometry 7’ 
with T;'(P) — T’(P) for all P. Now T’(P) = T(P) for P on the given set 
of n + 1 points; hence by the corollary to Theorem 3, 7’ = T. This contra- 
dicts (5.1), and the proof is complete. 

We could equally well have defined d(T, 7) as the maximum of p[7'(P), T(P)] 
for all P on a compact subset of M containing an open set. If M is compact, 
an obvious choice of the subset is M itself. 

Lemma 4. If a sequence of isometries T; converges to an isometry T, as a 
sequence of transformations of the space of directions at any point Po it converges 
uniformly. 

Without loss of generality, assume 7’ = identity. Let 7,(Po) = P.. Then 
T;, transforms each geodesic art issuing from Pp» in a direction (u)o into a se- 
quence of geodesic arcs issuing from P, and satisfying the hypotheses of 
Lemma 2, hence (uw), = Ti(u)o — (u)o. Also, 7, transforms the compact 
space of directions at Po in a one-to-one continuous manner and this con- 
tinuity of 7’, in direction is uniform in k. That is, for an arbitrary « > 0 there 
exists a d > 0 independent of k such that, if | vs} — uj | < d, then | vi — uk | < € 
For we simply choose d so small that, if | vy) — uj | < d, then the angle between 





7 Van Dantzig and van der Waerden, Uber metrisch homogene Raéume, Abh. Math. Sem. 
Hamburg, vol. 6 (1928), pp. 374-376. 
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(v)o and (u)o is less than the 6 of Lemma 3; the angle between (v), and (uw), 
will also be less than 6, and Lemma 3 tells us that | 1, — uj; | < ¢€ independent 
of k (for k large enough). 

Now let ¢« be arbitrary again. By what we have just shown, we can choose 
a finite set of directions at Py, ¢«/3-dense in the direction space at Py , whose 
transforms at P; are also ¢«/3-dense in the direction space at P,. Now let N 
be taken so large that for k > N each of our finite set of directions at P, , 
say (v), is within ¢/8 of its limit direction at Po, i.e. | vi — vb | < €/3 fork > N. 
But for an arbitrary direction (uw), at P,, we have (for one of the (v),’s) 
| ub — 0 | < ¢/3 and |u — | < ¢«/3. Thus |uj — w| < efork > N. 
This proves the lemma. 


6. The set of equivalent points 


Two points are said to be equivalent under a closed subgroup H of G if there 
exists an isometry of H taking one point into the other. According to §5, 
the set y of points equivalent under H to a point Po of M is closed. We shall 
find properties of the group H by a study of the set of points y. 

The point Po is said to be a limit point of equivalent points P, from a direc- 
tion (u) if P, — Po and the directions at Po of the short geodesics PoP; converge 
to the direction (wu). 

THEorEM 4. If Po: (a0) is a limit point of equivalent points P; from a direction 
(uo), it is also a limit point of equivalent points from the opposite direction (—wuo). 

Let us pass immediately to a sequence 7’, such that the isometries 7), taking 
Py into P;, converge to the identity. We consider three sets of directions: the 
direction (uz) of the geodesic PoP, at Po, the direction (v,) of the geodesic 
PoP; at P;, , and the direction (wz) at Po which is transformed into (v;,) by T; . 
We note that (uz) —> (uw). The equations of the geodesics through Pp» are 
ziven by (3.2). If we differentiate with respect to s, we obtain 


(6.1) a’ = Xi(s, x, wu). 


Now vo; = Xi(sz, zo, ux) and wi = Xi(0, 2, uw) where s; is the distance PoP, . 
Ask — o, s — 0, and (uz) — (uw). The continuity of the functions (6.1) 
tells us that (v,) — (uo). 

But by Lemma 4, if k is large enough, |v; — wi| < € for a given « > 0. 
“ence (w;,) also converges to (uo). Now the geodesic h; issuing from Po in the 

ction (wx) is transformed by 7; into the extension of the geodesic PoP; . 
Hence there is a point on hy equivalent to Py at a distance of p(Po , Px) before it. 
Thus Py is a limit of equivalent points from the direction (—w). 

TaEoreM 5. The set of point of M equivalent to Py under a closed subgroup H 
of G is locally euclidean or discrete. 

First, if the set yn of points near Po equivalent to Po is an n-cell, the theorem 
istrue. The total set of points equivalent to Py is, in this case, the whole of M; 
for the set is homogeneous, hence open in M, and at the same time closed in M. 

In general, arbitrarily close to Po is a point not equivalent to Po and hence 
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not a limit point of points equivalent to Po. Let Q be such a point in a small 
o-neighborhood ¢ of Py. (Henceforth everything will take place inside <), 
Let r be the distance from Q to a nearest point A equivalent to Py. The set 
of points P such that p(Q, P) < r contains no point equivalent to Py). The 
locus = of points P such that p(Q, P) = r will be entirely within o if Q was 
taken close enough to Py. The set 2 is homeomorphic to an (n — 1)-sphere, 
and is given by equations 


(6.2) z’ = X‘(r, 2, u) = x'(u) 

where 

(6.3) gij(tq)u'u? = 1. 

These are obtained from (3.1) by substituting (4) = (te), s =r. Locally we can 
put (6.3) into parametric form ui = u'(a1, +++ , @n1), Obtaining a local repre- 
sentation of class C for =:2° = 2' [u(a)] = f'(a). This representation is regular; 
i.e., || fa, || is of rank n — 1; otherwise we would have det (|| X; ||-|| Xusua, ||) =0 


contradicting the fact that Q has no conjugate point in o. Hence at every 
one of its points, in particular at A, = is a regular manifold of class C’ and has 
a tangent (n — 1)-dimensional space 7 of directions. 

Now it can be seen that A cannot be a limit point of equivalent points from 
any direction but those of 7. For suppose the contrary, then by Theorem 4, 
A is a limit point of equivalent points from two opposite directions. The 
geodesic ray g issuing from A in one of these two directions, say (uw), goes into 
the interior of 2; it lies within this interior for a certain length d. Geodesics 
from A in directions in a small neighborhood of (uw) have the same property 
with the same number d. Since A is a limit point of equivalent points from 
the direction (uw), there exists a sequence of equivalent points A; converging 
to A such that the directions at A of the geodesics AA; converge to (u); this 
sequence must be interior to 2, contradicting the fact that A was the nearest 
point to Q equivalent to Po. 

Thus the ‘point A can be a limit point of equivalent points only from direc- 
tions in an (n — 1)-dimensional space of directions, and the same statement 
must apply to Po. Let rr, be this space of directions at Py, and let Hn 
be a regular (n — 1)-dimensional submanifold of M of class C’ and tangent to 
Tr-1 at Po. We will set up a homeomorphism between the set 7, of points 
equivalent to Py near it in M and a subset of the points of Hn»; near Po. 

The geodesics issuing from points of H,_; near Py perpendicular to Hn 
simply cover a neighborhood of Py in M according to (E). To every point P 
equivalent to Po in a sufficiently small neighborhood of Py we make correspond 
the foot of the unique perpendicular geodesic from P to Hy»-1. We will show 
that this correspondence C is 1 — 1 in a small neighborhood of Po. 

If two points P and Q equivalent to Py correspond under C to the same 
point B of H,1, P and Q both lie on the geodesic through B perpendicular to 
H,1. If this situation occurs in an arbitrarily small neighborhood of Po, 
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there exists a sequence of points P; equivalent to Po converging to Py, each 
of which lies on a geodesic P,Q; , perpendicular to H,;, containing another 
point Q: equivalent to Po, while p(P., Q) — 0. Choosing a sequence of 
isometries 7, converging to the identity such that 7; takes Py into P;, let hy 
be the geodesic that 7, takes into P,Q,;. Then by Lemma 4, if k is large 
enough the difference between the direction of h, at Po and the direction of 
P,Q, at Hn. will be less than ¢ (arbitrary). Also, for k large enough, the 
difference between the direction of P,Q; at H, and its direction at P, is <e. 
This follows from the fact that the functions 8M‘/ds of (3.5) are continuous in s 
uniformly in (a). The directions of a subsequence P,Q: of the geodesics P,Q; 
at H»-1 converge to a direction (u) perpendicular to H,_; at Po. Hence the 
directions of P,Q; at P;, and also the directions of hy at Po , converge to (u). 
Thus Pp is a limit point of equivalent points R; = 7;'(Q;) from a direction 
perpendicular to H»1 at Po, which contradicts the definition of Hr. . 

Hence there exists a compact neighborhood oc, of Py in M in which the set 
7, of points equivalent to Po is in a 1 — 1 correspondence C with a subset 7,1 
of an (n — 1)-cell in H,_; containing Py. As a transformation from 7, to 
¥,-1,C is continuous. Since ¥, is compact, C is bicontinuous, hence a homeo- 
morphism. 

We will say that the set y, has the property A,n»_, (1 S p 

(1) Poisa limit point of equivalent points from at most an (n 
space of directions Tn» ; and 

(2) yn is homeomorphic to a subset yn» of an (n — p)-dimensional regular 
submanifold H,—p of M of class C’ tangent to ta-» at Po, the homeomorphism 
being obtained by making a point P of y, correspond to the foot of the per- 
pendicular geodesic from P to H,_». 

We have already proved that either y, is an n-cell, or else it has property 
A,.1. We now prove generally that if y, has property A,_,, either it is an 
(n — p)-cell, or else it has property An—p-. 

Assume yn, has property A,» , but is not an (n — p)-cell. There will be a 
sequence of points P; in H,_» converging to Py no one of them in yn». The 
set Yn-p is closed (since y, is closed). Hence around each P; can be found a 
sphere neighborhood in H,_, containing no points of yn». Let r, be the upper 
bound of the radii of such sphere neighborhoods of the point P; ; then the 
(n — p — 1)-sphere R; of radius r, about P; in H»-» has a point Wi of yn» 
on it, but no points of y,_» interior to it. Erect all geodesics in M in directions 
perpendicular to H,»_» at the points of this sphere and its interior o,. There 
will be p linearly independent such directions at each point. By (E), if P: is 
close enough to Py, these geodesics simply cover an n-dimensional cell. The 
geodesics perpendicular to H,—» at the points of R; form an (n — 1)-dimensional 
cylindrical boundary S; of the n-cell (topologically the product of an 
(n — p — 1)-sphere by a p-plane). Then S; contains a point Z, equivalent 
to Po, but in the interior of the n-cell bounded by S; are no points equivalent 
to Py. Using (D) and (E), it can be shown that S; is a regular manifold of 
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class C’. Following reasoning used previously, Z, can be a limit point of 
equivalent points at most from directions in the (n — 1)-plane of directions }, 
tangent to S; at Z;. 

Now as k — o, a subsequence Az Of Ax will converge to an (n — 1)-dimen- 
sional space of directions \») at Py containing p linearly independent directions 
perpendicular to H,-p at Po. Let 7; be a sequence of isometries converging to 
the identity and taking Py into Z; , and let & be the (n — 1)-dimensional space 
of directions at Py which 7; takes into \z. The point Po can be a limit point 
of equivalent points at most from directions in &. By Lemma 4, since }, 
converges to Xo, so does &. Choose a value of k so large that & contains p 
linearly independent directions each almost perpendicular to Hyp at Py. 
Then the intersection of & and tn_, (the plane of directions tangent to H,_, 
at Po) is at most (n — p — 1)-dimensional. Thus we have proved that P, 
is a limit point of equivalent points from at most an (n — p — 1)-dimensional 
space of directions 7,-p-1 , the first part of property Any. 

Now let H,~p-1 be a regular (n — p — 1)-dimensional manifold of class C’ 
tangent to Trp. at Py. Set up the correspondence C between points of y, 
and the feet of the geodesics drawn from the points of y, perpendicular to 
H,-»1. Uf Cis not 1 — 1 in some small neighborhood of Po , there would be a 
sequence of pairs of points P;, and Q; of yn converging to Py such that the 
geodesic drawn from P;, perpendicular to H,_»-1 and the geodesic drawn from 
Q. perpendicular to H,_,-1 would intersect Hn»: at the same point D,. 
Thus P; and Q; would lie on the geodesic (p + 1)-surface G; perpendicular to 
H,-»-1 at D;. Draw the geodesic P,Q; . 

Now we shall show that a subsequence of the directions (ux) of P.Q: at Pi 
converges to a direction at Po tangent to Go , the geodesic surface perpendicular 
to Hy». at Po. Let us use the codrdinates (a, z) of (E) (§3) based on Hy» 
at Po. The equations of G;, are a, = constant. Writing the equations of the 
geodesics P,Q; as 


a = a,(s), 2 = 2,(s), 


by the law of the mean, at some point on P,Q; between P;, and Q; we must 
havea, = 0. Ask — o, P, and Q approach Py, p(Pz, Qx) — 0, and (ux) 
has at least one limiting direction (uw) at Po. By the continuity of the func- 
tions (6.1), the first nm — p — 1 components of (up) must be zero (in the coérdi- 
nate system (a, z)). Hence (uo) is tangent to Gp , and so a subsequence of (wz) 
converges to a direction perpendicular to Hy_»-1. 

Following the usual procedure, we now let 7; be a sequence of isometries 
converging to the identity and taking Py into P; , and let (v,) denote the direc- 
tion which 7; takes into (uz). Then by Lemma 4, since (uz) converges to (uo), 
so does (y%). But this means that Po is a limit point of equivalent points 
B, = Tz'(Qx) from the direction (wo) perpendicular to H,_»-1 at Po, contra- 
dicting the definition of H,_»-1. 

Thus the correspondence C between points of y, and points of a subset 
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yep Of Hapa is 1 — 1. It is easily shown to be continuous, and so is a 
homeomorphism. 

This completes the proof that if y, has property A,_,, then either it is an 
(n — p)-cell, or else it has property An_»-1. But this brings to a conclusion 
the proof of Theorem 5. For it is now clear that either y, is a q-cell for some ¢ 
between 0 and n, or else it has property Ao. The latter means that y, con- 
sists entirely of Po. Since the total set of points equivalent to Py is homo- 
geneous it is everywhere locally euclidean or it is discrete. 

In order to prove that 7» is a manifold of class C’ we shall need the following 
lemma. 

Lemma 5. Let x° = x'(t) be an arc C issuing from a point Po: (x). Let Q 
be a nearby point on C, with codrdinates (a + Ax), and let Ar be the distance 
from Py to Q. Then if the direction (p) of the geodesic PoQ converges as Q — Po 
to a unique limiting direction (po) at Po, the ratio Ax'/Ar approaches pp . 

Transform from the codrdinates (x) to normal codrdinates (y) with Py as 
origin. Call the new coérdinates of Q (Ay). The components of directions 
issuing from Po are the same in the coérdinate system (y) as in the system (2). 
Now Ay’ = p‘Ar. Therefore lim (Ay‘/Ar) = lim p' = pp. Transform back 
to the coérdinates (x), and use the fact that the jacobian of the transformation 
at Py is the unit matrix. 

TuEorEM 6. The set of points of M equivalent to P under a closed subgroup 
H of G is a regular submanifold of M of class C’. 

Let Py be an arbitrary point of the manifold S of equivalent points. Suppose 
Sis r-dimensional. We know that Pp is a limit point of S only from directions 
in a certain r-plane 7, of directions at Py. Let M, be a regular r-dimensional 
submanifold of M of class C’ tangent to 7, at Po. Transform from given 
coérdinates (x) to the coérdinates (a, z) of (E) (see §3), based on M, about Po. 
The equations of M, are 2”*? = ... = 2” = 0, while (a) = constant represents 
a geodesic (n — r)-dimensional manifold normal to M,. We know from the 
proof of Theorem 5 that there is a homeomorphism between points of S and 
M, neighboring Py in which a point of S corresponds to the foot of the per- 
pendicular geodesic from it to M,. Corresponding points in S and M, now 
have the same (a) codrdinates. We can use (a) as parameters in S, and write 
the equations of S as 


a’ = a (u = 1,---,7), 2’ = z'(a) (r=r+1,---,7). 


Let P: (&, 2) be any point of S near Py. Consider the curve C on S through 
P defined by — 


a=t, o& =a (p =2,---,n), z=2(t,a,---,a@), (tnear@). 
Let Q be a nearby point on C. Denote the geodesic PQ by g, its direction 
at P by (h). Let (h) be any limiting direction of (h) as Q — P; we shall prove 
that (h) is unique. 
By the law of the mean, at some point on g between P and Q the p” com- 
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ponent (p = 2, --- , 7) of the direction of g is zero. Letting Q — P, and using 
the continuity of (6.1), it follows that h’ = 0 (p = 2,---,7r).. Also we know 
that (h) must lie in a certain r-plane 7, of directions at P. This r-plane can be 
made arbitrarily close to the corresponding r-plane 7, at Po by taking P close 
enough to Py, using Lemma 4 in the usual way. The conditions that a direc- 
tion (d) at Po lie in r, are d"™* = ..- = d" = 0. Hence the n — r linear homo- 
geneous conditions that (h) lie in 7, must also be linearly independent on 
"eel er h”). 

Thus fh, ..- ,h” are determined in terms of h', which must be #0. The 
fact that (h) is a unit vector furnishes the proof of its uniqueness. 

We now apply Lemma 5 which gives lim (Az’/Ar) = h' as Q — P. This 
together with lim (Aa’/Ar) = h' ¥ 0 proves the existence of d2’/da' at (a). 
Similarly 02’/da° exists. 

The continuity of these derivatives follows from the facts already mentioned 
concerning the continuous variation of 7, with (&). 

Thus the z*(a) are of class C' near Py. We can transform back to the original 
coérdinates (x) and obtain a local representation of S: 2° = 2‘(a) of class C’, 
with functional matrix of rank r. This proves Theorem 6. 


7. Closed groups of isometries 


Let M"** be the product manifold of M taken with itself n + 1 times. A 
point of M"" is an ordered set of n + 1 points of M. Coérdinate neighbor- 
hoods in M"*" are the products of n + 1 codrdinate neighborhoods in M and the 
fundamental form in such a neighborhood is the sum of the quadratic forms 
of the corresponding neighborhoods in M. Thus M"* is a Riemannian mani- 
fold of the same class as M. Furthermore, if T is an isometry of M, the trans- 


formation 
(7.1) T(Po, Pi, +--+, Pn) = (T(Po), T(P:), --- , T(Prn)) 


is an isometry of M""’. Thus if H is a group of isometries of M we can also 
consider it as a group of isometries of M"*’. If H is a closed group of isometries 
of M, it is a closed group of isometries of M"*’. This follows from the fact 
that any limit of isometries of type (7.1) is again of this type. 

Let us choose Po , P; , --- , P, in a o-neighborhood of Py in M so that the only 
isometry of M leaving them fixed is the identity. Then if H is a set of isometries 
of M, and 7 is the set of points of M"*’ into which P = (Po, Pi, --- , Ps) is 
mapped by H, the transformation sending T ¢ H into T(P) ey is a 1 — 1 map- 
ping of H onto all of y. This mapping is bicontinuous. For clearly T, — T 
implies T,(P) — T(P), since T;(P;) > T(P;). Conversely if T,(P) — T(P), 
from any subsequence of {7.} we can choose a new subsequence {T;} con- 
verging to a limit 7) ; and as T)(P) = T(P) we must have 7) = T. This 
implies that 7; —> T. Thus we have proved 

Lemma 6. The transformation sending T ¢ H into T(P) in the product mani- 
fold M""", where P = (Po, Pi, --- , Pa) is a set of points of M as in Theorem 3, 
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isa. 1 — 1 bicontinuous transformation of the set H of isometries of M onto the 
st of points into which P is mapped by H. 

As an immediate consequence we have 

TaroreM 7. If H is a closed group of isometries of H, it is in 1 — 1 bicon- 
tinuous correspondence with a manifold of class C' imbedded in M"*'. Hence H 
is locally euclidean. 


8. Lie groups of isometries 


Our object in this section is to show that the parameters introduced in H in §7 
make of H a Lie group of transformations of M. We shall need the following 
results. 

Suppose, under the isometry 75 , the point P is transformed into 7)(P) = Q. 
Let U be a o-neighborhood of Q with coédrdinates (y). Choose a o-neighborhood 
V of P with coérdinates (x) such that T7o(V) C U. Then, if T is in a neighbor- 
hood W of Ty, this transformation is given by functions 


(8.1) y =f(a',---,2";T) = f(x; 7) 

which are continuous in (x; 7) by definition of the topology in the group of 

isometries. We now consider the differentiability properties of these functions. 
If M is of class C” (analytic) the functions (3.1) 2’ = X‘(r, @, u) defined in 

V are of class C’ (analytic). Locally the equations g;;(@)u'u’? = 1 (gi; is the 

fundamental form in V) can be put in parametric form 


(8.2) u _ u'(ar, a a Qn—1) 
obtaining a representation of class C’ (analytic) of (3.1) 
(8.3) a’ = X‘(r, #, u(a)). 


As there is no pair of conjugate points in V, det (|| X+ || - || Xisud, ||) # 0. 
Hence we can solve (8.3) obtaining functions r(%, x) and a@,(%, x) of class C” 
(analytic) for (2) and (x) in V, () ¥ (xz). Substituting these latter in (8.2) 
we obtain 


(8.4) u'(z, 2) = u‘(a(é, 2) 


of class C” (analytic). 

Choose a point Py  P in V and let gi, --- , gn be a set mutually orthogonal 
geodesics issuing from Py. Choose a point P; on g; so that the part of g; joining 
Py to Pisin V. The cosine of the angle between the geodesics PoP and PoP; is 
ii(ao)u'(2o , x)u*(ao , 2.) where (x) are the codrdinates of P and (zx) are codrdi- 
nates of P,. These cosines we denote by 2;(x); they are of class C” (analytic). 

In the neighborhood U of Q let the equations (3.1) of the geodesics be written 
y' = Y'(r, 9, v) again of class C” (analytic). Corresponding to (8.4) the direction 
of the geodesic from (g) to (y) is given by functions v‘(g, y). Set 


(8.5) vi(T) = v'[f(ao 3 T); f(x ; T)).- 








414 8. B. MYERS AND N. E. STEENROD 


Denote by g:;(y) the fundamental form in U. 
Since isometries preserve angles (§4), the direction (v) of the geodesic from 
f(xo ; T) to f(x; T) must satisfy 


(8.6) Gil f (xo ; T)\v'vi(T) = m(z). 


Since g:,---,gn are mutually orthogonal, 7'g:,---,7gn are also. Hence 
det {9:[f(xo; T)]vi(T)} ~ 0. We can therefore solve (8.6) for the v* obtaining 
them as linear functions of the ;(z): 


(8.7) vo’ = a”(T) (2). 
It is to be observed that a(7’) is of class C’ (analytic) in the functions S(o ; T), 
‘Fi (tn ; T) ° 
Since isometries preserve distance r(% ; x) = 7[f(ao; T); f(x; T)] where 
7(g, y) is the distance from (g) to (y). Since the point 7(P) must bear the same 
relation to Tg, --- , [gn as P bears to g:,---,9n we obtain the following 
representation of the functions f'(z; T): 
(8.8) f(x; T) = Y'tr(a ; x), f(ao ; T), a*(T)mi(2)]. 


Since Y", r, 7, are of class C’ (analytic) in (x) we obtain 

Lemma 7. The functions f'(x; T) are of class C’ (analytic) in (x) and their 
derivatives are continuous in (x; T). 

As an immediate consequence we have 

THEOREM 8. An isometry of a Riemannian manifold of class C’ (analytic) is of 
class C” (analytic).* 

We shall draw some further consequences of this representation. Suppose 








the neighborhood W is given codrdinates (6', --- , B’) = (8) so that f(z; T) 
can be written f‘(z; 8). Suppose furthermore that the derivatives af'/ap* 
(( =1,---,n;k = 1, ---, 7) exist at the points Py, --- , Pn for all (8) in W. 
We can then differentiate (8.8) obtaining 
af'(x;B) _ aY* af’(a;B) , aY' da’"(B) 

9 is — — —— 
(8.9) apt ag at + rw m1(x) apt 
Since a” is of class C’ in f(xo ; B), --- , f(an ; 8), da” /ap* exists. It follows that 


af’ /ap* exists for (x) in the open set V and is of class C’~ in (x) and these addi- 
tional derivatives are continuous in (z; 8). 

We see therefore that the existence of af'/ap* at Po, ---, Pa implies its 
existence in an open set of M. Let us show that this extends to all of M. Sup- 
pose we have proved the differentiability with respect to the 6’s of the functions 
representing the transformation (8) at all points P in an open set A C M. 
Suppose A hasa boundary point P. As above, let Q = To(P), U a neighborhood 
of Q, V a neighborhood of P so that T(V) C U for Te W. We then choose 





® The first proof of this for the analytic case was given us by Professor Marston Morse. 
Our proof has much in common with his. 
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the points Po, Pi,---, P,, in the intersection A-V and reason as before that 
f(x; B) is differentiable in (8) for (x) in an open set about P. There is a largest 
open set of M in which the transformation (§) is differentiable in (8) (i.e. the 
sum of all open sets in which this holds). This set is non-vacuous and we have 
just seen that it has no boundary point. Itis therefore the whole of M. Thus 
we have 

Lemma 8. If the functions determining the transformation T «W of M are 
differentiable in (8) at a set of points Po, Pi, --- , Pn as in Theorem 3, then they 
are differentiable in (8) at every point of M. Furthermore these derivatives are of 
class C"’ (analytic) in (x) and these x-derivatives are continuous in (x; 6). 

We are now prepared to prove 

TueorEM 9. The parameters introduced into H in §7 make of H a Lie group. 

Suppose Ao , Bo are isometries in H and Cy = BoAo. Let (a’, --- , a’) = (a), 
(8), (y) be coérdinates for neighborhoods of Ao , Bo , Co respectively as provided 
in §7. Then for A, B near to Ao, Bo the codrdinates of C = BA are given by 
functions y’ = ¢'(a; 8) which we must prove to be of class C’. 

Under the imbedding of H in M"™’, the isometry Ao corresponds to the point 
AP). Let (x) = (2’, ---,2™)(m = n(n + 1)) be coordinates for a neighbor- 
hood of Ao(P); and let (y) be coérdinates for a neighborhood of C)(P). Then 
the isometry B (near Bo) acting on M "*! is given near Ao(P) by functions y* = 
F'(x; 8). The functions z* = 2‘(a) defining the imbedding of the neighborhood 
(a) in M am are of class C’ with functional matrix of rank r. Similarly for the 
functions y’ = y‘(y) defining the imbedding of (y) in M"*'. Accordingly we 
can solve these latter for the y’s in terms of r of the y’s: y° = y‘(y”, ---, y”). 
We obtain in this way a representation of ¢'(a; 8): 


(8.10) $'(a; B) = y'(F"(2(a); 8), --- , F*(2(a); 6). 


By Lemma 7, dF’/az* exists and is continuous in (x; 8). Since y‘ and z‘(a) 
are of class C’, it follows that a¢°/da* exists and is continuous in (a; B). 

For the moment, let Ao be the identity. Then the functions F’(P; 8) define 
the imbedding of the neighborhood (8) of By in M"*’. We know that these 
are of class C’. Hence dF’/a6* exists at the point P. This means that at the 
points Py, --- , P, of M the transformation (8) of M is differentiable in (8). 
By Lemma 8, this holds at every point of M. It follows that aF’/ap* exists 
at every point of M"*" and is continuous in (z; 8). It then follows from (8.10) 
that 4¢'/a6" exists and is continuous in (a; 8). This proves Theorem 9. 

We have just seen that the functions f‘(z; 8) defining the transformation 
B of M have B-derivatives for all points (x) in M. By Lemma 8, if M is at least 
of class C*, af*/ag* has x-derivatives continuous in (x; 8). This concludes the 
proof of our principal result. 

TuroreM 10. Any closed group of isometries of a Riemannian manifold of 
class C" (r => 2) is a Lie group of isometries. 

9. Remarks. We have seen that the parameters we have introduced in H 
make it a Lie group of class C’. If the class of M is > 2, the question arises if 
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H is of a higher class. This reduces to the same question about a manifold of 
equivalent points. We have not settled this point. 

The classical theory of motions concerns itself with Lie group germs of iso- 
metries in the neighborhood of a point of a Riemannian manifold. This suggests 
the question: Is any locally compact group germ of local isometries a Lie group 
germ? We hope to consider this in a later paper. 


UNIVERSITY OF MICHIGAN, PRINCETON UNIVERSITY. 
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{BER DIE AUSDRUCKE DER GESAMTENERGIE UND DES GESAMT- 
IMPULSES EINES MATERIELLEN SYSTEMS IN DER 
ALLGEMEINEN RELATIVITATSTHEORIE 


Von Pu. Frevup 
(Received October 12, 1938) 


Es bedarf einer umstandlichen Uberlegung, um in der allgemeinen Rela- 
tivititstheorie zu beweisen, dass der Gesamtimpuls und die Gesamtenergie 
(Energie + “Pseudoenergie’’) eines materiellen Systems unabhingig von allen 
Anderungen der Feldgréssen und des Koordinatensystems sind, die sich nicht 
auf die unmittelbare Nahe der Oberflaiche erstrecken. Die Behauptung wird 
aber evident, wenn es gelingt, Impuls und Energie als Fliisse durch die Oberfliche 
darzustellen. Dies ist in dem Fall einer einzelnen Masse mit zentrischer Sym- 
metrie von Weyl’ geleistet worden. Fiir das Feld beliebig verteilter Materie 
soll es im folgenden geschehen; es gelingt, indem man die sechzehn Komponen- 
ten Ul’, der Energie- und Impulsdichte und ihrer Strémungsdichten auf die 
einfache Form: 

2 ar’, 
aa 


(1) u', 


bringt, in der 9°", in den Indizes 7 und nalterniert. Aus (1) folgt dann namlich 
unmittelbar: 


au, 0", 


(2) 8 
Oat Ox” ax" 


Wegen (1) lasst sich in dem Ausdruck des Gesamtimpulses und der Gesamt- 
energie eines Systems, das den Kérper V mit den Volumelementen dv erfiillt: 


(3) Se = [wa 


(t, ist die Zeitkoordinate), die rechte Seite in ein Integral iiber die Oberfliche S 
mit den Fliachenelementen dS,a)(a = 1, 2, 3) verwandeln: 


mn % = [ ", dS. 


womit die verlangte Darstellung erreicht und die Behauptung bewiesen ist. 





‘Weyl, Raum, Zeit, Materie, 5. Aufl., Berlin, 1923, S. 275. 
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Nun soll die Umformung (1) bewerkstelligt und damit der Ausdruck fiir . 
ermittelt werden. Man bestimmt den zum Masstensor g, inversen Tensor aus: 


giug” = 8 (1 fir i = k, 0 far i ¥ k) 
und bildet aus ihm und der Determinante —g der gi, die Gréssen: 
a" = Vag". 
Aus den Dreizeigersymbolen: 


‘ iu (O9ue , 9Gu O9n 
= {7 1 ee ee 
Tn = 39 (% + axt aby 


bildet man den Kriimmungstensor: 








(5) R'm = - = + Teale: a ett om 

und die Gréssen: 

(6) Ri, = 9” Rew, 

(7) G = gh (Mae Vor — VhvT pe). 

Die U1’, sind definiert durch’: 

(8) QU, = o(R, + G) — 2H, + (t . —T, “). 


Der erste Bestandteil der rechten Seite wird schon bei Weyl’ in eine Divergenz 
verwandelt: 


(9) s(t", + @) = a (g"T2, — g”T%,)8i. 


Dasselbe soll mit dem iibrigen Teil geschehen: 
Aus den Identitaten’: 








ag” im mari mi 
ape = 8 Ton — OT on + OT in, 
dq” = roe 
ry Pw 
folgt: 
i ag” v ag” Bifne ne? v y ry Prt 
(10) Ty ao he — *~¥ (real, — e0%) + of (Tats, — TT's). 





? Vgl. etwa: Pauli, Relativitatstheorie, Lpz. 1921, S. 622, Gl. (184), (185) und S. 597, 
Gl. (109). 

3 Weyl, l.c., S. 274. 

‘Weyl, l.c., S. 129, Gl. (60), (60’’). 
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Wir beniitzen ferner die beiden evidenten Umformungen: 








P Cad - 0 wi a) eas ve , ar", , a 
(11) ry 8 r : - axt (g” Tw aa q” re — (c" ee es q” re) 





work — “0 “oak dak ax* 
yo OT ph ya) — 2 geri, — gir’ 90" _ yw ag" 
(12) aii (0 ax” 8 az’ az’ (g Dyk g Ty) - Tye az’ ae Dyk ax” 


und folgern aus (5): 
i ip y ar, ry ) Vint Y 
QR wk — Q Rok = (c" op me ig 4 + gh (Cpe — TT ee) 


13) i 
pit (o” OD ak 
2” 








8 Ox” 


) _ "(rats — phe « 
Endlich multiplizieren wir die Identitat’: 
0 = = a + Sugll con 
mit g”"g" und erhalten: 
(14) 0 = gk + gf R’ wok : 
Man setzt nun die Summe der linken Seiten der sieben Gleichungen (8) bis (14) 
gleich der Summe der rechten Seiten; so entsteht, wenn man 9"; aus (6) einfiihrt: 
i 7) i v v v i ry Vayt try 
QWs = 2 Le(O" Tie — BT ne) + Se(G" Ton — Bon) — (Tae — OT ia)). 
Das ist die verlangte Darstellung (1), wenn man: 
a a) 
gq”, a 2 q’? q”” q’” 
Toe Ton Toe 


setzt. 1°", ist eine Affintensordichte, die, wie es verlangt wurde, in 7 und n 
alterniert. 





* Pauli, l.c., S. 592, Gl. (91), (92). 
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SETS OF POSTULATES FOR BOOLEAN GROUPS’ 


By B, A. BERNSTEIN 
(Received August 13, 1938; revised January 3, 1939) fu 


1. Object 


In a Boolean algebra, the operation o given by aob = ab’ + a’b is an operation 
with respect to which the elements of the algebra form a group.” The group is 
an (additive) abelian group in which every element is its own inverse. An 

_ abelian group in which every element is its own inverse I call a Boolean group. 
The object of my paper is to give a number of sets of postulates for (non-trivial) 
Boolean groups in terms free from the usual symbolism of Boolean algebra. 





2. List of postulates , 
The postulates constituting the various sets are taken from the following list : 
of conditions on an undefined class K and a binary operation o. In Postulates ’ 
2-2iv, 3, 7-7’, 8, 8’ there is to be supplied the restriction: whenever the elements i 
involved and their indicated combinations are in K. The list follows. ‘ 
0. K has at least two distinct elements. 
1. aob is in K whenever a, b are in K. x 
2. ao (boc) = (acb)oc. Xx 
2’. ao (bo c) = bo (coa). 
?". ao (boc) = Co (boa). 
=. (aob)oce = (acc)ob. ; 
2". ao(boc) = (aoc)ob. . 
3 aob = boa. . 


4. There is an element 0 in K such that ac0 = a for every element a in K. 

5. If the element 0 of Postulate 4 exists, and is unique, then for every element a 
in K there is an element a’ in K such that aca’ = 0. 

6. If the elements 0, a’ of Postulates 4, 5 exist, and are unique, then a’ = a. 





% o> (bob)oa. 
7 a = (boa)ob. 
7”. a = (acb)ob. 
,. a = bo (boa). 
7”, a = bo (aob). 
7". a@ = ao(bob). 





1 Presented to the American Mathematical Society, April 9, 1938. 

* See my two papers: (I) ‘“‘Operations with respect to which the elements of a Boolean 
algebra form a group,” Trans. Amer. Math Soc., vol. 26 (1924), pp. 171-175, and vol. 27 
(1925) p. 600; (II) “‘A set of postulates for Boolean algebra involving the operation of com- 
plete disjunction,” these Annals, vol. 37 (1936), pp. 317-325. 
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8, If aob = c then b = coa. 
8’. If acb = c then b = aoc. 
9. For any two elements a,b in K there is an element x in K such that aox = b. 


3. The postulate sets 


The various sets of postulates are given in the table below. For each set is 
furnished a proof of the mutual independence of the postulates of the set. The 
independence examples are taken from the arithmetic systems i-xii following. 


‘ K=0; ab=0. 





ition 
up is ii. K=0,1; ab=a+b-+0/(ab + b + 1) mod. 2. 
An ii, K=0,1,2;  aob = a°(b’ + 2b) + a(2b° + 2b + 1) + b mod. 3. 
4 iv. K=0,1; ab =a. 
vial) 
v. K = 0,1; aob = 0. 
vi. K = 0,1; ach = ab + a+ b mod. 2. 
list vii. K = 0,1,2; aob = a + b mod. 3. 
lis 
ents ix. K = 0,1; acb = b. 
x. K = 0,1,2; aob = 2(a + b) mod. 3. 
xi. K = 0,1,2; aob = a + 2b mod. 3. 
xii. K = 0,1; aob = a + b. 

The table of postulate sets follows. In this table the independence system 
for the 7 postulate in any set occupies the 7 place among the independence 
systems for that set. Thus, for Set II, whose postulates are 0, 1, 2’, 7, the 
independence systems are respectively i, viii, ix, v. 

te TABLE OF POSTULATE SETS 
Set Postulates Independence Systems 
I 0, 1, 2, 3, 4, 5, 6 i, ii, iii, iv, v, vi, vii 
II 0, 1, 2’, 7 i, Vill, ix, v 
III 0, 1,7, 7’ i, viii, x, V 
IV Me i, Vili, iv, V 
V 39,7" i, viit, ix, v 
VI 0, 1, 2’, 7 i, viii, x, V 
VII 0, 1, 2’, 7° i, Vili, iv, V 
VIII 0, 1, 2, 7i¥ i, Vili, X, V 
- IX ee oh i, viii, ix, v 
27 X RO ah | i, Vili, ix, v 
m- XI 0, 1, 2i%, 7 i, viii, ix, iv 
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XII 0, 1, 2,8 i, viii, x, ix 
XIII 0, 1, 2’, 8 i, Vili, x, vii 
XIV 0, 2, 8,9 i, X, Vii, viii 
XV 0, 2’, 8, 9 i, X, Vii, Viii 
XVI 0, 2i”, 8,9 i, X, Vii, Viii 
XVII 6, 1, 23:3, 7" i, viii, x, ix, v 
XVIII 0, 2, 3, 9, 8’ i, X, ix, viii, vii 
XIX 0, 1,937,773 i, viii, x, v, xi 
xX 0, 2’, 9, 3, 8’ i, X, xii, Xi, Vii 


4. Remarks on the postulate sets 


All the sets in the above table, except Set I, are free from unconditioned exist- 
ence postulates, other than Postulate 0, which merely rules out trivial systems. 

Set I gives a Boolean group directly in accordance with the definition of a 
Boolean group. It contains both the ordinary associative law and the com- 
mutative law. Postulates 0-5 of this set, taken by themselves, form a set of 
postulates for additive abelian groups. 

Sets II-VII are briefer than Set I. In each of these sets the cyclic associative 
law is used instead of the ordinary associative law; and each set contains the 
closure condition and a (direct) cancellation law, but no commutative law. 

Sets VIII—-XI are variations of Sets II-VII. In these sets, other associative 
laws than the cyclic associative law are used. 

Sets XII and XIII have a transposition law, instead of a cancellation law. 

Sets XIV—XVI contain no closure postulates. 

Set XVII is a set, briefer than Set I, in which the ordinary associative law 
and the commutative law both appear. 

Set XVIII, like Set I, “embeds” a set of postulates for additive abelian groups 
(Postulates 0, 2, 3, 9); but it is briefer than Set I. 

Set XIX embeds a set of postulates for subtractive abelian groups (Postulates 
6, 1,9", 7". 

Set XX embeds both a set of postulates for additive abelian groups (Postu- 
lates 0, 2’’, 9, 3) and a set of postulates for subtractive abelian groups (Postu- 
lates 0, 2”’, 9, 8’). 





3 See my ‘“‘Postulates for abelian groups and fields in terms of non-associative opera- 
tions,’ Trans. Amer. Math. Soc., vol. 43 (1938), pp. 1-6. 


Tue UNIVERSITY OF CALIFORNIA. 
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SUBFIELDS AND AUTOMORPHISM GROUPS OF p-ADIC FIELDS’ 
By SaunpErs MacLane 
(Received October 27, 1938) 


1. Introduction 


The fundamental theorem on the structure of perfect fields states that if a 
field K of given characteristic is perfect (or topologically complete) with respect 
to a discrete non-archimedean valuation | a |, with the properties, 


(1) jab] =|a||b|, |a+b| S Max (ja|,|b)), 


then K is uniquely determined by its field & of residue classes, except in the 
case when K has characteristic 0, ® has characteristic p, and K is “ramified’’ 
over its rational subfield. The first proof of this structure theorem in the 
general case is due to Hasse and Schmidt [2], but for an imperfect residue class 
field their proof unfortunately uses an elaborate and unproven’ lemma on 
the generation of R by a Steinitz field tower. A second proof of the structure 
theorem has been given by Witt [13] and Teichmiiller [10] and [lla]. For the 
case of an (algebraically) perfect residue class field ® Witt’s proof uses a 
sophisticated “vector” analysis construction of the p-adic fields K, and Teich- 
miller’s methods then treat the imperfect fields K on this basis. 

The structure theorem involves two steps: first, the construction of a discrete 
complete field K with a given characteristic and a given residue class field &; 
second, the demonstration that the so constructed field is unique. The separa- 
tion of these two steps shows that the previous constructions of K have been 
needlessly involved and can be replaced by an elementary stepwise construc- 
tion (§3). This construction can then be so combined with the methods of 
Teichmiiller for the imperfect fields ® as to give an elementary proof of the 
structure theorem (Corollary to Theorem 8 in §6). The cases when K and its 
residue class field ® have the same characteristic can be reduced simply by 
known methods (see Teichmiiller [11a]), as K is then a power series field. Hence 
we consider only the so-called p-adic and p-adic fields; that is, discrete complete 
fields of characteristic zero with residue class fields of characteristic p. 

Problems of the relative structure of complete fields can also be treated by 
these methods. One such question, which is suggested by investigations of 
valuations of higher rank (Mac Lane [4]) is this: Given two unramified p-adic 
extensions K and K’ of a given p-adic field k with residue class field f, such that 


' Presented to the American Mathematical Society, Sept. 10, 1938. 

* Difficulties present in the proof of such a Lemma are discussed in another paper by the 
author, entitled “‘Steinitz field towers for modular fields,’’ forthcoming in the Transac- 
tions of the Am. Math. Soc. 
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K and K’ have the same field & of residue classes, are K and K’ analytically 
equivalent over k? If f and £ are finite fields, then & is an ordinary field of 
p-adic numbers, and the answer is known to be yes: K and K’ are equivalent. 
For infinite fields R/f, any two extensions K and K’ are still equivalent, as 
stated in Theorem 8 of §6, under certain restriction on the extension §/t. 
That some such restriction is necessary is indicated in §6 by an example. 

Preliminary instances of this relative structure theory include the case of 
(transcendentally) separable extensions &/f, in §3, and the case of perfect fields 
RK and f, in §4. Two essential tools are the notions of multiplicative repre- 
sentatives (§2), and p-bases of imperfect fields, both due to Teichmiiller. 

Another question of relative structure of a p-adic field K concerns the exist- 
ence of a p-adic subfield or intermediate field & with a specified residue class 
subfield f. The results on this problem given in §7 include the theorem that 
there is exactly one such field k if £ is perfect. 

The group G of all automorphisms of a p-adic field K has an inertial sub- 
group G, consisting of automorphisms which leave all residue classes fixed, 
as well as certain ramification subgroups G,. The quotient group G/G, is 
isomorphic (§8) to the automorphism group of the residue class field &, while 
each quotient group G,/Gr4: is abelian and can be described explicitly in terms 
of R (see §9). The results depend on certain constructions of automorphisms 
which are obtained from the relative structure theory of the preceding sections. 
The capstone of these investigations is the theorem of §10 which states that 
the subfield of elements left fixed by every automorphism of the inertial group 
G, is exactly that subfield k whose residue class field is the maximal perfect sub- 
field of the whole residue class field. Strangely enough, the field of elements 
left fixed by the automorphisms of any ramification group G, is the same 
field k! 


2. Multiplicative representatives 


A rank one “exponential” valuation’ V of a field K is a real valued function 
V(a) defined for a ¥ 0 in K and having for all a and b the properties 


(2-1) V(ab) = V(a) + V(b), V(a + b) = Min (Va, Vb). 


Associated with such a valuation there is the value group T, composed of all 
numbers V(a), and the residue class field (res. field) R = B/P, obtained from 
the valuation ring B, which consists of all elements a with Va = 0, and the 
prime ideal P, which contains all elements a with Va > 0. Denote by H(a) 
the residue class of a in &, if ais in B, and set H(a) = ~ if aisnot in B. Then 
H(a) is in the set {&, ©} composed of the elements of ® and the symbol ~, 
while the many-one correspondence a — H(a) of K to {&, ©} has the properties 
that Ha ~ ~ and Hb ¥ o imply 


(2-2) H(a + b) = H(a) + H(b), H(ab) = (Ha)(Hb). 





* The non-archimedean norm | a | of (1) in the introduction generates an exponential 
valuation V (a) = —logja]|. 
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The functions H and V are connected by the logical equivalence of the three 
statements 
(2-3) H(a) = 0< H(1/a) = ~ Va > 0. 


Such a homomorphism H reciprocally determines a corresponding V. By a 
valuation of K we henceforth mean a pair of functions {V, H} consisting of a 
valuation function V and a homomorphism H of K on some {8, ©} with the 
properties (1), (2), and (3). Since V determines H and conversely, this simul- 
taneous use of V and H is more symmetric; it also avoids conventions as to 
res. fields. For instance if K C L, a valuation {W, H’} of L is an extension 
of a valuation {V, H} of K, if the functions W and H’ are respectively exten- 
sions of V and H. Necessarily, then, the res. field % of Z contains that of K 
and the value group of Z contains that of K. The extension L/K is unramified 
if these value groups are actually the same. 

A valuation V is discrete if its value group IT is isomorphic to the group of 
rational integers. A field K is complete in a valuation {V, H}, if it is complete 
in the topology introduced by the norm |a| =e". A discrete valuation of a 
field K is called p-adic if K is complete and of a characteristic 0 and if the res. 
field R has as characteristic a prime p. A prime element wr of K then is an 
element of minimum positive value in K. A p-adic valuation is called p-adic 
if the rational prime p is a prime element. 

A map or analytic isomorphism T of K in K’, where K and K’ are fields with 
respective valuations {V, H} and {V’, H’}, is defined as an isomorphism a < a™ 
of K to a subset of K’ which preserves valuations: V’(a”) = V(a). If the 
images a” include all the elements of K, then T is an isomorphism of K on K’. 
Any isomorphism 7' generates a corresponding isomorphism 7 of the res. field & 
in a subfield of the res. field R’ of K’, by the rule 


(2-4) [H(a)|’ = H’(a’). 


The res. field may be replaced by this isomorphic subfield &” of &’ without 
changing the function V in the given valuation {V, H}. Hence, given such 
an isomorphism, we shall often assume that R C S§’ and that T leaves the res. 
field R elementwise fixed, that is 


(2-5) H(a) = H'(a’) (a in K). 


The congruence a = b (mod x"), for x a prime element of a p-adic field K 
and for a and b in the valuation ring of K, means that V(a — b) 2 nV(m). In 
other words a = b (mod x”) implies a = b + d for some d with V(d) = V(x"). 
Therefore 


a’ = (b+ d)? = 0? + pb? “d+ --. + phd? '* +a? =b" (moda 


hence the conclusion (Teichmiiller [10], Lemma 8). 


“< 
’ 





‘Compare also the simpler proof obtained in Theorem 13 in §8. 
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Lemma 1. For elements a and b of a p-adic field, with V(a) = 0, V(b) > 0, 
a = b (mod x”) implies a”” = b”” (mod r"*”) for any m = 0. 

For p-adic fields with perfect res. fields Teichmiiller ((10], Lemma 5) has 
found a system R of “multiplicative representatives” of the residue classes. 
For any a in the res. field there is in R one representative a so that H(a) = a, 

Lemma 2. If £ is a perfect field of characteristic p, then any p-adic field K 
with residue class field R D f£ contains a system R of representatives of the 
residue classes of € which is uniquely determined by any one of the following 
three equivalent properties: 

(i) If an of K is in the residue class a” " for a in f, then lim (n> 20 )@?” 
exists and is the R-representative of a; 

(it) If b, is the R-representative of B” ", for B in f, then b24, = bn. 

(iz) If a, b, and c are R-representatives, respectively, of elements a, 8, and y 
of f, then aB = y implies ab = c. 

The proof of this Lemma is exactly like that given by Teichmiiller for the 
special case R = f, and depends on using the description of (i) to define the 
system R. 


I. RELATIVE STRUCTURE OF p-ADIC FIELDS 


The Equivalence problem 


Our primary problem is the relative equivalence of the extensions of com- 
plete fields with specified residue class extensions. Given a complete field k 
with a residue class field f and two unramified complete extensions K and K’' 
with the same residue class field R = R’; that is, given 


(*) KD>k, K’'Dk complete, unramified with R = KR’ D f; 


when is K analytically equivalent to K’? Here an analytic equivalence of K 
to K’ means an analytic isomorphism 7 of K on K’ which is the identity on k 
and also on the common residue class field R. The “discrete,” or “p-adic” 
equivalence problem will always refer to the problem (*), in which k is assumed 
discrete or p-adic, as the case may be. A gothic f or % will always denote the 
residue class field of the field represented by the corresponding roman letter k 
or L, ete. 


3. Extension of maps 


Though the construction of p-adic fields with specified res. fields has usually 
been accomplished by elaborate methods, an elementary procedure ([4], §5, 
especially Theorem 4) gives a step by step construction. For instance, if a 
given p-adic field k with valuation {V, H} has the res. field f, and if R = f(é) 
is a given transcendental extension of f, then a corresponding extension of the 
complete field k can be found by constructing a transcendental extension k(z) 
and defining V’ and H’ for any polynomial f(z) = a,r” + --- + a in k[z] by 


(3-1) v’ (> a2') = Min (Va,), H( > az’) = . (Ha). 


t=0 t=0 i=0 
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The complete closure of k(x) then yields a p-adic field with the res. field R = f(£). 
Combining this with a similar treatment of algebraic extensions we have: 

TueorREM 1. Extension Theorem. Let k be a complete field with valuation 
{V, H} and residue class field £, while R is any extension of f. Then there exists 
an extension K of k, complete and unramified with respect to an extended valuation 
and having the residue class field &. 

For any prime res. field there is a corresponding field of p-adic numbers; 
hence the existence Theorem: 

THeorEM 2. Existence Theorem. There is a p-adic field K with any given 
residue class field R of characteristic p. 

The extension Theorem 1 and subsequent studies of the uniqueness of this 
extension are closely related to the question of unramified division algebras 
with specified residue class division algebras, as treated by Witt (({12]) and 
Nakayama ((6)). 

The problem of extending a given analytic isomorphism to parallel a specific 
residue class extension &/f can be treated if R has a separating transcendence 
basis’ over f: 

THEOREM 3. Separable map extensions. Let two complete fields k and k’ with 
the same residue class fields € be analytically isomorphic under the map T which 
is the identity on f, and let K and K’ be complete unramified extensions, K > k, 
K'D k’, with respective residue class fields R C K’. If the field R has a separating 
transcendence basis ¥) over f, the given map T can be extended to an analytic iso- 
morphism T* of K on a subfield of K', which is again the identity on R. There is 
only one such extension T* if and only if R is algebraic over fF. 

The most natural instance of this Theorem arises when K and K’ have the 
same res. field R = R’, so that T* maps K on all K’. The proof of this instance 
is the same as for the general case, and the more general case is useful later in §7. 

Proor. Because 9) is a sep. trans. basis, ®/f can be built up by successive 
transcendental and sep. algebraic adjunctions. The required extension can then 
be found by transfinite induction if the case of a single transcendental or a 
separable algebraic extension can be treated (cf. MacLane [4], Lemma 2). 
Transcendental case. If R = f(£) for — transcendental over f, and if z and 2’ 
are the elements from K and K’ respectively representing £, then x and 2’ are 
transcendental over k and k’, and both k(x) and k’(z’) have the res. field f(é). 
T can be extended in one and only one way to a value-preserving isomorphism 
T* of k(x) onto k’(x’) such that x7" = x’. Specifically, if f(x) = anz" + --- + ao 
is a polynomial in k[z], then V(f) and H(f) are given by (3-1) and [f(z)]”" = 
dajz" is the desired extension. This T*, extended in the natural way* to 
the complete closure of k(z), is still the identity on R. Separable algebraic case. 
If = £(8), where 8B satisfies the irreducible, separable, and monic equation 





*A subset 9) of Ris a separating transcendence basis (sep. trans. basis) for & over Ef if 
the elements of Y) are algebraically independent over f and if & is separable and algebraic 
over F (9). 

* Hasse-Schmidt, [2], Fortsetzbarkeitsatz p. 26 and Satz 2 on p. 28. 
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g(z) = 0 over f, choose in k[z] any monic polynomial G(z) with the same degree 
as g(z) and with coefficients representative of the coefficients of g(z). Denote 
by G’(z) the corresponding polynomial in K’. By the Hensel-Rychlik reduci- 
bility Theorem,’ K contains exactly one root b of G(z) = 0 with residue class B. 
Furthermore k(b) has res. field 8 = f(8), and the map T can be extended to 
k(b) by taking as b” the correspondingly unique root b’ of G’(z) = 0 with, residue 
class 8. This is clearly the only extension of T to K = k(b), so that the Theorem 
is proven. 

In the special case when = §’ the extension 7* found by combining the 
above methods maps K on all K’. For, the map K™" is a subfield of K’ with 
the same value group and the same res. field as K’, hence is necessarily equal 
to K’ (MacLane [4], Theorem 8). Hence a first equivalence Theorem, which 
applies without any assumption of discreteness: 

TueorEeM 4. Separable Equivalence. In an unramified equivalence problem, 


(*) K>k, K'Dk, with R = 8’ Dt, 


the complete ficlds K and K’ are analytically equivalent over k if the residue class 
field R has a separating transcendence basis over the original residue class field f. 


4. Complete fields with perfect residue class fields 


THEOREM 5. Given a discrete and unramified equivalence problem (*) with 
perfect residue class fields R and f, the extensions K and K’ are always analytically 
equivalent over k. More generally, if the given unramified extensions K and K' 
have distinct residue class fields R and R’ with R C RK’ and tf K and Ff are perfect, 
there is an analytic isomorphism T of K in K’ which leaves elements of k and 
residue classes of R fixed. 

This Theorem, when proven, will have the following consequences: 

Corotiary 1. If K and K’ are p-adic fields with respective residue class fields 
RK C RK’, where K is perfect, there is an analytic isomorphism of K into a subfield 
of K' which leaves fixed the residue classes of &. 

Proor. Apply Theorem 5, using for k the minimal complete subfield (of 
p-adic numbers) contained in both K and K’. A special case of this corollary 
is the usual “structure theorem” for a perfect residue class field: 

Coroutiary 2. Any two p-adic fields with the same perfect residue class field 
are analytically isomorphic under a map which leaves each residue class fixed. 

Theorem 5 may be proven directly from the separable map extension of 
Theorem 3 if the res. field & has characteristic 0. Suppose then that & has 
characteristic p, and let the set 9) of elements » form a transcendence basis for 
R/f. The perfect field must contain all roots 7” * and hence also the subfield 
RK = £(Q” °) consisting of all rational functions of all quantities y’ , for 
which 7 is in 9) and ¢ is an integer. For each such 7 Lemma 2 provides multi- 





7 Albert, [1], Lemma on p. 296: Hasse-Schmidt, [2], p. 31. The proof given by Albert 
for the discrete case holds equally well for a non-discrete valuation. 
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plicative representatives y and y’ in K and K’ respectively. The set Y of all 
the representatives y in K is a set of independent transcendents over k because 
the homomorphic images 9) are algebraically independent over ®. The multi- 
plicative representative y” ° of n” ° is by Lemma 2, (ii) a uniquely determined 
p™ root of y. Therefore K contains the ring Ry = k[Y” ], which consists of 
all polynomials f in the quantities y” *, of the form 


(4-1) fm, «ee » Ym) 7 ay(y{"* pias Ym”) tT: + a(y{"? ae — ’ 


in which y: , --+ » Ym are any elements of Y, each coefficient a; is in k and each 
exponent q;; is a rational fraction with denominator a power of p. The valua- 
tion {V, H} of K has Vy = 0, Hy = yn. The algebraic independence of the 
y's and the definition (2-2) of a homomorphism give, by computation in (4-1), 


(42 V(f) = Min (Var, --- , Va.) 
(4-8) H(f) = (Hay) (ni™ --- nm) +--+ + (Has) (ni --~ nf). 
In other words, H[f(y:, --- , ym)] = f"(m, --+ , mm), where f” denotes the poly- 


nomial obtained by applying H to each coefficient of f. 

The set Y’ of all multiplicative representatives y’ of elements 7 in K’ generates 
asimilar ring Ro = k[Y’” “] C K’, for which the valuation and homomorphism 
are given by similar formulas. This means that the correspondence 


To :f(yr,--- Ym) f(y, +++ 5 Ym) 


is an analytic isomorphism of Ro to Ro which leaves fixed elements of k and of 
the residue-class ring f[9)” “]. In natural fashion 7 can be extended to the 
quotient field of Ro and thence to the complete closure Ko of this quotient field 
inK. The res. field of Ko is Ro = £(%” °); since 9) was chosen a trans. basis 
for R/f, the whole res. field is algebraic over the smaller field &). Further- 
more &), like f, is perfect, so that ® must be separable over %>. The map 
of Ko in K’ can therefore be extended by Theorem 3 to a map of K in K’. By 
construction, this map leaves fixed all elements of k and all res. classes. 


5. Teichmiiller’s embedding process 


Imperfect residue class fields may be analysed by p-bases. In any field & 
of characteristic p consider the generation of & over the subfield ” consisting 
of the ps powers of all its elements. A subset Dt of & is p-independent if 
&’(M’) is a proper subfield of &?(M) whenever M’ is a proper subset of Me. 
A subset MN is a p-basis of R if M is p-independent and if KR’(M) = K. Teich- 
miiller ({11], §3), who gave definitions equivalent to these, showed that every & 
has a p-basis and can be obtained from the subfield R” of the p™" powers 
(n 2 0) of all its elements by the adjunction of any p-basis 2; 


(5-1) KR = K”"(M). 
A p-adic field with imperfect res. field can be embedded in a larger field 
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with perfect res. field by successive extensions like those of Theorem 1. Teich- 
miiller’s exposition of this process’ may be summarized thus: 

TuroreM 6. (Teichmiiller.) If the p-adic field K has the residue class field 
R containing a p-independent subset IM, and if M C K is a fixed set of repre- 
sentatives in K of the residue classes of IN, then there exists a complete unramified 
extension L of K with a residue class field 2 = K(M? ~*), whose maximal perfect 
subfield contains IN, such that the multiplicative representatives in L of each element 
of M are exactly the corresponding elements of M. If M is a p-basis of RK, L is 
the minimal perfect extension R” ~ of &. 

In this theorem &(M’ °) denotes the field obtained from & by adjoining all 
elements »” *, for e an integer and yp in Mt. If M is not a p-basis, a p-basis 
for & may be found by the following subsequently useful process (proof omitted). 

Lemma 3. If the disjoint subsets IM and N of a field K together constitutes a 
p-basis of &, then N is a p-basis of KR(M” *). 

The existence and uniqueness of certain subfields K C L in Theorem 6 
were also established by Teichmiiller for the p-adic case: 

TuHeorEM 7. If the p-adic field L has a residue class field % with the maximal 
perfect subfield 2’”, if M is a p-basis of a subfield R KL, and if M is the set 
of multiplicative representatives of It in L, then there 1s one and only one p-adic 
subfield K of L which contains M and has the residue class field 8. 

Proor. The existence of K, proven by Teichmiiller by a suitable appeal to 
the Witt vector addition, can be obtained in elementary fashion. First con- 
struct any p-adic field K’ with res. field R (Theorem 1), and let M’ be any 
set of representatives of Jt in K’. By Theorem 6 embed K’ in a p-adic field Ly 
with res. field & = &” ” C & in such a way that the elements of M’ become 
multiplicative representatives. By Corollary 1 of Theorem 5 there is a map T 
of Lo in the given L. The definition of multiplicative representatives in 
Lemma 2 is invariant and T leaves residue classes fixed, so that 7’ carries the 
set M’ into the multiplicative representatives M. Therefore the image of K’ 
under T' is the required subfield K of L. 

The uniqueness of K as asserted in Theorem 7 will be established in a more 
general form, useful subsequently in Theorem 12 and Lemma 6: 

Lemma 4. In a p-adic field L any two complete subfields K and K’' with the 
same residue class field 8 are identical (K = K’) if K and K’ contain in common 
some prime element x of L and a set M of representatives for some p-basis IN of 
the residue class field &. 

Note that & need not be perfect nor M multiplicative, while if L is p-adic, 
the prime element p of L is necessarily present in every K, so the hypothesis 
on 7m is true. 

Our proof arises from a simplification of certain res. class formulas due to 





* Teichmiiller, [10], pp. 146-147, Lemmas 14 to 18. This part of the paper uses no vector 
calculus, and proves Theorem 6 below only for 2a p-basis. Our more general statement is 
established by exactly the same methods. 
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Teichmiiller ({10], Lemma 17). For any given b’ of non-negative value in K’ 
we need only find elements 6, in K such that b’ = b, (mod x") for each n. 
For then b’ = lim 6, is in the complete field K, K’ C K, and hence K’ = K. 

For n = 1, b} = 0’ exists because K and K’ have the same res. field. In 
general, bay is to be constructed by induction from b,. As in (5-1), the res. 
class 8 of b’ can be expressed as a polynomial f(Q) in elements of the p-basis M 
with coefficients a” in ®”". If each coefficient a is replaced by a repre- 
sentative a’ in K’ and if each variable ~ of Mt is replaced by its representative 
tin the set M, there results a polynomial F’(M) lying in the residue class 
{(M), so that F’(M) = b’ (mod x). Therefore b’ = F’(M) + c’x for some 
cin K’ with Ve’ = 0. Construct F(M) from F’(M) by replacing each coeffi- 
cient a’” by a”, where a in K is chosen so that a = a’ (mod wr). Then by 
Lemma 1, F’(M) = F(M) (mod x"*’), while the induction assumption yields 
ac, in K with c’ = c, (mod x”). Consequently b’ = F’(M) + c’r = 
F(M) + cam (mod r”**), so that F(M) + car is the required element b,4: of K. 

An analogous proof yields a related Lemma concerned with maps, to be used 
in Lemma 6 of §8: 

Lemma 5. Let K/k be an unramified p-adic extension with residue class fields 
R/f, and let m C k be a system of representatives for a p-basis m of f. Then any 
analytic automorphism T of K which carries m into itself and leaves £ and a prime 
element x of k elementwise fixed must leave k elementwise fixed. 

This includes the useful case when K = k, while if K is p-adic the hypothesis 
on ris superfluous. To prove the Lemma, we need only show b” = b (mod x") 
for each n and each b in k with Vb 2 0. For n = 1 this must hold, since by 
hypothesis 7’ leaves the res. class of b fixed. In the induction proof, b = 
F(m) + ex, as before, so that b” = F’(m) + c’x, where c’ = c (mod x") and 
F’ is obtained from F by replacing each coefficient a” by (a7). But 


a=a’ (mod), a” = (a’)” (mod r"*?), 
asin Lemma 1, so that we have the required conclusion b” = b (mod r™™’). 


6. Equivalence of unramified extensions 


A more general result than the equivalence Theorems 4 and 5 is given by 

THEOREM 8. Given a p-adic unramified equivalence problem (*) of Theorem 4, 
the extensions K and K’ are analytically equivalent over k if some p-basis m of 
the original residue class field € is p-independent in the extended field 8. If k 
is not p-adic but p-adic, the theorem is still true, provided k is unramified over 
some p-adic subfield ko whose residue class field is perfect. 

First some remarks: Any two p-adic fields K and K’ with the same res. 
field & both contain the (prime) field k of p-adic numbers. The res. field f 
of k is finite and perfect, hence has a void p-basis, so that Theorem 8 includes 
the usual structure theorem for arbitrary res. fields: 

Corottary 1. Any two p-adic fields with the same residue class field are 
analytically isomorphic under a map which preserves residue classes. 
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The essential hypothesis of Theorem 8 on &/f is the requirement that some 
p-basis of f is a subset of a p-basis of &. It can be shown that this will be 
the case if and only if every subset of f p-independent in f remains p-independent 
in R. An extension &/f with this property is said to preserve p-independence, 
An algebraic extension /f preserves p-independence if and only if it jis 
separable. The force of this hypothesis may also be indicated by the following 
examples of extensions /f preserving p-independence: 

(i) Any extension & of a perfect field f; 

(ii) Any separable algebraic extension & of any field f; 

(iii) Any purely transcendental extension & of any field f; 

(iv) Any extension with a separating transcendence basis over f (see §3). 

The p-bases necessary to prove that these extensions preserve independence 
may be found directly or by the constructions for p-bases given by Teichmiiller 
in [11]. These examples do not exhaust the independence-preserving exten- 
sions; for instance, over f = B(x), R = B(z, t, t” ', t” *, --- ) preserves p-inde- 
pendence if § is perfect and zx and ¢ are algebraically independent over §. 

Proor or THEOREM 8. The given p-basis m of f is p-independent in and 
hence can be enlarged to a p-basis It of R by known abstract properties of 
dependence relations. Choose a representative system m for m in k and 
two representative systems M > mand M’ D m for Mt in K and K’ respectively. 
Denote by & the minimal perfect field ®” © containing & and use the Teich- 
miiller embedding process to obtain unramified complete fields L > K, L’ > K’ 
both with the res. field £ and containing M and M’ respectively as multiplicative 
representatives. Both Z and L’ are unramified over the p-adic field ko with 
perfect res. field given in the hypothesis (if k is p-adic, let ko be the subfield of 
p-adic numbers). By the equivalence theorem for perfect residue class exten- 
sions (Theorem 5) there is a map 7’ of L on L’ leaving res. classes fixed and hence 
carrying the multiplicative representatives M of J% into M’. Furthermore 
KT is a subfield of L’ with res. field 8 and containing M’ = M7 Cc Kv’, so that 
K? and K’ have both M’ and a prime element z of ky) in common. By Lemma 4, 
Kt = K’, so that T is actually a map of K on K’. By a similar argument, 
kt = k, and T is an automorphism of k leaving the residue classes, the prime 
element 7 of ko and the multiplicative representatives m of the p-basis m fixed. 
Hence T' leaves k elementwise fixed, as in Lemma 5, and 7’ does yield the re- 
quired equivalence of K to K’ over k. 

Though we do not have a converse proof that preservation of p-independence 
is a necessary condition for the equivalence of unramified extensions K and K’, 
some restrictive condition on &/f is needed to establish this equivalence, as is 
indicated by the following partial converse. 

THEOREM 9. Let the discrete field k have a residue class field £ with an algebraic 
extension . All wnramified complete extensions of k with the fixed residue class 
field R are equivalent over k if and only if & is separable over f. 

The proof will be applicable not only to a discrete field k, but also to any 
field k with a value group T such that ! ¥ pI’, where pI’ denotes the set of all 
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multiples py of elements 7 in lf. That separability suffices for equivalence 
was shown in Theorem 4. Assume conversely that &/f is not separable, let f, 
be the maximal subfield of & separable over f and construct by Theorem 1 an 
unramified extension k, of k with the extended res. field f,. Pick an a@ in f, 
with a” in R but not in f, , select any representative a of a in k, , and form the 
algebraic extensions L; = k,(b:), Le = k.(be) in which b? = a, bf = a(1 + 7). 
Since ! # pl’, x can be chosen in k so that 


(6-1) 0 < V(r) <1, V(m) not in pI. 


The valuation of k, has a unique extension to each field L;, and in each case 
the res. field of L; is f.(a!” ). Unramified extensions K; D> L; then exist with 
the extended residue class field RK D> f.(a”). 

Were all unramified extensions corresponding to & equivalent, there would 
bea map 7' of K; on Kz leaving & and k and hence (end of Theorem 3) leaving 
k, elementwise fixed. The construction of b; makes (b2/bf)” = 1 + win Ko, 
wherefore r = —1 + (1 + u)?, with u = 1 — be/bf in Kz. The binomial 
formula and the assumption V(p) = 1 entail 


er =—-1l+1+puct.-- + pu?'4+v’, 
V(r) = Min [1 + V(u), --- ,1 + (p — 1)V(u), pV(u)); 


consequently V(u) > 0 and either V(r) = 1 + V(u) > 1 orelse V(x) = pV(u), 
both counter to (6-1). The non-uniqueness so established is the central reason 
for the non-uniqueness of certain maximally perfect extensions of valuations 
of higher rank (Mac Lane [4], §7, Example II). 


7. Subfields of complete fields 


When does a given p-adic field have a p-adic subfield with a specified res. 
field? A first answer is . 

THEOREM 10. For any subfield f of the residue class field R of a p-adic field K 
there is a p-adic subfield k C K with residue class field f. If € is perfect, there 
is only one such field. More generally, if R/€ preserves p-independence, any two 
p-adic subfields k and k’ with residue class field £ are conjugate under K. 

The statement that k and k’ are conjugate means that there is an analytic 
automorphism of K leaving residue classes fixed and carrying k into k’. To 
prove the existence of k, construct by Theorems 1 and 2 fields k’ C K’ with the 
res. fields f C and map K’ on K by the structure Theorem; the map of k’ is the 
required subfield. If k and k’ are two p-adic subfields with the same perfect 
res. field f, then k and k’ contain multiplicative representative systems R and R’ 
respectively. These systems can be characterized uniquely in K by Lemma 2, 
hence R = R’. Any element in k or k’ is then the limit of a series >) aip’ 
with coefficients a; in R, so that? k = k’. 

Finally, if &/f preserves p-independence, the field k has a map T' on k’, by 





* Examples of k * k’ with f imperfect are discussed at the end of §8. 
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the structure Theorem, and the map may be extended to a map of K Dk ona 
new field K’ Dk’. Then K’/k’ and K/k’ are equivalent, by Theorem 8, under 
some map S leaving k’ elementwise fixed. The map 7’S is an automorphism of 
K carrying k into k’, so that k and k’ are conjugate, as in the Theorem. 

The subfield-res. field correspondence k — f has further properties related 
to the fact that the set S of all p-adic subfields L of K, under the ordinary 
inclusion relation, forms a lattice.” 

THEorEM 11. The p-adic subfields k C K with perfect residue class fields form 
a sublattice S, of the lattice S, while all perfect subfields £ of the residue class field 
R constitute a sublattice S, of the lattice S of all subfields Qof R. The correspond- 
ence L > Qin which each L € K corresponds to its residue class field 2 is a lattice 
isomorphism of S, to S, , because it preserves union and intersection. 

Proor. ©, isa sublattice of S (Ore [7]) because in S unions and intersections 
of perfect fields are perfect. For the intersection this is clear; while the union 
f, U f, contains a maximal perfect subfield f* which then must in turn contain 
the perfect subfields f, and f., so f = f, U f is perfect. 

The res. field correspondence L — & preserves certain inclusions, for if L > 
and k — f, then 


(7-1) f C Land fF perfect imply k C L. 


For, L must contain some subfield k’ with the res. field f of k, and by Theorem 10, 
k.and k’ must be identical. 

To prove S, a sublattice of S we must prove that unions and intersections 
in S of fields in S, liein S,. If ki — f,, ke > f with f; and f, perfect, then 
the unique p-adic subfield k of K with res. field f; U f, is the union of k, and hk 
in S. For, k Dk, and k D ke by (7-1), while any p-adic subfield k’ D k, U ky 
must have a res. field f’ D f, U f., so that k’ Dk, whence k = kj U ky. On 
the other hand, let k; M ke be the intersection in S of the fields k; and ke , while 
ko is the unique p-adic subfield of K with the perfect res. field £, NM f. By (7-1), 
both k; and ke contain ky , so ki M ke D ko. However, the res. field of ki M ks 
is contained in that of ky , so the unramified extension k; NM ke D ko is necessarily 
ko , and the intersection k; M ke = ko has the perfect res. field f = fi M h, as 
asserted. 

Finally, the correspondence k — f is one-to-one from S, to S, by Theorem 10, 
and preserves the inclusion relation by (7-1), so that it is indeed a lattice iso- 
morphism. 

Fields intermediate to given unramified extensions suggest analogous ques- 
tions: 

THEOREM 12. Let p-adic fields k C K, K unramified over k, have residue class 
fields £ C & with an intermediate field 2, § C2 CK. A complete field L with 
residue class field £ and wih k CL C K will exist if & has a separating trans- 





10 In S the union L; U L, is the smallest complete field containing L; and L:, and not 
necessarily the smallest subfield of K containing L, and Lz. 
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cendence basis over £ (ef. §3) or if R/E preserves p-independence and k is p-adic 
(see §6). If 2’(£) = 2 at most one such field L exists. 

Proor. If £ has a sep. trans. basis over f, construct an unramified extension 
l' of k with res. field 2, and map L’ in K by Theorem 3; this gives the desired 
field L as the map of L’. If R/£ preserves p-independence, construct p-adic 
extensions k C L’ C K’ with the res. class extensions f C & C §, and again 
map K’ into K by the equivalence Theorem 8 of §6. Finally the hypothesis 
(f) = Lis equivalent to the assumption that f contains” a p-basis M of &, 
which implies that k contains a representative system M of I. Any two inter- 
mediate fields L and L’ with res. field 2 must then contain k and M, so that 
Lemma 4 of §5 implies L = L’. 

Such intermediate subfields L may not exist in cases when the hypotheses of 
Theorem 12 fail. 

ExampLe I. Let &/f be a finite inseparable algebraic extension with an 
infinite number of intermediate fields, and let k be p-adic with res. field f. A 
finite, algebraic, and unramified extension K/k with res. field R can be con- 
structed as in Theorem 1. This extension K is complete” and hence p-adic. 
The finite separable extension K/k contains only a finite number of intermediate 
fields L, which cannot correspond to the infinite set of intermediate fields 
reece @ 

Examp.e IJ. Even when there are but a finite number of fields % there may 
not exist corresponding intermediate fields Z. We now construct such an 
extension K/k with res. fields of relative degrees [R : %] = [2 : f] = 2, but where 
no intermediate p-adic field corresponding to % can exist. Let $ be a perfect 
field of characteristic 2, f = $8(7) a simple transcendental extension of $, k a 
p-adic field with res. field f, and ¢ a representative of 7 in k. Set K = k(@), 
where @ is a root of 


f(z) = a + 22° + 22° +1, 
which is irreducible (mod 2) and hence irreducible over k. In the extension 
of the valuation V to K, @ has the residue class ~/7 and K is complete and un- 
ramified with res. field R = E(¥/r). Then 2 = f£(+/7) isan inseparable quadratic 
intermediate field which cannot be the res. field of an intermediate L simply 


because there is no quadratic field between K and k. This is the case because 
the resolvent cubic™ 


g(y) = y° — 2y’ — Aty + 4¢ 
of the defining quartic equation f(z) = 0 is irreducible. The irreducibility of g 





" If K/k is unramified and p-adic but not p-adic, the result still holds under the added 
hypothesis in the last sentence of Theorem 8. 

° This will be the case, for instance, if 2/f is separable algebraic or if 2 is obtained by 
adjoining to f a transcendent z and all roots x? *, ete. 

* Cf. for instance Albert, [1], ch. XI, Theorem 11. 

“ Albert [1], ex. 9 and 17 on pp. 178-9. 
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may be established by the usual Eisenstein criterion,’” for the Newton polygon 
of g relative to V is a straight line of slope 2/3. 

This example shows that in Theorem 12 it would be impossible to state condi- 
tions on f C £ C K alone which would be necessary and sufficient for the exis- 
tence of a corresponding intermediate p-adic field L, for it is possible to construct 
successively other p-adic fields k C L’ C K’ with exactly the res. fields of this 
example. 

II. AuroMoRPHIsM GROUPS 


8. The inertial group 


G = G(K) denotes the group of all analytic automorphisms of a given p-adic 
field K and G,(K) the subgroup of “inertial” automorphisms 7; that is, of 
those 7 which, as in (2-4), generate the identity automorphism on the res, 
field. Since K is complete in a discrete valuation it is not algebraically closed 
and hence not complete in any other (non-equivalent) valuation.” Therefore 
any automorphism of K is necessarily analytic, and G(K) is the group of all 
automorphisms of K. 

G,(K) is a normal subgroup of G(K), exactly qs for the Hilbert inertial group 
in an algebraic number field. We now seek the structure of the quotient group 
G/G, in the more general case when G consists only of automorphisms “relative” 
to a subfield k (i.e., leaving k elementwise fixed). 

TuroreM 13. If K Dk are p-adic fields” with residue class fields R/t pre- 
serving p-independence (cf. §6), and if G(K/k) is the group of relative auto- 
morphisms of K over k and G,(K/k) its inertial subgroup, then the quotcent group 
G(K/k)/Gi(K/k) is tsomorphic to the group G(RK/F) of relative automorphisms 
of the residue extension R over f. The isomorphism is given by the correspondence 
T — rin which 7 ts the residue class automorphism generated by T. 

Proor. The correspondence 7’ — 7, where 7 is given as in (2-4) by 


(8-1) 7[H(a)] = H(a7) (V(a) 2 0) 


is certainly a homomorphism of G on a subgroup of G, and under this homo- 
morphism the subgroup of G mapped on the identity is exactly G,. It remains 
to construct a T for any given r. If {V, H} is the given valuation of K, then 
{V, 7 ‘H} is another valuation of K with a different residue class homomorphism 
H’ = +H but with the same res. field R. The two complete fields K with 
{V, H} and K with {V, 7 ‘H} are extensions of k with the same res. extension, 
so must be equivalent, by Theorem 8, under a map T of K on itself which is the 
identity on R. Hence, as in (2-5) 


Ha = (r 'H)(a7) 
for any a with V(a) 2 0. In other words, (8-1) holds, as desired. 





18 Mac Lane [5], or papers of Ore there mentioned. 

1° F. K. Schmidt, [9]. Our definition of equivalence of valuations and of analytic iso- 
morphisms can be shown equivalent to those used by Schmidt; cf. Mac Lane, [4], footnote 
15. 
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A special case, with k = the minimal complete subfield, is: 

Corotiary. If G and G, are respectively the automorphism and inertial groups 
of a p-adic field, then G/G, is isomorphic to the automorphism group of the residue 
class field. 

Note that Theorem 13 includes also the known result that the Galois group 
of an unramified algebraic extension of a p-adic number field (with finite res. 
field) is isomorphic to the Galois group of the res. extension. 

For further investigations we use the following systematic construction of 
automorphisms 7’ of G:(K/k), where K is an unramified extension” of k with 
res. fields &/ f. 

Lemma 6. Relative inertial automorphs. If m is a p-basis of € contained 
ina p-basis m + M of KR, with m and Mt disjoint, and if M and M’ are any two 
systems of representatives of Wt in K, then there exists one and only one auto- 
morphism T of Gi(K/k) which carries M into M’. All automorphisms T of 
G,(K/k) can be obtained thus, for fixed M and variable M’. 

If K is p-adic, this Lemma also gives the whole group G(K). 

Proor. By Theorem 6 embed K in complete unramified extensions L and 
L' with res. field 2 = R(M” ”) so that M and M’ respectively are multiplicative 
representatives of Mt. The res. field & has as p-basis the p-basis m of f, by Lemma 
3 of §5, so L/k preserves p-independence and the fundamental equivalence 
Theorem 8 applies. It provides a map 7' of L on L’ which leaves elements of 
{and k fixed and which carries the multiplicative representatives M into M’. 
Pick a system m of representatives of min k. The subfield K’ of L’ contains 
k and M’, hence contains the representative system m + M’ of the p-basis 
m + IM of KR, while the subfield K originally embedded in L’ contains the same 
setm + M’. Any prime element = of k is contained in both K and K’, hence 
K’ = K by Lemma 4 and T is an automorphism of K. By construction, T 
leaves all residue classes fixed, hence 7' is in G;(K/k). 

Any relative inertial automorphism 7’ manifestly maps M on some other 
representative system M’, and M’ uniquely determines 7 by Lemma 5, as 
asserted. A special case of this uniqueness is 

TororeM 14. A p-adic field with a perfect residue class field R has except for 
the identity no automorphism which leaves every residue class fixed. 

The lemma may also be applied to show that the subfield k C K with specified 
tes. field f constructed in Theorem 10 need not be unique in all cases when f 
is not perfect. Specifically, if the p-adic field K has a res. field R with a proper 
subfield f containing some element £ not in ®”, then K contains distinct p-adic 
subfields with res. field f. For there is a p-basis I of containing the element 
not in R”, by known properties of p-independence. Let k C K be a p-adic 
subfield with res. field f and let M be any system of representatives for IN in K 
containing a representative x of ¢. Since k < K there is a b in K but not in 
k with Vb > 0, so that y = x + bis another representative of — in K. The 
replacement of z in M by this new representative y yields a new system M’ of 
representatives of I. By Lemma 6 there is a map 7’ of G,(K) with M” = 
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M’. Under T the map k’ of the subfield k is another p-adic subfield with res, 
field f, and k” # k because k” contains the element y in M’ but not in k. 


9. The series of ramification groups 


If K/k is unramified and p-adic, denote by G,(K/k) the group of all those 
relative automorphisms 7 of K/k for which b in K and V(b) 2 0 imply 7 = 
b (mod +"). For n = 1, G, is the inertial group already considered. If n > 1, 
G,(K/k) is a pseudo-ramification group because its formal definition is like that 
for the usual Hilbert ramification group, although it cannot correspond to any 
(non-existent!) ramification of K over k. As in the classical case, one proves 
that each G,(K/k) is a normal subgroup of G,(K/k). The successive quotient 
groups are abelian, as for the ordinary ramification groups, and have the follow- 
ing explicit structure: 

TueoreM 15. Let K/k be p-adic" with residue class fields &/t preserving 
p-independence and with pseudo-ramification groups G, = G,(K/k),n =1. Then 
each quotient group Gr/Gn41 is abelian and is isomorphic to the direct product 
II &* of ¢ abelian groups, where each factor R* is isomorphic to the additive group 
of the residue field R, while the cardinal number c of factors is the cardinal number 
of any set" N which has the property that there is a p-basis m of f such that N and m 
are disjoint and % + m is a p-basis of &. 

Corotiary. A p-adic field K with pseudo-ramification groups G, has each 
G,,/Gn41 abelian and isomorphic to the direct product of ¢ factors R*, where ¢ is the 
degree of imperfection of the residue class field &. 

The degree of imperfection of & is by definition the cardinal number of elements 
in a p-basis of &; it is independent of the choice of the p-basis, as shown by 
Teichmiiller [11]. 

Proor or THEOREM 15. For each residue class \ of the set Jt pick a repre- 
sentative d,in K. By definition, G, consists of maps 7' for which 


(9-1) dx =dy + n't 


for some elements f in the valuation ring of K. The correspondence T — 
{H(t)} carries G, into the ordered set {H(t,)} of ¢ residue classes oe, = H(h), 
where \ ranges over all c elements of R. If KX is the additive group of all resi- 
dues a , this correspondence is a homomorphism G,(K/k) ~ &* because S > 
{H(s,)}, T — {H(h)} yields by definition (9-1) ST > {H(t + sx)} = {Hh 
+ s,)}. The correspondence carries T’s in Gn41, and only these (see Lemma 7, 
below) into the identity. Finally, every possible element {a} of the direct 
product is the correspondent of some 7’, for by Lemma 6 there is an auto- 
morphism T with dx = d, + "a, , where a is any representative of a. That 
this 7 must lie in G, is a result of the following Lemma, which can be readily 
established by a decomposition proof resembling that of Lemma 5 in §5: 
Lemma 7. Ina p-adic" field K > k, an inertial automorphism T of G,(K/k) 





1 There always is such a set Jt, because &/f preserves p-independence. It can be 
shown that the cardinal number c of 9 is independent of the choice of Jt in &/f. 
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is in the pseudo-ramification group G,(K/k) if and only if d” = d (mod p") holds 
for all d of a fixed system M of representatives of a p-basis M of KR. 


10. The inertial subfield 


Each ramification group G, of a p-adic field determines a corresponding sub- 
field consisting of all elements of the field invariant under G,. Unlike the 
classical case, these pseudo-ramification fields all coincide. 

TueorEM 16. Ina p-adic field K let k be the unique p-adic subfield (cf. Theorem 
10 in §7) whose residue class field € is the maximal perfect subfield of the residue 
class field R of K, and let Gm be the m* pseudo-ramification group of K, form = 1. 
Then k consists of all those and only those elements of K invariant under all the 
automorphisms of Gm . 

That any 7 in Gp leaves k elementwise fixed is immediate, for the unique 
subfield k can only go into itself under 7’, so that 7 must leave the elements of 
k fixed as in Theorem 14. The crux of the theorem is the converse statement, 
that for any element b in K — k there is a T of G, with b” ¥ b. This will be 
established by explicit construction of a 7 as in Lemma 6. After some reduc- 
tions, we can assume that the given b in the valuation {V, H} of K has V(b) = 0 
and H(b) = 8 for some 8 not in f. Hence the query: given ), is there a T in Gp 
such that 


(10-1) Vb = 0, Hb = Bin K — ky imply b’ ¥ b? 


First, a p-basis on which to build 7! Since 8 is not in f, the maximal perfect 
subfield obtainable as the intersection of all fields ””, there is some index u 
for which 8 is in R”", but not in R”””'. For some v, 


(10-2) i ay”, y in & but not in &”. 


There is then a p-basis {y} + M of K containing this element y. Fix on a 
representative c of y in K and a representative system M for Mt in K, and con- 
struct by Lemma 6 of §8 the relative automorphism 7 of K/k with 


(10-3) cT=c(l+p”), d’ =d (all din M). 


By Lemma 7 this 7 is in Gn(K). We propose to show T effective in (10-1). 

T leaves fixed the representatives of M and hence all elements of the subfield 
L which is constructed as the complete closure in K of the field k(M). The res. 
field 2 of L is 2 = £(M). For, the elements of the p-independent set M are 
algebraically independent over f (Teichmiiller [11]), so that the representing 
elements of M are necessarily algebraically independent over k. Furthermore 
the residue-class homomorphism H of k(M) on & is given by a formula like (4-1) 
and (4-3), so 2 = £(M), as asserted. 

% has certain extensions &, = &”’(M) such that (Teichmiiller [10], Lemma 11) 


(10-4) n= LR"), R=Kily), [Ks Ka] =p". 





‘8 Here R?” denotes the field of all p" powers £””, for £ in &. 
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Thus y functions as a “relative p-basis” of R/%. We obtain representatives 
of all residue classes of &, in terms of the valuation rings B and B, of K and L, 
respectively and of the set B”” of all p™ * powers of elements of B, as follows. 

Lemma 8. Any element a of the ring Ra = B,[B’’] has a” = a (mod p**) 
and H(a) in&®,. Conversely, any element of 8, has a representative in R,, . 

Proor. By the definition (10-4), ®, = 8” "(2) = K?"[Q] has a set of repre- 
sentatives in the correspondingly constructed ring R, = B,[B”"]. On the other 
hand, any a is a polynomial f(B”’) with coefficients in Bz, hence H(a) is in 
®, and a” = a (mod p”™*”) by Lemma 1. 

The original element b will subsequently be represented by polynomials in 
the quantity c of (10-3) with coefficients in R, . Hence the following computa- 
tion of the effect of 7’ on such a polynomial: 

Lemma 9. If the polynomial F(y) is in R,[y], wheren 2 1 + 1 2 1, then 


(10-5) [F(c”)\" — F(c”') = ce" p*"F'(c”) (mod p*™*), 
where F’(y) is the derivative of F(y). In particular, if 1 = 0, 
(10-6) (c?")? — c = cp (mod p**"*"), 


Proor. The relation (10-6) results from the construction c” = c(1 + p”) 
of T in (10-3) and from the binomial expansion 


(1 + p”)” = 1 + p (mod pn), 


This congruence, together with Lemma 9, fails when p = 2 and m = 1, but this 
exception is avoided by assuming m = 2; for the construction of a T' in Gs» cer- 
tainly provides a 7’ in the larger group G,! The = (10-5) is derived 
from the Taylor expansion of [F(c”’)]" = F(c” + p‘*”c?’), using (10-6) and 
Lemma 8 to find the effect of 7 on coefficients of . 

The elements a left fixed by 7 will next be sought. Suppose a in B and a’ 
= a (mod p™™) for some integers => 1. Theres. H(a) = ais by (10-4) in &.(7), 
so there is a polynomial g(y) in &,[y] of degree less than p* with a = g(y). Then 

= G(c) (mod p), where G(y) is a polynomial whose coefficients are in R, and 
represent corresponding coefficients of g(y), as in Lemma 8. Therefore 
a — G(c) = pa, for some a, in B, and 


0 =a" —a=[G(o)!" — EG) + plat — a) (mod p™"). 
But af = a: (mod p”) because 7’ is in Gp , so (10-5) for i = 0 gives 
0 =a’ —~a=cp"G'(c) (mod p™”). 


Consequently cG’(c) = 0 (mod p) and yg'(y) = 0. This gives an equation 
vo'(y) = 0 of degree less than p* for y over &,, which contradicts (10-4) unless 
g'(y) = Oidentically. In this event, g has the form g(y) = f(y”) and as a result 
G{y) = F(y”), provided G was originally so chosen that each zero coefficient of 9 
corresponds to a zero coefficient in G. Thus a = F(c”) (mod p), where F has 
degree less than p" * and coefficients in R,. Repeating the process for higher 
moduli, we finally obtain 
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Lemma 10. If the element a in B has a” = a (mod p™"*), and if 0 <n S s, then 
a has an expansion 


(10-7) a = F,(c") + Frac” )p + --- + Filc’)p"™ (mod p”), 


where each F{y) ts a polynomial in R.-n+ily] of degree less than p* ", and where 
any coefficient of F; congruent to 0 (mod p) is equal to 0. 

The proof is by induction on n for fixed s. The case n = 1 has just been 
established. Assume next that (10-7) holds for some n and that s > n + 1. 
The next term in this expansion could be written as a,p", for some a, in B. We 
can again write a, = Fo(c) where Fo(y) is in R._»ly] and of degree less than 
p’". The expansion now is 


(10-8) a = F,(c”) + --- + Fi(c?)p"* + Fo(c)p" + anyap”™, 


for some element @n4: in B, so that any: = Gai: (mod p”). The difference 
a’ — ais = 0 (mod p™*”"’) by hypothesis and may be calculated by applying 
Lemma 9 to (10-8). The congruence >> c”'F;(c”’) = 0 (mod p) results, where 
the sum runs from 7 = 0 to n. The homomorphic image of this congruence 
becomes 


(10-9) YW in(y”) + +> + fly”) + vfoly) = 0, 


where y = H(c) and fi(y) denotes the H-image of F;(y). 

An induction on j from this equation shows that f;(y) = 0. The initial case 
j = 1 can be subsumed in the induction by starting with the general assumption 
that the polynomial h;(z) determined by 


(10-10) 2” hj(2) = 2”*fn(2") + --- + 2” fi(2”) 


has a root 2 = y;for when j = 0 this assumption is (10-9). Each f,(z), as image 
of F(z), has coefficients in ®,_n4;, so that h,(z) has coefficients in &, , where 
r=s—n+jy>0. Over this field &, ,-y must by (10-4) satisfy the irreducible 
equation z” — y”” = 0, for which reason the other equation h,(z) = 0 for y isa 
multiple 


(10-11) hz) = g(z)(2”” — y”). 


In (10-11) the terms on the left are of two sorts: first, the terms 2” ”’f;(z”’) 
from (10-10) with 7 > j, which are sums of terms of the form dz‘ of degree 
e= p' — p’+ ep’ = — p’ (mod p™”); secondly, terms from f;(z”) in which no 
terms 2° with e = — p’ (mod p**’) can occur, because f; is a derivative in a field 
of characteristic p. The terms of this second type have a degree e’ = ep’ 
<p’ "p’ = p’, less than the minimum degree of terms in q(z)z”. One argues 
from this circumstance that q(z) can contain only terms z’ with exponents 
v = — p’ (mod p’*’) and therefore that f;(z”), which is in (10-11) the only 
source of terms not satisfying this congruence condition, must be identically 
zero. This conclusion, fly) = 0, completes the induction. 

This identity f;(y) = 0 implies that fi(y) = gis:(y’) for some polynomial 
g(z) in R.-n4z] of degree less than p"”*. The hypothesis concerning zero 
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coefficients for the F’s, inclusing of a proper such choice for the Fy constructed 
at the start of the proof, thereby insures that Fi(y) = Gix:(y”), for Gis; some 
polynomial with coefficients in Rs-n4;. With these G’s, (10-8) can be rewritten 
as the desired expansion (10-7) of a (mod p”**), so that the induction on 7 for the 
Lemma is proven. 

Return to the query (10-1) and suppose that the element b there had b’ = b, 
Apply Lemma 10 to b with n = s = u + 1, for wu chosen as in (10-2). The 
Lemma states that b = F,(c”") (mod p), where F,, is of degree less than p” = 1, 
so that b must be in R, = Ruy: with a residue class 8 = y” in Rx = Rus1, con- 
trary to (10-4). The second half of Theorem 16 is thus completed. 
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1. Introduction 


We are concerned with the totality of minimal surfaces bounded by a simple 
closed rectifiable curve g in a euclidean space of dimension n > 1. We are 
not concerned with minimal surfaces of minimum type except in so far as 
they appear as special cases of the general theory, corresponding to 0-cycles in 
our function space. We shall show that such a theory can be developed as a 
particular application of the general critical point theory. The function will 
be the Douglas-Dirichlet [1] functional, and the independent variable an ad- 
missible transformation of the parameter of g. That such an application of 
the general critical point theory to the functionals of variational theory is 
possible has already been shown [7] for simple integrals of the positive definite 
type. Having in mind the possibility of an application of the critical point 
theory to multiple integrals Morse has recently developed the underlying 
abstract principles in the reference [7] cited below. This development will 
presently be extended from the same point of view in references [7] and [8]. 

We begin with a summary of the underlying theory defining the conditions 
of bounded compactness, regularity at infinity, and weak reducibility of F at a 
point p. These conditions are the simplest conditions under which the general 
theory can be applied. Our study of minimal surfaces is fundamentally the 
establishing of these conditions. We begin with the assumption that the 
number of minimal surfaces bounded by g is finite. In the last section this 
condition on the number of minimal surfaces is removed. 

We give an example in which the curve g bounds two minimal surfaces of 
minimum type belonging to disconnected critical sets. The general theory 
then affirms the existence of at least one minimal surface of non-minimum type. 


2. The general critical point theory 


We shall here present those concepts and theorems of the general theory 
which are essential to the theory of minimal surfaces in the large. For proofs 
and further details the reader is referred to references [7] and [8]. 

We start with an abstract metric space M with points p, q, r etc. Distances 
pr, pq etc. shall satisfy the usual axioms 


pp=0, pq #0 ifp~qpqasprt+ya. 


We shall make use of Vietoris chains and cycles on M with coefficients in an 
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arbitrary field. The reader who desires special simplicity can take this field 
as the field of integers mod 2. 

Let F(p) be a real single-valued function of the point p on M. We suppose 
that F is finite and positive but in general not bounded. 

Let E be a subset of M. We shall admit deformations A of points initially 
on E. The deformation A shall replace a point p on E at the time t = 0 bya 
point g = q(p, t) on M at the time t, where p is on E and ¢ varies on a closed 
interval (0, 7). We shall suppose that 7 is a positive constant and that q(p, t) 
varies continuously with its arguments. The curve g = q(p, t) obtained by 
holding p fast and varying ¢ will be termed the trajectory T defined by p. Ifa 
point q precedes a point r on 7’, g will be termed an antecedent of r. 

We shall say that A admits a displacement function on E, if whenever q is an 
antecedent of r such that gr > e > 0, then 


F(q) — F(r) > 6), 


where 4(e) is a positive, single-valued function of e. A deformation of E which 
possesses a displacement function on each compact subset of # will be termed 
an F-deformation of E. 

If c is a finite constant the subset of points of M on which F < c will be 
said to be below c, while the subset of points on which F S c will be said to 
be below c+. 

We shall now enumerate three conditions on F and M under which the 
theory proceeds most simply. 

I. Bounded compactness. Under this condition the subsets F S c are com- 
pact for each finite constant c. 

Under the condition of bounded compactness F is lower semi-continuous. 
To see this let p, be a sequence of points tending to a point g as n tends to ~. 
We must show that 


(2.0) lim inf F(p,) 2 F(q). 


To that end let the left member of (2.0) have the value c. If c is infinite (2.0) 
holds. If c is finite then for any positive constant e and for an infinite sequence 
of increasing positive integers n;, pn, lies below c + e. By virtue of the con- 
dition of bounded compactness, q lies below (c + e)+. Hence 


F(q) Sct+e 


for each positive e, and (2.0) follows. 

II. Regularity at infinity. Corresponding to each compact subset A of M 
we here require the existence of a continuous deformation of A such that the 
final image of A is below some finite constant, and such that any subset of A 
on which F is bounded is deformed through a set of points on which F is bounded. 

If F is regular at infinity each cycle on M is homologous to a cycle below 
some finite constant. A cycle z below a finite constant c and bounding on M, 
is bounding on a set on which F is bounded. 
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Ill. Weak upper-reducibility. The function F will be said to be weakly 
upper-reducible at a point p, if corresponding to each constant c > F(p) there 
exists a neighborhood N, of p relative to F < c, and a deformation A of N,, 
with the following properties: 

(i) For some positive » the points of N. not initially below c — n are deformed 
onto the set below c — n, with A admitting a displacement function. 

(ii) The points of N. initially below c — n remain below c — n throughout A. 

To obtain the consequences of the conditions I, II, and III we introduce the 
notion of a homotopic critical point and its type numbers. A point p is said 
to be homotopically ordinary if some neighborhood of p relative to the set 
F < F(p) admits an F-deformation which displaces p. A point which is not 
homotopically ordinary is termed homotopically critical. 

A point set A will be said to be definitely below a (written d-below a) if A 
lies below a — e for some positive e. The phrase d-mod F < a shall be under- 
stood to mean mod some compact set d-below a. Let u be a k-cycle below a+ 
taken d-mod F < a. A homology 


u~0 (on F S$ a)(d-mod F < a) 


will be termed an a-homology. A k-cycle u below a+, d-mod F < a, not 
a-homologous to 0, will be termed a k-cap with cap-limit a. 

A group of k-cycles or k-caps etc. will be said to have a property A if every 
element of the group, with the possible exception of the null element, has the 
property A. The group will be termed a mazimal group with the property A 
if it is a proper subgroup of no group with property A. With this understood 
we turn to certain important definitions. 

Let « be a homotopic critical point of F with F(c¢) = c. Suppose first that 
is isolated among homotopic critical points below c+, and let U be a neigh- 
borhood of o relative to F < c at a positive distance from other homotopic 
critical points of F below c+. The dimension of a maximal group of k-caps 
on U with cap-limit c will be called the k” cap type number of o. This type 
number is independent of the choice of U restricted as above. 

The simplest general theorem is the following: 

THEOREM 2.1. Let F be a function satisfying conditions I, II, and III and 
possessing at most a finite number of homotopic critical points. Let R; be the k* 
connectivity of M and M;,, the sum of the k cap type numbers of the homotopic critical 
points of M. If the numbers R;, and M;, are finite and if we set e. = M, — Rx 
the following relations hold 

0 = 0, 
0, 
0, 
0 


IV 


ey — @ 
(2.1) Rite 


IV 


€2 — 1 + & 
Cn — Cn-1 + eh + (—1)"eo 


where n is the maximum of the indices of the numbers M;. . 
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Any condition implying that the numbers A; are finite is not restrictive for 
our purposes, inasmuch as we shall show that in our application Ry = 1 and 
R, = 0,k > 1. The restriction that the number of homotopic critical points 
be finite can be removed, as we shall see in §7._ We state the following simple 
corollary of the theorem. 

Corotiary. If the conditions of the theorem are satisfied, if Ro = 1, and if 
there are m isolated proper relative minima there are at least m — 1 homotopic 
critical points of type 1, counting critical points with their type numbers. 

Under the conditions of the corollary 


My 2 m, &=m-—l, ée: = M, — R,. 
From the relation e; = é@ we infer that 
M,2h +m -—1, 


and the proof is complete. 

In §7 we shall point out that when conditions I, II, and III are satisfied 
and Ry = 1, and the distribution of critical points is otherwise completely 
arbitrary, the existence of two disconnected minimizing critical sets implies 
the existence of at least one homotopic critical set o of non-minimizing type. 
More precisely the first type number of o as distinguished from the zero‘ type 
number will not be null. This result is a very special application of the general 
relations and existence theorems. 


3. The Douglas functional A(¢) 
We suppose that the curve g is simple, and representable in the form 
(3.1) 4; = g;(s) (¢ = 1,---,n) 


in the space of the n codrdinates, with s the arc length along g. We shall also 
assume that the derivatives g;(s) exist and satisfy a Lipschitz condition of 
the form 


(3.2) | gi(s + As) — gi(s)| S$ K|As|, (i = 1,---,n) 


where K is a constant independent of 7. Without loss of generality we can 
suppose that the length of g is 27, and that 


gi(s + 2) = gi(s) (¢ = 1,---,n). 


We shall admit other representations of g, in particular representations of the 
form 


(3.3) t: = pila) = gily(a)] 
where ¢(q) is a continuous non-decreasing function of a such that 
g(a + 2r) = g(a) + 2r. 


A function g(a) of this type can be constant on certain intervals of the a-axis, 
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but the length of such intervals can never be as great as 2x. A representation 
of g of the form (3.3) will be termed a p-curve defined by ¢. 

Let (r, 6) be polar coérdinates in a plane of rectangular coérdinates (u, v). 
Corresponding to the curve [p(a)] there exists a “harmonic surface” S of the 


form 


1 2r 1 a 
od ibe isis Qa I ne )j — 2r - x - he 





The functions z,(r, 6) are harmonic for r < 1 and can be so defined for r = 1 
as to be continuous on the disc r S$ 1. So extended, 


xi(l1, 0) = p.(@). 
Let y:(u, v) be a representation of S such that 
yi(r cos 0, r sin 6) = z,(r, @). 
Let H represent the region u’ + »” <1. We suppose that the Dirichlet integral 


po) = 4 ff S| (2) + (2) awe 


is finite. We term D(p) the Dirichlet integral defined by [p(a)] or by ¢(a). 
According to Douglas ia equals the improper ainsi 


A(y) = a | [x p 


extended over the square Q 
0S aS 2, 08 S22 


Let the region u? + v* < 1 be subjected to a 1 — 1 conformal transformation 
T into itself. In this paper the term conformal shall mean either directly or 
inversely conformal. Under T' the circle r = 1 undergoes a homeomorphism. 
A point with angular coérdinate a is thereby transformed into a point with 
angular codérdinate @(a). We set 


pilA(a)] = 9i(a) 
and recall the well known fact that 
D(p) = DQ). 
Recall also that there exist transformations of the type 7 in which three arbi- 
trary distinct points of the circle r = 1 are carried into three arbitrary distinct 
points of r = 1. These facts introduce and partially justify the three point 
condition on the transformations ¢(a). 


Under the three point condition on (a) the relation a = g(a) shall hold for 
three given distinct values a , a2, a3 of a on the interval 0 S a < 2r. 





cco 











448 MARSTON MORSE AND C. TOMPKINS 


The values a, a2, as are held fast throughout the remainder of this paper, 
When ¢ satisfies the three point condition the harmonic surface S defined by 
is represented as a continuous image of the disc r S 1 in such a manner that 
the three points on the boundary of the disc at which @ equals a , a2, and a; 
correspond respectively to the three points of g at which s equals a1 , a2, and as. 

The space 2. ‘The space M of §2 is here taken as a space Q defined as follows: 
Q shall consist of those transformations g(a) which satisfy the three point 
condition and for which A(¢) is finite. It is understood that ¢ is continuous 
and non-decreasing as previously. We term ¢ a point of 2. To two points 
g and y of 2 we assign the distance 


ey = max. | o(a) — ¥(q) | (0 S a S 2n). 


The space 2 so defined possesses a metric satisfying the usual axioms. The 
function A(g) now replaces the function F of the general theory. The function 
A(¢) is finite at each point of 2. We turn next to the conditions I, II, and III 
on A(g). The condition of bounded compactness here takes the form 

The subset of points y of 2 for which A(¢) ts at most a finite constant is compact. 

That this condition is satisfied follows from the work of Douglas. See also 
[5] and [3] p. 78. As pointed out in §2 this condition implies that A(¢) is lower 
semi-continuous. 

We supplement the preceding by a definition of a distance between two 
p-curves [p(a)] and [q(a)] representing g. We take this distance as the maxi- 
mum of the distance 


{& [p(a) — aa) Fh! 


as a varies from 0 to 2m inclusive. The space of p-curves representing g is 
thus a metric space of the usual type. 
We now turn to condition II of §2. 
4. Regularity at infinity 


The integral A(g) was taken over the square Q in the (a, 8)-plane. On Q 
the integral is singular on the diagonal a = B as well as at the vertices of Q. 
We shall find it simpler to replace Q by the parallelogram w on which 


0 38 S 2z, 
B-wrSaSB+r. 


On w the integrand of A(¢) is singular only on the line a = 8. 
Let @(a) satisfy all the conditions on a point g(a) of 2 except the condition 
that A(g) be finite. We introduce the integral 


H() = 5 pails to) 80) da dB, 


sin @=8) 





=a 
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noting that this integral is improper and understanding that it may be infinite. 
We shall prove the following theorem. 

TurorEM 4.1. A necessary and sufficient condition that A(@) be finite is that 
H(6) be finite. 

For a rectifiable curve the length of a chord is at most the length of an arc 
subtended by the chord. Hence 


(4.0) 2 {9iL%(a)] — 9:16(6)]}° S [0(a) — o(6y/. 
It follows that 
(4.1) A(6) S H(@). 


Hence the condition that H(@) be finite is sufficient that A(é@) be finite. 
To prove the condition necessary we assume that A(@) is finite. Let e bea 
positive constant less than 7 and let w, be the subset of w on which | a — B| < e. 


We set 

w= wtwe ; 
where w. is complementary tow, onw. Set 
A(#) = A.(@) + Az(6), 
H(6) = H.(6) + Hz (8), 
where A.(6) and H,(6) are integrals with the respective integrands of A(@) and 
H(6) and with w, as the domain of integration. The integrals A? (6) and H? (6) 
are similarly defined with w, as the domain of integration. The integral A? (60) 
is finite. Hence A,(@) is finite by virtue of our hypothesis that A(6) is finite. 


We continue by showing that H,(@) is finite. 
Recall that 


(4.2) 


Lisi =1 oe an Y 


Let » be an arbitrary small positive constant between 0 and 1 exclusive. If 
n numbers s; all lie on a sufficiently short subinterval of the s-axis, then 


> lgi(s)? 21 -—1>0. 
Now 


(4.3) A.() = ix J > 


@e 7 





gi(s)[6(@) — 0(8)]|* 4, ag 


sin (a - 8) " B) 


where s; lies between 0(a) and 6(8) and depends on a and f. If ¢ is sufficiently 
small | 6(a) — 0(8) | will be arbitrarily small provided (a, 8) is on w,. Hence 
for e sufficiently small 


(4.4) A.(6) = (1 — »)H.-(8). 
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But A.(6) is finite so that H.(6) will then be finite. We conclude that H(6) is 
finite. The proof of the theorem is complete. 

We note that H.(6) = 0 for no admissible 6. We shall need the following 
lemma. 

Lemma 4.1. The functions g(a) are equicontinuous for ¢ on any compact 
subset A of 2. Cf. [5], p. 692. 

Let ¢1, -:* @m be a finite set of points on A such that the e-neighborhoods of 
the respective points g, cover all of A. There exists a positive constant 6 so 
small that the condition 


(4.5) la—B|<6 

implies that 

(4.6) | x(a) — gr(B) | <e (ke = 1, ---,m). 
If however g(a) is any point on A there exists a point ¢;(a) such that 

(4.7) | ep(a) — g(a) | <e 


for each value of a. From (4.6) and (4.7) we conclude that 


| e(a) — (8) | < 8e 


subject to (4.5). Hence the functions g(a) of the set A are equicontinuous. 
With the aid of this lemma we can prove the following theorem. 

THEOREM 4.2. Corresponding to any subset B of Q for which A(¢) is bounded, 
the ratio of A.(yv) to H.(g) tends uniformly to 1 as e tends to 0. Moreover when 
H(y) is bounded A(¢g) is bounded and conversely. 

By virtue of the condition of bounded compactness, B is a subset of a compact 
set A of 29. According to the preceding lemma the functions g(a) on B are equi- 
continuous. If then the function @(a) in (4.4) ranges over the set B, relation 
(4.4) holds, with 7 independent of the choice of 6 on B and tending to 0 with e. 
We also note that the relation 


(4.8) A.(y) S H-(¢) 


holds as a consequence of (4.0). The first statement in the theorem follows 
from (4.4) and (4.8). The second statement in the theorem follows similarly 
from (4.4), Lemma 4.1, and (4.1). 

It is of interest to note that H(@) may be infinite. In fact H(@) is infinite if 


6(a) = (49a)! Osas 2. 
We note that 
0(0) = 0, 0(2r) = 2r. 
The definition of 6(a) can be extended by requiring that 
O(a + Qe) = O(a) + 2x. 
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In general 6() will not satisfy the three point condition, but a suitable con- 
formal transformation of the disc r S$ 1 will lead to such a function, and for this 
transformed function ¥, H(y) will again be infinite. Before coming to the 
condition of regularity at infinity we shall introduce a basic deformation. 

The deformation A(y). Corresponding to each point y of 2 we shall define 
a continuous deformation A(y) of 2. In this deformation the point y will be 
fixed. The time ¢ shall run from 0 to 1 inclusive and an arbitrary point ¢ on Q 
shall be replaced at the time t by the point 


g(a) = tY(a) + (1 — ty(a). 


Observe that y‘(«) satisfies the three point condition by virtue of the fact that 
yand y satisfy this condition. Moreover ¢ =¢,¢ = v, and g¢' has a distance 
from y’ given by 


(4.9) ge =|t— toy. 


It is also clear that y is fixed under this deformation. We must show that 
y'(a) is a point of ©. 
To that end we set 




















t g(a) —¢ al 
(4.10) h(t) = H(¢') = ies J Le 1 m da dB , 
and observe that 
h(t) = (1 — t)*H(¢) + PHY) 
(4.11) 4 2G — t) ly(a) — ¥(B)][y(e) — ¢(8)] 
160 Ii n? (a — B) utent 
2 


Upon applying Schwarz’s inequality to the middle term we find that 
h(t) < CH(Y) + 2(1 — )H*(y)H'(y) + 1 — tH) 
= (HW) + (1 — OH). 
Hence A(t) is finite and ¢‘(a) is a point of &. We infer that 
h(t) < max. [H(y), H(¢)]. 


(4.12) 


Similarly 
Hg’) < (tH(Y) + 1 — DAM). 


We thus have the following lemma. 
Lemma 4.2. Under the deformation A(p) the image ¢‘ of an arbitrary point ¢ of 
2 varies so that at each moment t 


H.(g') S max. [H.(¢), H.(y)] (0 <t <1). 
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Under A(y) the space © is continuously deformed on itself into the point y. 
Hence the connectivities of 2 are all 0 except that Ro = 1. Under A(y) a subset 
of 2 on which H(g) is bounded by a constant c, is deformed over a subset of 
points of 2 on which H(¢‘) is at most the maximum of cand H(y). An arbitrary 
subset of @ is deformed into a subset of 2 on which A(¢g) is bounded; in par- 
ticular into y. We summarize in the following theorem. 

TuEorEM 4.3. The space Q is continuously deformable on itself into a point, 
and with the function A(¢) satisfies the condition of regularity at infinity. 


5. The upper-reducibility of A(¢) 
We shall show that A(g) is weakly upper-reducible at an arbitrary point 
yofQ. Cf. §2. 
To that end let a = A(y), and let c be an arbitrary constant such that c > a, 
Let N. be a neighborhood of y¥ on Q relative to the subset below c+. We shall 
show that the deformation A(y) of §4 taken for 


(5.1) 0st si, 


and applied to a sufficiently small neighborhood N, of y, satisfies the conditions 
(i) and (ii) of the definition of weak upper-reducibility. As in (4.2) we set 


A(y) = A.(y) + A2(y) 
H(y) = H.(v) + He(¢). 


We shall investigate the behavior of A(y) under the deformation A(y). The 
behavior of H(g) under A(y) is relatively easy to determine. We shall give a 
series of lemmas describing the behavior of H(g) under A() and relating the 
behavior of A(y) to that of H(¢). 

Under the deformation A(y) the point ¢ of Q is replaced at the time ¢ by the 
point gy’. We set 


A(y') =a(t), Ay’) =alt,e), Ate’) = a*(t, e), 


(5.2) 


(5.3) 
H(¢') = hip), Hg) = hit, e), H*(e') = h*(t, e), 

so that 

(5.4) a(t) = a(t, e) + a*(t, e), 


h(t) = hit, e) + h¥(t, e). 
Upon differentiating (4.11) with respect to ¢ and making use of the Schwarz 
inequality, we find that when 0 St < } 
h'(t) S 2tH(p) + 2(1 — 24)H*(y) HY) + 2(t — 1H) 


(5.5) } t } } 4 
= 2(1 — t)[H’(g) + paar Hy’) — H'e)l. 





Si 


w 








nt y. 
ibset 
et of 
iTary 
par- 


oint, 


oint 


> a. 
hall 


ions 


The 
ea 
the 


the 





EXISTENCE OF MINIMAL SURFACES OF CRITICAL TYPES 453 


Similar relations hold when H(y), H(g), and A(é) are replaced by 
H.(y), H.¢), hit, e) 


respectively. We thus have the following lemma. 
Lemma 5.1. Under the deformation A(p) 


hit, e) S H(y)[Hiy) — Hh) (0 <ts}) 


whenever H.(g) > H.(y). 
We continue with the following lemma. 


Lemma 5.2. For a fixed e, and for0 < t < 1 the functions 
a: (t, e), a*(t, e) i a*(1, e) 


tend to 0 uniformly with respect to t, as ¢ tends to yp. 
For brevity we set 


(5.6) u=¢g(a), v='(8) 


and recall that for ¢ = we 
at gi(u) — giv) |* 
(te) = IL 2" sin =) 


Upon differentiating under the integral sign with respect to ¢, we find that 


67) at(t,¢) = Vilsfecttpon omen 


da dg . 





2 (a — B) 


where ¢ = w, and 
(5.8) ur = Va) — g(a), = = WB) — 98). 


The integral (5.7) is proper, and by virtue of (5.8) tends to 0 uniformly with 
respect to tas y tends to y. Here e and Ware fixed. Upon integrating a; (t, e) 
with respect to ¢ between 1 and ¢, it follows that 


a*(t, e) — a*(1, e) 


tends to 0 uniformly with respect to t as g tends to y. The proof of the lemma 
is complete. 


In analyzing the behavior of A(v) under A(y) we shall need a formula for 
a(t, e). To that end we shall make use of functions a,;(u, v) which will be 
defined in (5.10). 

The functions a;(u, v). We set 


(5.9) gi(u) — gi(v) = a,(u, v)(u — ») (i =1,---,n), 
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where 
(5.10) a;(u, v) = [ gilu + r(v — u)]dr. 


In particular 

a;(u, u) = gi(u) 
so that 
(5.11) Dd ai(u, u) = 1. 


v 


It follows from (5.9) that a,(u, v) is of class C’ when u ¥ v. Recall that the 
functions 9: (s) possess a Lipschitz constant K. Upon using (5.10) we find that 


[au + Au, 0 + Ao) — anu, 0) | 3 Kaul fC 2) de 
(5.12) 
+K\a0| [dr = K{ [aul + |a0}} 


Thus K is a Lipschitz constant for each of the functions a,(u, v). 

We shall need the ¢-derivative (0 < ¢ < 1) of the function obtained from 
a,(u, v) upon making the substitution (5.6). Recall the relations (5.8). Sup- 
pose first that 


(5.13) g(a) ¥ ¢'(8) 


for a given triple (¢, a, 8). Then wu # v. Making use of the fact that a;(u, v) 
is of class C’ in u and v when u = 2, we see that the ¢-derivative of a;(u, v) exists 
and satisfies the condition 


(614) | Ftastu,0)]| S Kl ola) — o(8)|+ KI va) — ¥@)| O<t<>. 


If on the other hand 


(5.15) g(a) = ¢'(6) 
for a given triple (¢, a, 8), then 
(5.16) y(a) — 9(8) = (a) — (6) = 0 


as one readily sees. Hence u, = v, = 0 for the set (t, a, 8). Making use of 
(5.12) we see that the ¢-derivative of a,(u, v) again exists, in fact is 0, and in 
particular satisfies (5.14). 

Moreover the ¢-derivative, 0 < t < 1, of a;(u, v) is continuous in (f, a, 6), 
subject to (5.6). This is at once clear in the case (5.13), since a,(u, v) is of 
class C’ in u and v when u ¥ v. But when (5.15) holds, (5.16) also holds and 
the ¢-derivative of a;(u, v) is continuous by virtue of (5.14). 

A representation of a,(t, e). Let » be an arbitrarily small positive constant 
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between 0 and e, and let w; be the subset of w. on which 
Sla-8|. 
For any subset o of w set 


~ 




















(5.17)’ I(c) = deff » ai(u, v) n@-9 = ‘oe dB, 
sin ——— a 
6.17)” hie) == aff Dd a(u, ”) oa, v) ae da dB , 
2 
617!" ho) = J [ Tatu, o) ¢/—%—" |" da ag 
ST SS eee . 





"| sin eee 


with u and v given by (5.6). We note that 

I.) = a(t, e). 
We shall obtain a,(t, e) by differentiating under the integral sign in I(@,). To 
justify this we first replace w, by w?, and note that for the resulting integral 


d i 0 ” 
di I(wt) = 11(w?) + I2(w?). 


We shall show that the integrals 
Ti(w2), — I2(w?) (0 <t <1) 


converge uniformly with respect to ¢ to the integrals I,(w.) and J2(w.) as » tends 
to 0. 
This is clear for J; since d[a;(u, v)]/dt is bounded in t, a, 8, and the integral 


2 
da dg (0<t<1) 





u—v 
° sin & >) 





isbounded. It is also clear for Jz upon observing that 


” af capes ag 
sin? (a — §) 3 8) 


 {2tlW(e) — ¥()P + 2(1 — 2#)fy(a) — ¥(A)I[e(e) — (6)! 
+ 2(t — 1ly(a) — ¢(A)T} 


d| u—y» 


it| (a — 8) @-8) 


|sin — > 





80 that the imtegral 


(5.18) If 


d u—v 
dt sin =) 


2 
da dg (0<t< 1) 
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is bounded. We can accordingly differentiate I(w.) with respect to ¢ under 
the integral sign, and so obtain the desired formula 

(5.19) a(t, e) = In.) + Taw.) (0 <t<)) 


We come to a basic lemma. 
Lemma 5.3. For a fixed e and bounded A(¢) the difference 


a(t, e) — hilt, e) (0<t <1) 


tends to 0 uniformly with respect to t as ¢ tends to yp. 
Subject to (5.6) 


1 d 
hilt, e) -«lf dt 


It follows from (5.19) upon setting 
w= > a;(u, v), 


u—vU 


sin (a — §) 3 B) 


2 
da dg. 








that, for0 < ¢ < 1, 


(5.20) ait, ¢) — hl, ¢) = Tilo.) + | [ (w — 1) 2 


u—vU 


2 
da dg. 
sin (a — 6) 3 8) 


dt 








| 


The integral J,(.) tends to 0 uniformly with respect to ¢ as g tends to y. For 

dla;(u, v)]/dt tends to 0 uniformly with respect to ¢ as ¢ tends to y in accordance 

with (5.14). The second integral in (5.20) tends to 0 uniformly with respect 

to tas ¢ tends to y since w — 1 tends to 0 as ¢ tends to y, and since the integral 

(5.18) is bounded when A(g) is bounded. The lemma follows from (5.20). 
Recall that 


a(t) = a,(t, e) + ar (t, e) (0 <t <1) 
and that a; (t, e) tends to 0 with Ye in accordance with Lemma 5.2. But 
a(t) — hilt, e) = [ai(t, e) — hilt, e)] + ar(t, &). 


The preceding lemma accordingly leads to the following. 
Lemma 5.4. For a fixed e and bounded A(¢) the difference 


(5.21) a(t) — hilt, e) (0 <t <1) 
together with the integral 
(5.22) [a(t) — a(0)] — [A(t, e) — h(0, e)] 


tends to 0 uniformly with respect to t as ¢ tends to . 

The principal theorem of this section is the following. 

THEorEM 5.1. The function A(y) is weakly upper-reducible at each point ¥ 
of the space 2. 
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As previously noted we set A(y) = a and let ¢c be an arbitrary constant 
such that c > a. Let N. be a neighborhood of y relative to A(v) < c. We 
shall show that the neighborhood N,, suitably restricted, together with the 
deformation A(y) with 0 S ¢ S 3, will satisfy the conditions (i) and (ii) of the 
definition of weak upper-reducibility. Cf. §2. 

Let r be a constant between 0 and 1 exclusive, such that 


(5.23) re>a. 


We consider only those points g for which A(y) S$ c. For such points ¢ there 
exists a positive constant e, in accordance with Theorem 4.2, such that 


(5.24) Aly) > rH.(¢). 


We hold this value of e fast. Note that rc lies between c and a. Let N’ be 
the subset of N. on which 


(5.25) A(y) 2 re 
and N” be the complement of N’ on N, so that 
N. = N’+N". 


We shall impose three conditions on N, . 
First recall that 


(5.26) A(y) = A-(y) + A2(y). 


Set 


X = H.(y) — H.-Y). 
By virtue of our choice of e 
X > Ay) — rv‘ A-(y). 
Making use of (5.26) we find that 
X > Av) — r* AW) — At) +17 Ary). 


Upon replacing the last term by the smaller term A*(p) and using (5.25) we 
see that on N’ 





(5.27) x> sk ® _ 1A%~) — AP). 


The first condition on N, is the following. 
We suppose N, so small that on N’, X is positive and bounded from 0. 
This is possible by virtue of (5.27). For r°c — a > 0 in accordance with 
(5.23), and A* (v) tends to A(y) as ¢ tends to y. 
We turn to conditions (i) and (ii) of the definition of weak upper-reducibility. 
Condition (i). Suppose that 


(5.28) oc N’ 0<tsS} 
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Then the difference 
xX = H.(¢) sai Hy) 


is positive and bounded from 0. It follows from Lemma 5.1 that hit, e) is 
negative and bounded from 0. By virtue of Lemma 5.4, N, can be restricted 
further so that when (5.28) holds, a,(t) is likewise negative and bounded from 0. 
Under A(y), N’ will then be deformed with a displacement function [cf. (4.9)] 
into a set below c — 7, where 7 is a suitably chosen positive constant. But 
the constant 7 can be chosen arbitrarily small, in particular so small that 


mc <c— 9. 


The subset of N, not below c — 7 lies on N’, and will accordingly be deformed 
into a set below c — 7 Condition (i) is accordingly satisfied. 

Condition (ii). We shall show that condition (ii) is satisfied by A(y) provided 
N. be restricted still further. We consider two cases 

Case A. H.(v) > H.W). It follows from Lemma 4.2 that H.(¢) is not 
increased beyond its initial value. It follows from Lemma 5.4 that A(¢) will 
be increased beyond its initial value at most by an amount which tends to 0 as 
yg tends toy. Recall that N” lies on the subset 


Aly) <re<e— 7 


of 2. We can accordingly suppose N, so small that N” is deformed below 
c — » throughout A(y), at least in Case A. 
Case B. H.(v) S H.(W). We shall show that a(¢) remains less than rc 
and hence less than c — 7, provided N, is sufficiently small. Recall that 
a(t) = a(t, e) + a*(i, e) 


< hit, e) + a*(t, e). 


lA 


In this case 
h(t, e) S Hey) 
by virtue of Lemma 4.2. Hence 
a(t) S HY) + a(t, e) S r“A(Y) + a*(t, €) 
r Ady) + Ary) + [a*(t, e) — At (Y)] 
r“[A¥) + At()] + [a*@, e) — a¥(1, &)] 
ar + [a*(t, e) — a*(1, e)]. 


IA IIA 


IIA 


Hence 





a(t)-—ers E =" = + [a*(t, e) — a*(1, e)]. 


The first bracket is negative by virtue of the choice of r, while the second 
bracket will be less than half the first bracket in absolute value if N is sufficiently 
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small. Cf. Lemma 5.2. For such a choice of N., ¢ will be deformed under 
A(y) so as to remain below cr, at least in Case B. 

If the neighborhood N, is subjected to the above three conditions, condition 
(ii) will be satisfied by A(y) for 0 = ¢ = 3. For points of 2 on N, which are 
initially below c — are either on N’ or on N”. If on N’ they are deformed 
under A(v) so as to remain below c — », and if on N”’ they remain below c — 7 
in accordance with the results in Cases A and B. The condition (ii) is thus 
satisfied. The proof of the theorem is complete. 


6. The homotopy theorem 


We have shown that the space Q and the function A(¢) satisfy the three 
conditions of bounded compactness, regularity at infinity, and weak upper- 
reducibility. The general function theory of §2 then applies and implies 
existential relations between the homotopic critical points of A(g). It remains 
to show that a homotopic critical point ¢ defines a minimal surface bounded 
by g. This is the homotopy theorem. 

The harmonic surface xz; = y;(u, v) of §2 will be said to be minimal if the 
parameters u, v are isothermal. In the notation of differential geometry the 
parameters u, v are isothermal if 


E=G, F=0 & < f). 


A point ¢ of 2 which defines a minimal surface will be termed differentially 
critical, as will the p-curve 


(6.1) x; = gilg(a)] 


defined by gy. A point ¢ or p-curve which is not: differentially critical will be 
termed differentially ordinary. 

Let g(a) be a transformation which satisfies the conditions imposed on points 
of 2 with the possible exception of the three poirt condition. Suppose however 
that the values 


(ax) (k = 1, 2, 3) 


are distinct. The transformation ¢ as well as te p-curve defined by ¢ will 
then be said to satisfy the weak three point conditim. The space of such trans- 
formations ¢ will be denoted by ®’ and the space of p-curves defined by points 
g of 2’ will be denoted by Z. Distances in the space Z are to be defined as in §2. 
Two curves of Z are to be regarded as identical if and only if their distance is 
null. By definition a curve 


ai = gidv(a)] = pila) 


of Z is “defined” by the point ¥(a) of 2’. If this curve is defined by a second 
point 6(a) of 2’ one readily sees that 


(6.2) (a) — ¥(a) = 0 (mod 2r). 
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Two points g(a) and ¥(a) of 2’ will be said to be in the same conformal class 
if there exists a conformal transformation T of the disc r < 1 into itself such that 
the point on the circle r = 1 with angular coérdinate ¢(q) is carried into the 
point on r = 1 with angular codrdinate (a) for each a. 

Given a curve [p] of Z, a point g = f(p) of Q will be defined as follows. Let 
¥(a) be a point of 0’ defining [p]. We take f[p] as that point g(a) of 2 which 
is in the conformal class of ¥(a). If 0(a) also defines [p], it is clear from (6.2) 
that ¢(a) is in the conformal class of @(a). Thus f[p] is uniquely determined 
by [p]. It is also seen that f[p] varies continuously on 2 with [p] on Z. We 
have in f[p] a continuous mapping of Z into Q. 

The Dirichlet function D(p) is defined for [p] on Z. Relative to D(p) and Z 
the term homotopically ordinary is well defined. We shall show that when the 
harmonic surface defined by [q] is not minimal, [gq] is homotopically ordinary. 
We shall obtain the corresponding result for A(g) with the aid of the following 
lemma. 

Lemma 6.1. If a point of Q defines a point [q] of Z which is homotopically 
ordinary relative to D(p), then y 1s homotopically ordinary relative to A(¢). 

If [q] is homotopically ordinary relative to D(p) there exists a D-deformation 
A on Z of a neighborhood of [q] relative to the subset D(p) = D(q), such that 
[q] is actually displaced. We can transform the deformation A of Z into a 
deformation A* of 2, mapping each point [p] of Z onto the point f[p] of 2. Since 


D(p) = Atfip)}, 


it appears at once that A* is an A-deformation of a neighborhood of y relative 
to the subset A < A(y), and that yp is actually displaced. The proof of the 
lemma is complete. 

A deformation A on Z. Let x; = pi(a) be a curve of Z. We shall consider 
a one-parameter family of transformations of the parameter a into a parameter yu 
of the form’ 


(6.3) w= a+ eX(a), 


where \(a) is a real function of class C’” with a period 2x. The number e¢ is 
constant in any one transformation, and is restricted to a range 


(6.4) le| S e@& (@) > 0) 
so small that 

(6.5) 1 + ed’'(a) + 0. 

For such values of e the transformation (6.3) has a single-valued inverse 

(6.6) a = m(u, e) 





1 A variation of the form (6.3) in which ) is a sine or a cosine is used by Douglas in (1) 
p. 289. The reader will note the similarity of our first transformations to those of Douglas. 
However we are led to properties of uniformity unnecessary for Douglas’ purposes. 
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with 
a = m(a, 0). 


We introduce the p-curve 
(6.7) x: = pilm(u, e)] 


with parameter ». For e = 0 this p-curve satisfies the weak three point con- 
dition. If e is sufficiently small the weak three point condition will still be 
satisfied for |e | S @9. Wesuppose eso chosen. The constant ¢ thus depends 
upon (a) and upon [p]. The curve (6.7) represents a point on Z provided the 
Dirichlet integral d(p, e) defined by the curve (6.7) is finite. We shall show 
that d(p, e) is finite. 

In representing the integral d(p, e) we shall be led to investigate the function 


w(a, B, e) = sin k =£2 a oa MON). 





This function appears in the denominator of the integrand of d(p, e). We 
note that 


(6.8) a — B + e[A(a) — A(B)] = (a — B)[1 + eg(a, 6)], 
where g(a, 8) is of class C’’. The function w(a, 8, e) accordingly has the form 
(6.9) sin ki = B) “+ aie? om May = sin ac? [1 + eh(a, B, e)). 


The function h(a, B, e) is to be regarded as defined by (6.9), except of course 
when e = 0 and when a — 8B = 0mod 2z. For these exceptional values we see 
that h(a, 8, e) can be so defined as to be continuous. 

We shall show that 





(6.10) 1 + eh(a, B, e) #0 |e| Se. 
To that end we observe that w(a, 8, e) = 0 when and only when 
(6.11) (a — B) + e[A(a) — A(B)] = 0 (mod 27). 


When (6.11) holds for a pair (a, 8) there will exist a pair (a1 , 6:) such that 
0S am < 2, 0 Ss fi < 27, 
a=a, B= Bb, (mod 27) 
and such that 
a, + ed(a1) = Bi + ed(fi). 


Since the transformation (6.3) is one-to-one we conclude that a: = B;. Hence 
(6.11) holds only when a — B = 0 mod 22. Condition (6.10) now follows 
from (6.9). 

We observe that h(a, 8, e) has the period 27 in a and §, and with the aid of 
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(6.8) and (6.9) we see that h(a, B, e) is of class C’’. Upon differentiating the 
respective members of (6.9) with respect to 6 and setting 8 = a@ we find that 
(6.12) (a) = Ala, a, e). 
Upon differentiating (6.9) twice with respect to 6 and setting 8 = a we find 
that 
(6.13) (a) = 2hg(a, a, e). 

We return to the integral 


(6.14) d(p, e) = a If hs remit e)] — pilm@, e)] | 


1 ea”) v) 
se: 


du dy. 











Setting 
uw =a+teX(a), v = B + er(8) 


and taking a and 6 as the variables of integration in (6.14), this integral takes 
the form 
pila) — : 


(6.15) d(p,e) = Ett w(a, B, e 


From the representation (6.9) of w(a, B, i from (6.10), and the finiteness of 
D(p), we infer that d(p, e) is finite, in fact bounded for | e | S e. 
Making use of the binomial theorem we see that 
1 
[1 + eh(a, B, e)? 


where x(a, B, e) is of class C’. We can thus write d(p, e) in the final form 








(8)] da dp. 








= 1 — h(a, B, 0) + e*z(a, 8, e), 

















(6.16) d(p, e) = D(p) + eS(p) + &R(p, e) je| Sa, 
where 

6.17) S(p) = ac tf x ee ae %i [\"(a) + 2°(8) — 2h(e, B, 0)] dads, 

a 
1 pila) ad p(B) |? 
6.18 R(p, e) = —— a, B, a dp, 
(6.18) (p, e) 7 yeas email 
2 





with z(a, B, e) of class C’. 
Observe that S(p) is independent of e. It follows from (6.12) and (6.13) that 
(6.19) ’(a) + d/(8) — 2h(a, B, 0) = (a — B)*k(a, 8), 


where k(a, 8) is continuous ina and B. From (6.19) we infer that the singularity 
in the integrand of S(p) when a = 8 is removable. We conclude that S(p) 
varies continuously with [p]. 
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For |e | S é the functions z(a, 8, e) and z.(a, 8, e) admit a finite upper bound, 
x > 0, independent of [p]. From (6.18) we see that 


(6.20) | R(p,e)| S «D(p), —- | Re(p, e) | S xD(p). 


We summarize in the following lemma. 

Lemma 6.2. Let [p(a)] be an admissible representation of g for which D(p) is 
finite, and let (a) be a function of a of class C’” with period 2r. If eo is a suffi- 
ciently small positive constant and |\e| S eo, the transformation » = a + eda) 
has a single-valued inverse a = m(u, e) and the Dirichlet integral d(p, e) cor- 
responding to the boundary curve 


(6.21) x; = pilm(u, e)] 
has the form 
(6.22) d(p, e) = D(p) + eS(p) + &R(p, e) le| Se, 


where the variation S(p) depends continuously on [p], and the functions R(p, e) 
and R.(p, e) are bounded as shown in (6.20). 

We can now establish the homotopy theorem in the space Z. 

THEOREM 6.1. A curve [q] of Z which is differentially ordinary relative to D(p) 
is homotopically ordinary relative to D(p). 

We are assuming that the harmonic surface defined by [q] is not isothermally 
represented by its parameters (u,v). According to Douglas, ef. [1], pp. 297-298, 
there then exists an analytic function (a) with period 27 in a such that the 
Dirichlet integral d(q, e) of Lemma 6.2 has a derivative d.(q, 0) which is negative. 
We subject the parameter a of the p-curves neighboring [q] to the transformation 


(6.23) uw = a + eX(a) le| So, 


holding e fast. As previously, we suppose é) so small that 1 + ed’ ¥ 0. If N 
is a sufficiently small neighborhood of [gq] on Z and @ is sufficiently small, the 
curves which result upon applying the transformation (6.23) to the parameter a 
of p-curves of N, will satisfy the weak three point condition. We suppose N 
and é so chosen. If d(p, e) is the Dirichlet integral for the curve thereby 
replacing [p], (6.22) now holds, as well as the relations (6.20). 

Set D(q) = c. We have the relations 


S(p) =d(p,0)  S(q) = dg, 0) < 0. 


For points [p] below c the functions R(p, e) and R.(p, e) are bounded by xc by 
virtue of (6.20). It follows from (6.22) that for [p] on a sufficiently small 
neighborhood Np of {q] relative to D(p) S c, and for | e | at most a sufficiently 
~ positive constant e, < e , the derivative d.(p, e) is negative and bounded 
Tom 0. 

The deformation A(X). Corresponding to the above function d(a) let A(A) 
be a deformation of curves [p] of Z in which each curve [p] is replaced at the 
time e by the curve 


a: = pilm(u, e)] (0 Se Sa). 
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This deformation is clearly a D-deformation of the neighborhood Nj , restricted 
as above. Under A(A), [q] is displaced, since d(q, e) is a decreasing function of e. 
Hence gq is homotopically ordinary and the proof of the theorem is complete. 

Lemma 6.1 together with the preceding theorem give us the fundamental 
theorem of this section. 

THEOREM 6.2. A homotopic critical point of A(g) is differentially critical 
and so defines a minimal surface bounded by g. 

We add the following fact of interest. If a point g(a) on Q defines a minimal 
surface, the transformation 6 = ¢(qa) is strictly increasing. This has been estab- 
lished by Douglas, Radé and others. A particularly simple proof is given by 
Radé [5], p. 75. 


7. The removal of finiteness conditions 


We return to the general function-theory of §2. We shall see that the condi- 
tion of Theorem 2.1 of §2 that the homotopic critical points of F on M be finite 
in number implies the condition of Theorem 2.1 that the type numbers of the 
critical points be finite, at least for the case of the functional A(g) on Q. That 
this is not true of F in general is shown by the following example. 

ExampLe. The space M shall be a subset of the z, y, z space with z 2 0. 
It shall consist of the set of all points on circles with diameters coinciding with 
the segment 0 < z < 1 of the z-axis and with tangent directions at the origin 
which form a perfect nowhere dense set. The function F(p) shall equal the 
value of zat p. There are just two homotopic critical points, the origin and the 
point (0, 0, 1). The latter point has an infinite type number M,. We also 
note that R; is infinite, in fact has the power of the continuum. 

Peculiarities of this sort are excluded if in addition to conditions I, II, and III 
of §2 we add condition IV as follows. 

IV. Local F-connectedness of M. Let p be a point of M at which F(p) = c. 
The set M will be said to be locally F-connected of order n = 0 at p, if correspond- 
ing to each positive constant 6 there exists a positive constant 7, such that each 
singular n-sphere on the 4-neighborhood of p and below c + 6 bounds an n-cell 
of norm at most 7 below c + 7. See Morse [7], p. 25. We shall presently 
show that © is A-connected of all orders. We state the following theorem. 

THEOREM 7.1. If conditions I to IV are satisfied by F and M, and if the homo- 
topic critical points of F are finite in number, then the connectivities R, of M and 
the type numbers of the critical points of M are likewise finite. 

We shall prove the following theorem. , 

THEOREM 7.2. The functional A(y) is locally A-connected of each order n at 
each point yp of 2. 

Set A(y) = c. We refer to the deformation A(y) of §4 recalling that A(y) is 
linear in form, holds y fast and contracts toy. It is then clear that an n-sphere 
on a sufficiently small neighborhood of y will bound on a preassigned neighbor- 
hood of y. Cf. (4.9). That part of the condition of local A-connectedness 
which concerns values of A(yv) may be referred to the following lemma. 
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Lemma 7.1. Corresponding to a positive constant » there exists a positive con- 
sant 6 such that the 6-neighborhood of y below c + 6 is deformed under A(y) 80 as 
to remain below c + 7. 

Let & be a positive constant less than 7 and let r be a positive constant less 


than 1 such that 
(7.1) c+ & < rc + n). 


A first condition on 6 is that 6 < 4). Let N; be the 6-neighborhood of y below 
c+ 6. We shall make use of the notation of §4. In accordance with Theorem 
42 of §4 there exists a positive constant e so small that for points g on N; 


(7.2) Ay) > rH.(¢). 


We shall hold this value of e fast. We distinguish two cases. 
Case A. H.(v) > H.(y¥). With reference to the way ¢ is deformed under 


A(y) we see that 
(7.3) a(t) = a(t, e) + a*(, e) 
<= h(t, e) + a*(t, e). 
Referring to Lemma 4.2 we see that in this case 
(7.4) a(t) S Hg) + a*(0, e) + [a*(¢, e) — a*(0, e)] 
< r[Acy) + AP()] + [a*@, &) — a*(0, €)] 
< r'(c + 8) + [a*(t, e) — a*(0, e)]. 


The first term on the right is less than ¢ + 7, and it follows from Lemma 5.2 
that if 6 is sufficiently small and ¢ is on N; then a(t) < ¢ + 7. 

Case B. H.(g) S H.(y). The proof in this case is similar, replacing ¢ by ¥ 
in (7.4) and setting ¢ = 1 where we previously set t = 0. Continuing as before 
we find that a(t) <c +. The proof of the lemma is complete. The theorem 
follows from the lemma as previously indicated. 

The condition that the critical points be finite in number can be replaced by 
the much less restrictive condition that the critical values be isolated. To 
proceed we shall need several definitions. For further details and proof see 
Morse [8]. 

By the complete critical set w at the level c is meant the set of all homotopic 
critical points at which F = ¢. It follows from the definition of a homotopic 
critical point that w is closed relative to the set F = c. By a critical set o at the 
level c is meant any subset of w which is closed in w and at a positive distance 
from — ¢. A neighborhood of ¢ which is at a positive distance from w — 
will be termed separate. By the k** cap type number of o is meant the dimension ms 
of a maximal group of k-caps with cap-limit ¢ on any separate neighborhood of o. 
This type number is independent of the particular separate neighborhood of ¢ 
which is employed. By the k*" cap type number M, of F, is meant the sum of 
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the k* cap type numbers of an ensemble of disjoint critical sets which cover the 
set of homotopic critical points of F. The number M, is independent of the 
particular way into which the critical points are divided into disjoint critical 
sets. The number M; may be infinite and as such is regarded as a cardinal 
number. 

The value of F at a homotopic critical point will be termed a homotopic critical 
value. We state the following theorem. 

THEOREM 7.3. Suppose that F and M satisfy conditions I to IV and that the 
homotopic critical values cluster at most at infinity. The k cap type number m, of 
each critical set is finite. If M;, and R;, are finite, and if we set ex = Mi — Rx , then 


é& = 0, 


the number of relations in general being infinite. 

When applied to minimal surfaces all the hypotheses of the theorem are ful- 
filled with the possible exception of the hypotheses that the critical values are 
isolated and that M, is finite. If the hypotheses of the theorem are not fulfilled 
there must be an infinite set of critical values, since the numbers m, are finite. 
In the minimal surface theory there must then be an infinite set of minimal 
surfaces with distinct areas or else the conditions of the theorem are fulfilled. 

We shall now state a theorem from which all trace of conditions on the finite- 
ness of the number of critical values is removed. 

THEOREM 7.4. Suppose F and M satisfy conditions I to IV. Let z be a class 
of relative k-cycles u with a modulus F < a. Suppose the cycles u are mutually 
homologous but non-bounding mod F < a, on F s b for some value b >a. There 
is then a least number c > a such that F S a contains a cycle of z, and at the level c 
there ts at least one homotopic critical point q such that each critical set which con- 
tains q has a positive k** cap type number. 

In this theorem the number a may be less than the absolute minimum of F, 
in which case u is an ordinary cycle non-bounding on F < b. If in addition 
b is infinite, u is non-bounding on M. In particular u may be a 0-cycle. If 
Ro = 1 the number c in the theorem is then the absolute minimum of F. In the 
case of the minimal surface problem this implies the existence of a minimal 
surface of absolute minimum type. This result is stated merely to give an 
insight into the way the theorem works. 

A critical set of points o will be termed minimizing if there exists a neighbor- 
hood N of o such that whenever 7: is a point of N not on o, F(p) exceeds the 
value of F on ¢. With this und: «ood we have the following corollary of the 
theorem. 

Corotiary 7.1. Suppose that F and M satisfy conditions I to IV and that 
Ro = 1. Corresponding to any two disjoint minimizing critical sets there exists at 
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least one homotopic critical point p such that each critical set which contains p has a 
positive first type number m, . 

Both the theorem and the corollary are false if Vietoris cycles are replaced by 
singular cycles. The theorem and corollary apply at once to the minimal surface 
problem inasmuch as conditions I to IV are fulfilled by A(v) and Q, and Ry = 1 
onQ. The application of the theorem is not limited by the existence of infinitely 
many critical sets or critical values. But in such a case the conclusion that 
there exists another critical set would add nothing were it not stated that the 
first type number is positive. By virtue of the homotopy theorem each homo- 
topic critical point of 2 determines a minimal surface bounded by g. 


8. An example 


We shall give an example of a closed curve (e) which satisfies the conditions 
imposed on the closed curve g of §2, and corresponding to which the Douglas 
functional A(g) on & possesses two disjoint minimizing critical sets. Corollary 
7.1 of §7 then applies and we can infer the existence of at least one minimal 
surface, defined by a homotopic critical point ¢ on Q, such that every critical 
set which contains ¢ has a positive first type number. 

Before defining y(e) we shall make certain preliminary remarks of a general 
nature. Let 


(8.1) ai = 2,(u,v), 2 = ys(u, v) (w+ < 1) 
(¢ = 1,--++,n) 
be two harmonic surfaces bounded by g. We shall say that these surfaces are 
conformally equivalent if there exists a conformal map (direct or inverse) 
u’ = h(u, v), 
v’ = k(u, v), 
of the disc r S 1 onto itself such that 
yilh(u, v), k(u, v)] = zi(u, v) (@ = 1,---,n). 


The harmonic surface S :z; = 2;,(u, v) will be said to determine a point ¢ on 2 
if $ is conformally equivalent to a harmonic surface defined by ¢ in the sense 
of §2. We conclude that a necessary condition that two harmonic surfaces 
of the form (8.1) determine the same point ¢ on Q is that they be conformally 
equivalent. 

Let II 


pemdah,:s+'sy00 (¢ = 1,--+,n) 


represent a one-to-one continuous transformation of the space (zx) onto itself. 
The surface § will be said to have the image 


xi = filai(u, v), «++ , en(u, »)] 
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under II and be said to be conformally invariant under II, if conformally equiva. 
lent to its image under II. In particular if the image of a minimal surface § 
under II is an admissible minimal surface S’, S and S’ will determine the same 
homotopic critical point g on @ only if S and S’ are conformally equivalent. 

As previously let S be a harmonic surface z; = 2;(u, v) bounded by g with 
u’ + »° <1. Suppose g is met by an (m — 1)-plane = in a set of m-points, 
m > 1. In the representation of S as the continuous image of the dise r < 1 
suppose these m points are the images of the points 


M1, °** + Im 


on the circle r = 1 in the (u, v)¢plane. We suppose that g is not tangent to x 
at its points of intersection with g. We are concerned with the intersection of 
S with x. To that end we term a curve \ on the dise r.< 1 canonical if it 
possesses the following properties. 

(1). It is the homeomorph of a closed line segment. 

(2). Its end points lie on the circle r = 1 and its other points on the open 
dise r < 1. 

(3). If (wo, vo) is an inner point of \ the points on A neighboring (up , ») are 
representable in the form 


u = u(t), v = v(t), 


where u(é) and v(t) are real functions, analytic in ¢ at ¢ = 0, and defined for all 
sufficiently small values of |¢|, where moreover 


u = uO), »=0(0), w(t) + v(t) £0. 


Canonical curves are thus real, simple, regular, and analytic. It follows from 
the theory of harmonic functions,” that the intersection of S with 7 is of the 
following nature. 

The image on the disc r < 1 of the intersection of S with x is made up of a finite 
number of canonical arcs with the following properties. The end points of these 
arcs lie at the points q; on the circler = 1. There is an odd number of these arcs 
terminating at each point q;. Each of the regions into which these arcs divide 
the unit disc contains an arc of the circle r = 1 on its boundary. Two canon- 
ical arcs intersect in at most one point. 

We come to the definition® of our space curve y(e). We begin by defining a 
curve H(e) in the (z, y)-plane. Let e be a positive constant or zero. The 
curve H(e) shall consist of the following three arcs joined in the order written. 


(8.2) y=1+e-—cosz (0< 27) 





* The properties of canonical arcs here enumerated may be derived by considerations 
similar to those employed by Radé in [3] pp. 34-35. Furtherreferencesare given by Radé. 
* Curves with forms similar to ours have been used for various purposes. See Douglas 
[2] p. 208. Courant has demonstrated soap films bounded by curves of this shape. We 
are not aware of any previous proof of Theorem 8.1. 
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83) r=rt(2+e)cos6, y=(2+e)sing (5>0>-2) 
(8.4) y = —(1 + ¢ — cos 2) (0<S2z< 7). 


The curve H(e) has the appearance of a horseshoe magnet. The end points 
of H(e) are the points (0, e) and (0, —e) on the y-axis. We term the points 
(0, e) and (0, —e) the vertices of H(e) and the positive x-axis the axis of H(e). 
The segment x = 0, —e S y S e, will be called the base of H(e), but is not 
included in H(e). We shall make use of congruent copies of H(e), carrying 
over the above terms to these copies. 

Let a(e) denote the area bounded by H(e) and its base. Let d(e) denote the 
length of H(e). Note that a(e) and d(e) are decreasing functions of e, e = 0. 

To define y(e), e.> 0, we turn to the space of codrdinates (x; , 22, 23) and 
introduce the four points 


(e, é, 0) (—e, é, 0) (—e, =o 0) (e, —é, 0), 


denoting these points respectively by pi, p2, Ps, pa. We form y(e) by joining 
four copies of H(e) with vertices at the respective pairs of points 


(pi1,P2) (pe, ps) (ps, ps) (pa, 1) 
and with axes having the direction cosines 
(0, 0, 1) (0, 0, —1) (0, 0, 1) (0, 0, —1) 


respectively. The curve +(e) has a continuously turning tangent, and in terms 
of its arc length has direction cosines satisfying a Lipschitz condition. The 
curve y(e) is accordingly admissible as a curve g. 

Let T be the transformation of the (2; , x2 , X3)-space generated by a reflection 
in the plane zs = 0, followed by a rotation through 90° about the zs-axis. Under 

T, y(e) is carried into itself. Hence the “image” under 7 of a minimal surface 
bounded by +(e) is a minimal surface bounded by 7(e). 

We shall consider a minimal surface S 


(8.5) a; = 2;(u, v) 


bounded by +(e) and shall prove the following lemma. 

Lemma 8.1. If S is an admissible minimal surface which is bounded by y(e) 
and which is conformally invariant under T, the plane x3 = 0 is tangent to a 
branch of S at the point (x) = (0). 

Since S is conformally invariant under 7’, there exists a conformal mapping 
K of the dise u? + v? < 1 onto itself which yields the same space image of S 
as does 7’. But K has at least one fixed point (uw, v) on the unit disc, and 
from the nature of 7’, the point (2(uo , vo)) on S must be the fixed point (x) = (0). 
The surface S may have a multiple point at the origin. To avoid difficulty we 
consider only that branch of S which is defined by x; = x:(u, v) for (u, v) neigh- 
— (uo, v). The plane tangent to this branch at the origin must be in- 


(¢ =1,2,3;wW+0 <1) 
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variant under 7’ since S is invariant under 7. But the plane z; = 0 ig the 
only plane invariant under 7’, and the lemma follows directly. 

The curve (e) intersects the plane z; = 0 in the four points p;,7 = 1, --- 4 
in the space (x). Let g; denote the point (u, v) corresponding to p; under the 
mapping x; = 2,(u, v) of S on the unit disc. Under the hypothesis of the 
preceding lemma the plane zz = 0 is tangent to a branch of S at a point repre- 
sented by (uo, vo). The “canonical arcs” on the unit dise representing the 
intersection of S with the plane xz; = 0 must then consist of two arcs with 
end pairs (q:, 93), (dz, q) and with an intersection at (wo, v). In general a 
canonical arc with end points at the points q:q; will be denoted by [q.q,]. Of 
course gq; * q;. The order [q.q;] or [q;q:] is immaterial. 

More generally we shall consider the case where the minimal surface (8.5) 
is not necessarily conformally invariant under 7’. The canonical arcs on the 
unit disc representing the intersection of S with the plane zs = 0 will make up 
one of the three following sets, or sets obtained from these by a circular advance 
or inversion of the subscripts. 


Case I. [419s], [aoa]. 
Case II. [q192], [394]. 
Case III. [a92], [a9], [@rq4l. 


We shall say that S comes under Cases I, II or III respectively, when the above 
canonical arcs come under these cases. 

We shall prove the following lemma. 

Lemma 8.2. Any admissible minimal surface S bounded by y(e) and coming 
under Cases I or III has an area at least 4a(0). 

In Case I the two canonical arcs intersect in a point g. In Case III the 
canonical arcs intersect in q:. If g; and q; are adjacent points on the circle 
r = 1 let {q:q;} denote the circular arc directly between q; and q;. We tum 
first to Case III. In this case the unit disc is divided into four regions by 
the four closed curves. 


[qug2i + {oom}, 
(a92] + {9293} + [asa], 
[q198] + {9394} + [quai], 
[q1q4] + {quqr}. 


These four regions correspond under the transformation x; = 2;(u, v) to four 
pieces S, of S. Each of these pieces has an area at least a(0). In particular 
the image of [9:92] on S is a copy H, of H(e) with “vertices” at pi, pz and an 
axis parallel to the positive z-axis. The orthogonal projection of S; onto the 
plane of H, will have an area at least «(0) so that S, has an area at least a(0). 
The same holds for S; in general, and the Lemma follows in Case III. The 
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proof is similar in Case I, the canonical arcs defining a similar division of S. 

The proof of the lemma is complete. 

We continue with the following lemma. 

Lemma 8.3. There exists a surface X(e) bounded by y(e), of the topological 
type of the circular disc, with an area which tends to 2a(0) as e tends to 0. 

In defining y(e) we joined four copies H; , H:, H;, H, of H(e). The curve 
y(e) can be spanned by a surface composed of the following three pieces. We 
first move H; orthogonal to its plane until it coincides with H; , thereby gen- 
erating the first piece. We take the second piece as the plane area bounded 
by H; and its “base,” and obtain a third piece in a similar way from H,. It is 
clear that these pieces can be joined so as to form a surface 2(e) which is the 
topological image of the circular disc. It is also clear that the area of =(e) 
tends to 2a(0) as e tends to 0. 

The principal result here is the following. 

THeoREM 8.1. For all sufficiently small values of e the curve y(e) bounds two 
admissible minimal surfaces of least area defining two homotopic critical points ¢, 
and g2 belonging to disjoint critical sets in the space Q. 

In accordance with Lemma 8.3 there exists a positive constant ¢ such that 
when |¢| < é the least area of surfaces bounded by y(e) is less than 4a(0). 
We suppose e so chosen. Let S,(e) be an admissible surface of least area. 
Such a surface exists in accordance with the results of Douglas and Radé. 
Let S:(e) be the “image” of S,(e) under the preceding space transformation 7’. 

The surface S2(e) is minimal but it cannot be conformally equivalent to 
Si(e). Otherwise it would follow from Lemma 8.1 that there would be a branch 
of 8,(e) represented by an arbitrary neighborhood of a point (uw , v0) for which 
uy + v < 1, with the plane zs; = 0 tangent to this branch at the point repre- 
sented by (uo, v). The surface S,(e) would then come under Case I and it 
would follow from Lemma 8.2 that the area of S,(e) would be at least 4a(0) 
contrary to our choice of e. Hence S,(e) is not conformally equivalent to S,(e). 

The surfaces S,(e) and S2(e) thus define distinct homotopic critical points 
gi and gon 2. It remains to show that ¢; and ¢ belong to disjoint critical 
sets on 02. 

If yg, and yg: belonged to the same connected critical set o, each minimal 
surface S(e) defined by a point ¢ of « would have the area of S,(e), that is an 
area less than 4a(0). Hence S(e) would come under Case II by virtue of 
Lemma 8.2. If the canonical arcs defined by S,(e) have the form 


(i) [9192] [9394] 
the canonical arcs defined by S2(e) must have the form 


(ii) (293) [quand 


since S,(e) is the image of S,(e) under 7. But if a surface S(e) defined by ¢ 
comes under (i), minimal surfaces defined by points y of © sufficiently near ¢ 
must also come under (i). But o is compact and connected, and it follows 
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that each surface S(e) defined by a point of « must come under (i). Hence 
¢i and ¢2 cannot belong to the same connected critical set and the proof of the 
theorem is complete. 


Corollary 7.1 of §7 can then be applied to critical sets containing ¢; and g, 


respectively with the inference that there exists a new minimal surface of non- 
minimizing type, conditioned as stated in the Corollary. 
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A NEW PROOF OF TWO OF RAMANUJAN’S IDENTITIES! 
By Hans RaDEMACHER AND HersBert S. ZuckeRMAN? 
(Received September 23, 1938) 
1. When Ramanujan gave his first proof of the congruence properties 
p(in + 4) = 0 (mod 5), 
p(in+5)=0 (mod 7) 





of the partition function p(n), he observed that these congruences would be 
obvious consequences of the two identities 


{(1 — 2°)(1 — 2”)(1 — 2) ...}! 





(1.11) p(4) + pQ)a + p(14)2?>4+--- =5 











{(1 — 2)(1 — 2*)(1 — 24) ---}8 
and 
, i {1 —2)(1 — 2) ...}* 
ig p(5) + p(12)a + p(19)2* 4+ --- =7 pase = 


{1 —2’)(1 — a) ...}' 
{(i — 2)(1 — 2) ---}8° 


However he did not give a proof of these identities. Later, making use of the 
theory of modular functions, Darling’ proved the first and Mordell* gave 
proofs for both identities. Recently G. N. Watson“ in a comprehensive study 
proved these identities as well as the existence of analogous ones for all powers 
of 5 and 7, thereby furnishing a proof for certain further conjectures of Ra- 
manujan. 

Making use of our method, an account of which we have recently published,® 
we are able to expand the right members of (1.11) and (1.12) in power series 
with explicitly determined coefficients. The verification of the identities which 
we propose to give here will then consist merely in a direct comparison of these 


+ 49x 











‘Presented to the American Mathematical Society, April 15, 1938. 

* National Research Fellow. 

* Proofs of certain identities and congruences enunciated by S. Ramanujan, Proc. London 
Math. Soc., (2) vol. 19 (1921), pp. 350-372. 

‘ Note on certain modular relations considered by Messrs. Ramanujan, Darling, and Rogers, : 
Proc. London Math. Soc., (2) vol. 20 (1922), pp. 408-416. 

“ Ramanujans Vermutung tiber Zerfallungsanzahlen, Journal fiir die reine und ange- 
wandte Mathematik, vol. 179 (1938), pp. 97-128. 

*On the Fourier coefficients of certain modular forms of positive dimension, Annals of 
Mathematics, vol. 39, no. 2 (1938), pp. 433-462. 
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coefficients with the corresponding coefficients’ of the expansions of the left 
members. Our proof still rests on the theory of modular functions but only in 
so far as we make use of the transformation formula of the modular form (7), 


2. The right members of (1.11) and (1.12) are made up of summands of the 
form 





Tla-2™) 
(2.1) F(x) = = ’ 
I (b+09'S 


where p is one of the prime numbers 5 or 7. Since F’,(z) can be simply expressed 
in terms of the function 


i cee teint 


Ia — 2”) 


we can make use of the identity 


2rih = 2nz}\\ _ ; T 4 2Qrih’ Qn 
22) s(om| 73 - 7 ]) = oat om] sae - ime (= | - Z) 


with R(z) > 0, where h’ is any solution of the congruence 
hh’ = -1 (mod k) 


and where w,,, is a certain root of unity which we shall discuss later. This 
identity is obtained from the theory of the transformation of the function (7) 
and was used by Hardy and Ramanujan’ in their discussion of p(n). 

In order to apply (2.2) to f(z”) we must distinguish two cases: 

A) In the case p { k we have to replace h, in (2.2), by ph and z by pz. We 
then have 


§(exp Ee ra ae) 


2rih” 2 
= ensint oo tge~ me (=~ fel 


with phh”’ = —1 (mod k) or 
(2.32) ph” = h' (mod k). 





(2.31) 








*H. Rademacher, A convergent series for the partition function p(n), Proc. Nat. Acad. 
Sci., vol. 23, no. 2 (1937), pp. 78-84; On the partition function p(n), Proc. London Math. 
Soc., (2) vol. 43 (1937), pp. 241-254. Cf. also pp. 455-456 of our paper cited in footnote 5. 

7 Asymptotic formulae in combinatory analysis, Proc. London Math. Soc., (2) vol. 17 
(1918), pp. 75-115. 





(2.41 


with 
(2.42 


(2.51 


with 
(2.52 


(2.61 
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B) In the case plk we replace k by k/p and have 


(ote) 


i ; 7p _ Tpe 2rih'"p 2rp 
Fe | a lt (exp | ke 


with hh’ = —1 (mod k/p) so that we may choose 





(2.41) 


(2.42) h’” = hi. 
The equations (2.2), (2.31), (2.41) enable us to write formulas for F,(x) with 
Qrih me 
r= exp] —- — >|. Again we have two cases: 


A) If p { k we have 


Ori. p+1 
F, (xp = — =) = = ap? 


Lee Wph,k 











: col -ED 
a 1 mp {1 k kz 
X exp] tag + D (: - :) “i %(# F p2) Qnih” Qe 1\" 
(2.51) f (cxo| ot = |) 


TZ 


—_ ole) .§,.—e/2 T an es iis 
= One 2p” exp isis ((p — 1)p + p) lak (op +1 pe) | 
. Qrih” Ww 
x #, (exp — fe) 
pt+1 


(2.52) of) = Se for p 1 k, 


p 
Woh,k 


with the following abbreviations 





parr Wa-27 
f(x) Ia ma poms 


It may be noted that we have eliminated h’ by means of (2.32). _ 
B) If p|k we have 


P,(exp | Qath 2) _ whi 


— k k Wh, k/p 


(2.53) F(x) = 














(oo[*e-2)" 

2. z 1 mpp (1 a! 

260) Xexp| im @+00(; 2) - TR(3 - Niles pene _ ar] 
k kz 


= OF 2 exp aa (1 — p)p + 1) ¢ a “) | F, (exp E ~ =) 






















































2 RT TER aha EAT a eh a PRIN ee SS 
ST LR GT a tos GeO CoG rer: 
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with the abbreviation 
pt+l1 


(2.62) 2% = = for p | k. 
Wh, k/p : 
3. We now introduce the power series 
(3.11) F(z) = days . 
and 
(3.12) F(z) = > at as? 2” 
for the functions (2.1) and (2.53). From the definitions we have, at once, 
(3.13) a =1, @=1, a =-p, aH” = 3(p — 3), 


providing p > 2. 

Our next purpose is to determine the coefficients a” of (3.11). This is 
done by our method quoted above. As all the steps are quite analogous we 
shall omit the details and merely display the essential stages. We have 


w_ 1 | F,(z) ei | 4 
Qn = a5 | ge |e] = exp] —FR |, 
rn 2 F(z) 


h,k<N Qri En,k grt 








dx, 


where &,, is the Farey arc corresponding to the value h/k. We designate 
the end-points of this arc, measured by the angle g from 2ah/k, as —0,,, and 
9... The symbol kee designates the sum over all A and & such that 


Oshk<KSE N and (h, k) = 1. 
Writing w = N~ — ig we have 


2rihn oe” 
af= De * il ” F, (cxp gE _ anu |) oem do. 
hksN —Vik k 


In the sum over k we now apply (2.51) or (2.61) according as p { k or pk 
and have, using the notation of (3.11) and (3.12), 











; _2rihn (PK b # 
a=p? Dk DL’ le * [ utexp| 2 @- Werte 


’ 


Oh 


k?pw 24 
+ 2nw (#8 me vale n) |X x exp|m (x din 2) |a0 


=e one i 
it 2") e rf ; 2r p(p — 1) 
+ ey eh, ce weP | — ew 24 


—8h, 


(p—1)-1 ‘ Qnih’ 2 
+e (Ht = 40) oa OH - B) 


ksNn hmodk 
tk 
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We can now follow exactly the reasoning of sections 3, 4, and 5 of our previous 

per. The factor w* above shows that, corresponding to the dimension r, 
we are to take me positive value 3. From section 3 we see that only terms in 
which a factor e“/” with A > 0 appears will furnish a contribution to the final 
result when we let N tend to infinity. This means, in particular, that the 
terms corresponding to p|k will drop out. The condition (4.1) of that paper 
becomes (p(p — 1) — 1)/24 + n > 0 and hence is satisfied for n = 0. Thus, 
in analogy to (5.5), we find the result 











+ (p—l1)p+p_ m\! 
a” = an y* a” zi 1k ae af? e. “_¥ (hn—h''m) =P " P 
bi pel? m™ : _— a=» 
un) | rem TOeEE an ee 








x Inn (= /" ~ Des + P= 24m (2 Se + n)) | 


where u is the greatest integer m for which 
(3.22) (p — 1)p + p — 24m > 0. 


The values of the coefficients of the left members of (1.11) and (1.12), with 
which (3.21) is to be compared, are® 





1 i 
C) 2rih na 
(3.3) p(pn wt x) jing Qn i: By Wn, Ke k (pnt) 24 
kai k hmodk 1 
pn+h— = 





< ta (E Vala) 


4. At this point we separate the two cases p = 5 and p = 7. The first 
identity, (1.11), can be written as 


(4.11) z p(5n + 4) 2” = 5 F(x) = 5 > az" 
and hence will be proved if we show 

(4.12) p(5n + 4) = 5a,”. 

In this case we have 

(4.13) p=5, rA(9(=4 =p=5, 

and hence, by (3.22), 

(4.14) n=1. 


* We use the form in which the series for p(n) is given on pp. 455-456 of our paper quoted 
in footnote 5. 
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Hae with the abbreviation V 
ig 4 ) _ he P 
Bene (2.62) on = for p | k. v 
i) ial Hit Wh, k/p ; v 
| : 3. We now introduce the power series ; 
Be (3.11) F,(2) = days , 
1 a = and 
1 ae (3.12) F(z) = > a an 2" 
1 { jee for the functions (2.1) and (2.53). From the definitions we have, at once, ' 
| f iy C18) Pe a1, Pony ees 
i \ if H providing p > 2. 
i Our next purpose is to determine the coefficients a of (3.11). This is ¥ 
| Te done by our method quoted above. As all the steps are quite analogous we ; 
FI if ‘ shall omit the details and merely display the essential stages. We have ( 
ut i a” = ta] re a z; |z| = exp | -% |. ¥ 
. 1 F,(z) 
hk=<N <2 Eh,k get dx, ( 
where £&,. is the Farey arc corresponding to the value h/k. We designate 
the end-points of this arc, measured by the angle g from 2ah/k, as —0,,, and 
8,4. The symbol oy, =. the sum over all hk and & such that 
OSh<k<SNand(h, k) = 
Writing w = N~ — ig we eed 
_2rihn 8," i 
af = de * [ ” B,( exp kK — 2rw ) er dy. 
hkeN She k ( 
In the sum over k we now apply (2.51) or (2.61) according as p { k or p\k | 
and have, using the notation of (3.11) and (3.12), a 
= one 
a? = pe kt 2) 6 ef "i } | 2r (p — 1)p +p (é 
re xi, ie ©xP k*pw 24 i 
e(p—1) -1 oe m(2mik! _ _2n )| 
“+ tro( 7 +n) ]¥ ag exp| m | — gay dp ( 
+ >, kt he a — ize oh 5 2r p(p — 1)-1 , 
bs hmod k hg [ioe exp| - kw 24 ( 





+ 2rw (2 — > + n)|> > ai? exp|m ee sn pr) Jae in 








ey ee i 
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We can now follow cunctly the reasoning of sections 3, 4, and 5 of our previous on ; 
per. The factor w' above shows that, corresponding to the dimension r, en 1 
we are to take ine > positive value 3. Fron section 3 we see that only terms in ‘. + 
which a factor e“/” with A > 0 appears will furnish a contribution to the final Be 
result when we let N tend to infinity. This means, in particular, that the Me ‘ 
terms corresponding to p|k will drop out. The condition (4.1) of that paper Me 


becomes (p(p — 1) — 1)/24 + n > 0 and hence is satisfied for n = 0. Thus, Vege 
in analogy to (5.5), we find the result BE 


(p—1)p+p_m\! 

















a” = o) > , 2 az (hn—h''m) 24p p ie 

s EDD an 2 t himod k p(p—1)—1 : ee 
(3.21) oA +n i: Vie 
: N : i 





x Tsp (F 4/2=Der P= am (ety n)), : bt 


where » is the greatest integer m for which : F 
(3.22) (p — 1)p + p — 24m > 0. ne 


The values of the coefficients of the left members of (1.11) and (1.12), with 
which (3.21) is to be compared, are® 





1 i 
2Qrih —_ 
(3.3) p(pn+r) = ad D éa.s0 Pre A masse, 24 ; 
ie 





x Ian (# (sa (Pn +> - 3). 


4. At this point we separate the two cases p = 5 and p = 7. The first 
identity, (1.11), can be written as 





(4.11) x p(in + 4) 2" = 5 F(z) = 5 x als" 
and hence will be proved if we show 

(4.12) p(n + 4) = 5ai”. 

In this case we have 

(4.13) p=5 Aa=4 p=6, 

and hence, by (3.22), 

(4.14) n= 1. 


* We use the form in which the series for p(n) is given on pp. 455-456 of our paper quoted . ae 
in footnote 5. ; 


Bpwn~s 
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‘with the abbreviation 


p+1 


(2.62) of = —* for p | k. 
Wh, k/p : 
3. We now introduce the power series 
(3.11) F,(z) = days 7 
and 
(3.12) F(x) = > at 4 
for the functions (2.1) and (2.53). From the definitions we have, at once, 
(3.13) a” =1, &=1, G =—-—p, &” = plo — 3), 


providing p > 2. 

Our next purpose is to determine the coefficients a of (3.11). This is 
done by our method quoted above. As all the steps are quite analogous we 
shall omit the details and merely display the essential stages. We have 


iv. [Fe - en [-%] 
an “a J grt dz, |x| = exp ~ 2 ? 


1 F,(x) 
hk=N oni ae oe . 








where & is the Farey arc corresponding to the value h/k. We designate 

the end-points of this arc, measured by the angle g from 2xh/k, as —0,,, and 

She. The symbol p> designates the sum over all h and & such that 
ken 


sh <k< Nand (hk) =1. 
Writing w = N~ — iy we have 


Qrihn fe, 
ou 2g 5 i rc F, (cxp [= — 2rw ) e"™” do. 
hkSN She k 


In the sum over k we now apply (2.51) or (2.61) according as p / k or p\k 
and have, using the notation of (3.11) and (3.12), 


see one 
a?” = p?? kt 2) 6 see 2a (p ~ 1)p +p 
r” & Pt i ane E 24 


Dak 
—1)— = th” Qr 
“+ tre =D —1 40) ] 5. a xm (2 — 28] 


_2xihn ORE len ena 
+k Dd’ oe [ ut exp| — ae gig it) ~ 1 


ksN hmodk : kew 24 
P\k 




















—Onk 


+ 2rw (2 = yt % n) | 2 ay. exp|m (a - 2) Jae 
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We can now follow eanctly the reasoning of sections 3, 4, and 5 of our previous 

per. The factor w' above shows that, corresponding to the dimension r, 
we are to take the positive value 3. From section 3 we see that only terms in 
which a factor e“’” with A > 0 appears will furnish a contribution to the final 
result when we let N tend to infinity. This means, in particular, that the 
terms corresponding to p|k will drop out. The condition (4.1) of that paper 
becomes (o(p — 1) — 1)/24 + n > O and hence is satisfied for n => 0. Thus, 
in analogy to (5.5), we find the result 











i aE (p—1)p+p_m\! 
a” = =A (p) Ya : > a a z- “_ (hn—h''m) =F Pp 
(3.21) pP* m= “a! h mod k p(p =H Se ae 








2 Ia (# 4/ B= Dero 2m (ep 1) = 1 4 n)), 


where » is the greatest integer m for which 
(3.22) (p — 1)p + p — 24m > 0. 


The values of the coefficients of the left members of (1.11) and (1.12), with 
which (3.21) is to be compared, are* 





1 1 
= 1 ’ — 08 | ont) 24 
(3.3) plpn +r) = Qe > . > anne 
km & hmodk 1 
pn tr — 2 





« ta (F/B) 


4. At this point we separate the two cases p = 5 and p = 7. The first 
identity, (1.11), can be written as 


(4.11) x p(n + 4) 2" = 5 F(z) = 5 > ats" 
and hence will be proved if we show 

(4.12) p(n + 4) = 5a”. 

In this case we have 

(4.13) p=5 A=4 p=5, 

and hence, by (3.22), 

(4.14) y= il. 


* We use the form in which the series for p(n) is given on pp. 455-456 of our paper quoted 
in footnote 5. 
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Also from (3.13) we have 

(4.15) a =1, a = —65. 

Setting these values in (3.21) we have 





5 
Qrihn ms 
(6) "9 24 “< 
- 5a 2m ah n+ 9 IE CE /a("+ 
24 


(4.21) 


, —— (hn—h"” 1 
tM Y’ ae i tan—h”) al /&(n (n+ i) 
a 1K mod k * +3 a. ae 5k 24 


which is to be compared with 


1 i 
2rih DA 
pin + 4) = Be So) Simao ih tse ete 
k= k a h mod k 19 
(4.22) 5 (n + x) 





4a 5 19 
x ta E oe (+7): 
which we have by (3.3). 


Comparing terms in (4.21) and (4.22) which have the same arguments in 
the Bessel functions, we see that our proof of (4.12), and hence of (1.11), will 
be accomplished as soon as we have shown the following three facts: 

2rihn 





2rih 

I. ys af e ko = > mse) re ; 5k, P= 5; 

h mod k h mod k 

1 _ 288 ae _ 2th ‘“ 
II. 4 2 Mine “0 re: = 1 b bes Wh bk @ 5k ¥ at 51k, p=5; 

~ Bb, 5h mod 5k 

2rih 
ITI. SY we SC ae ee | k. 
h mod k 


It is to be remembered that 9/ depends on the value of p and that these 
equalities are asserted only for p = 5. 
The second identity (1.12) is treated in a similar manner. We write it as 


(4.31) b> p(7n + 5)x” = 7F;(z) + 492F,(x) = 7ai® + 2 (7a + 49a%?,)2”. 


By (3.13) we have aj” = 1 and hence p(5) = 7 = 7a$” and we need only show 
(4.32) p(7n + 5) = 7a + 490%, , n21. 
For F;(x) we have 


p=7, p=3, p=1, & =1, af = -3, 






















ar 
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and hence, by (3.21), 











25 i 
2ai ite 
(3) ’ —~> As 24 
REE tT (B/D) 
7 
(4.41) ; ; 
Or l yy oa ane 24 dn (/ i 17 
— Lk ey Oe i lan (5 za (" +34) 
14k n + a4 
For F(x) we have 
Pp = 7, p = 7; BL = 2, as” = 5, ai” _ —7, ~(7) = 14, 
and then we find 
49 i 
49a°?, = yl > ae. ced ey 
moe h mod k 7(n +) 
24 
x Ian (7 / za ("+h)) 
25 t 
2r = 1 (7) Sr Maa) 24 
oa mt k x as 17 
(4.42) Xk Tin + 24 





bad 


4x (7) eo D287) 24 
+o p Da Ee, Ss 





cy 
4a 
XxX la ($ V x(n +31) 


On the other side of (4.32) we have 


r) 2rih OA 
o(7n + 5) ee: 2 ; Y’ eieht a oT ted aaa 
(4.43) k=1 hmod k 7(n+ 
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If we now set (4.41), (4.42) and (4.43) in (4.32) and again compare terms 
having the same arguments in the Bessel functions we see that our proof of 
(4.32), and hence of (1.12), is now reduced to show the four facts: 





2rih 
‘ , (7) 9 — 2th (nt) = ’ ——— (Te+5) 
. 2, mite a 2 ente » TF Kp=7,; 
3 @, FF aeey uP —28F (a(n —1)—28"") 
ae Bai 27 
V re ad, TA hmod 
. 1 ’ — 2th ints) 
aa 2, Wh, 7k & ’ 7 4 k, p=7; 
7 hmod 7k 
2rih 

- (7n-+5) 

III’ ae wnpe * =0 for 7'lk; 
hmod 


2ri a 
w FY ate 2” 2" ae ap athe Sj .7f% 9-7. 
hmod k hmod k 
5. For the proof of the relations stated in section 4 we shall need the two 
following lemmas. These lemmas are based on some recent results of D. H. 
Lehmer.’ It is convenient to use the notation 
2rth 


(5.1) A;(n) = Pg Wh ke & 





which was introduced by Hardy and Ramanujan” and which is in agreement 
with the notation of Lehmer’s paper. 
Lemma 1: Let p be a prime, p > 3, p { k and let 


(5.21) 24. = 1 (mod p). 
Then 
(5.22) Apk(pn + A) = Ap(A)Ax(m) 


where n, 1s any solution of the congruence 
(5.23) pny = pn + (p’ — 1 + 24d)/24 (mod k). 


It is to be noted that the coefficients in (5.23) are integers and have the common 
factor p. 

Proor: It is obvious from (5.1) that A;(n) is a periodic function of n with 
the period k. Hence in the course of the proof we need determine the value 
of the argument only modulo the subscript. We have, with Lehmer, to dis- 
tinguish three cases according to the divisibility of k by powers of 2. 





* On the series for the partition function, Transactions of the American Mathematical 
Society, vol. 43, no. 2 (1988), pp. 271-295. 
” Loc. cit. footnote 7, especially p. 85. 





(53: 
with 
(53 
Hen 


and 
(5.3 


Fro. 
(5.3 
If 3 





18 
of 
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A) If k is odd we have, by Lehmer’s Theorem 1, 
(5.31) Ags(pn + 2%) = Ax(m)A,(ne) 
with 
6.32) potrd=pmt+k'm— (p +k —1)/24 (mod pk). 
Hence we have 
24. = 24k’n, — kh’ +1 (mod p), 
24. —-1= k(24n.—1) (mod p) 
and then, by (5.21), 
24ng —-1=0 (mod p) 
(5.33) iar inde) 
From (5.32) we also have 
(5.34) pn += pin — (p' +k — 1)/24 ~~ (mod k). 
If 3 4 k this yields 
24(pn +d) = 24p'n, — p’ +1 = (mod f), 
(5.35) pn += p'm — (p’ — 1)/24_ — (mod k) 
while if 3|k we have 
8(pn +d) = Sp'm — (p' — 1)/3— (mod k) 
(5.36) pn +r = pm — (p’ — 1)/24 (mod k). 


The formulas (5.33), (5.35) and (5.36) complete the proof for k odd. 
B) If k = 2k, , a > 1, k; odd, we use Lehmer’s Theorems 1 and 2 and find 
the following relations: 


(5.41) Apx(pn + d) = (—1)"" “Age(m2)A px, (ns) 

with 

(5.42) pn +r = pking + 2*ng — (pki — 1 + 2°*)/24 (mod 2*ph), 
(5.43) Apx,(ms) = Ap(m)Ax,(ns) 

with 


(5.44) ns = pM + kin, — (p° +ki- 1)/24 (mod pki), 
and 

(5.45) Ax(m) = Aase,(m) = (—1)* “Aa, (ms) Aae(ne) 

with 

(5.46) m = kine + 2"n, — (ki —1+ 2°*) /24 (mod 2*k). 


Ae 
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From (5.41), (5.43) and (5.45) we have with 

fe & (5.47) Ap(pn + r) = Ap(ma)Ax(m) 

a while (5.42) and (5.44) yield 

Ay 24. — 1 = 2’*(24n3 — 1) (mod p) 

and witl 
24n3 — 1 = ki(24ng — 1) ~—— (mood pp) 


and hence and 




















2*ki(24n, — 1) = 244 -—1=0 (mod p) 
or wit 
(5.48) Mm =X (mod p) 
in virtue of (5.21). From (5.42) and (5.46) we get Th 
pn +d = piking — (pk? — 1 + 2°*)/24 (mod 2°) " 
and 
2 2 2. a @ (5. 
m = kin, — (ki — 1 + 2°%)/24 (mod 2*) 
which, on elimination of m2, yields : 
scan p'm = pn + d+ (1 — 2°*)(p* — 1)/24 
= pn+dr+ (p’ — 1)/24 ~— (mod 2°). wi 
Finally we use (5.42), (5.44) and (5.46) to obtain 3 
pn +d = 27°ns — (2°* — 1)/24 = (mod &y), fre 
ms = p'ns — (p’ — 1)/24 ~— (mod hy), 
m = 2°°ns — (2°* — 1)/24 — (mod k,). 
Eliminating n3; and ns we get (5 
pn +d = 2"p'ns — (2°*p” — 1)/24 ~— (mod ki) N 
= pm — (p’ — 1)/24 (mod k,) 
or by 
pm = pn ++ (p' — 1)/24 ~— (mod &y) 
which, together with (5.49) yields (5.23). This with (5.47) and (5.48) com- 
pletes the proof for this case. é 


C) If k = 2k, , ki: odd, we use Lehmer’s Theorems 1 and 4 to obtain 
Ape(pn + ) = Aspe, (pn + d) = As(n2)A pe, (ns) 
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with 

pn + = 4ns + phim, + (p*ki — 1)/8 

= 4ng + pkine + (pki — 1)/8 = (mod 2phi), 
A px,(ms) = Ap(m)Ax, (ns) 
with 
na = pins + King — (p? + Ki — 1)/24 (mod ph), 

and 

* Ax(m) = Aox,(m) = As(ne)Ax, (ns) 
with 


m = 4ns + kyne + (ki — 1)/8 = 4ns + kine + (Ki — 1)/8 (mod 2h). 


These formulas can be combined in a manner similar to that used in case B 
thus completing the proof of the lemma. 
Lemma 2: Under the conditions of Lemma 1 and with B > 1 we have 


(5.51) A px(pn + r) = 0. 


Proor: We again treat three cases as in the proof of Lemma 1. 
A) If k is odd we use Lehmer’s Theorem 1 to obtain 


A pex(pn + A) = Ax(m)A pe(ne) 
with 
pn +d = pm + Kn — (p* +h — 1)/24 — (mod p*k), 
from which we get 
d= k’n, — (kK — 1)/24. (mod p), 
24.—1=k(24n.—1) (mod p), 
(5.52) 24n. —-1=0 (mod p). 
Now, however, (5.52) implies 
A stn) = 0 


by Lehmer’s Theorem 5 and hence our proof is complete for this case. 
B) If k = 2%k:, a > 1, ky odd, we have, using Lehmer’s Theorem 2, 


Asse(pn +) = Apapse,(pn +) = (—1)” “Ase(m2)A por, (ns) 
with 
pn +d = p* king + 2°'ns — (pki + 2°* — 1)/24 (mod 2%p*k;) 
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and hence 
24. — 1 = 2°"(24n; — 1) — (mod p), 
24n,; -1=0 (mod p), 
ms =X (mod p). 
Therefore we have 
A p6x,(ms) = 0 


by case A which we have just proved. 
C) If k = 2k, , k, odd, Lehmer’s Theorem 4 can be used to reduce this case 
to case A just as before. . 


6. We turn now to the proof of the relations asserted in section 4. We first 


consider those having to do with the modulus 5. 
We have” for odd k: 


ee (=) exp {4 ( (k — 1) + a (i ws i) (2h — h’ + in))| 
and for odd h: 


hk = (5) exp \-ri (Fe — hk — h) 


+4 (i ji t) (2h — h! + itn))}, 


and therefore by (2.52) for odd k, 5 4 k, we have 


6 
ay = he — (=58) exp {oi (F@-1 


(6.12) 


4 a(t m i) (12h — 6h’ + 6h°h’ — 50h + 5h” — 125i*0"))} 
with 
(6.21) Shh" = —1 (mod k). 
From this congruence we have 
(6.22) h’ = 5h" * (mod k) 


and hence we may write 


of = (=) exp {Fi (j (k — 1) 


1 1 Mi « 23" . 
+(e £ t) (—38h — 25h" — 95h’h | 


(6.23) 





" Loc. cit. footnote 7, especially p. 85. 





plac 


(5) 


On.) 


whe 
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No 





case 
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If we now replace h by 5h we see from the definition (6.21) that we must re- 
place 5h” by h”’ at the same time. Doing this we get, from (6.23), 


a, = (;) pon \-ri(j (k — 1) + 5 (i 7 i) (—190h — 5h” — azsi°h")} 


os (Z) exp {4 (; (k — 1) 
H(i a i) (—94h — h’ + Wh! — 96h(hh! + »))} 


where we have made use of (6.22). Since, by definition, hh’ + 1 = 0 (mod &), 
this equation goes over into the form 


a-(Aeobn(la-n+4(-}) av snn)}e 


wi8h 


= Onke F&F. 


Now 5h runs, with h, through a reduced set of residues modulo k since 5 { k 
and hence we have 


+ 











2Qrihn 2ribhn 
’ a die , a 
DY wea = DY oe 3 
h mod k hmod k 
2rih 


* _2rth 
ae > hy wnee 2 (5n+4) 
A raod k 


which proves I for odd k. 
For the case k even we use (6.12) and find, as before, 


6)  (—k ee y 
ne = (=f) exp { 1 (; (2 + 19hk + 19h) 


(6.3) 1 
+ 79 


On. = (5) exp { —xi ( (2 + 95hk + 95h) 


(i di i) (—38h — 25h” — asith"))}, 


12 


om (=") any {Fi (; (2 — hk — h) 


1 1 7 2n7 A 
+i (e-j)@-s +HK))be k 


ae (: ii i) (—190h — 5h” — a7sith"))} 


_7i8h 
=Wn,ke@ kk, 


The remainder of the proof is the same as in the previous case. Thus I is 
proved also for even k. 
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7. For the proof of II we first use Lemma 1. With p = 5 we have 
A = 4, 
5'n, = 5n + 5 (mod k), 
m = 5*(n + 1) (mod k), 
where 5* is the reciprocal of 5 modulo k, that is 
5-5* =1 (mod k). 
Then for 5 4 k we have 
Aulin + 4) = As(4)A(5*(n + 1). 
From Lehmer’s Theorem 5 we find the value 
As(4) = (?) st = — 51, 


We can therefore transform the relation II into 


2Qri 2rth 
5) .———(hn—h!! = 5 
DD af ¢ Ean + is >i wnpe” F 5*(n-+1) 
h mod k h mod k 
or 
2ni : 2rih 
(5) -——— (hn—h’") == Tae Ghd) 
(7.1) LD! ee = 20’ onse # *, 
h mod k h mod k 


Now, for odd k, we take the value of O(*) from (6.23) and the value of (5h, k 
from (6.11) and find 


2rih’’ 


(5) ” 
a emp} —ri( 4 (t ‘i 1)(—48h — 24h" — 1202!) — arm)! 


Wer, ke & k 








= exp {7 a(l + sn’) in. 


where the last equality is a consequence of the definition 5hh’” = —1 (mod &). 
Thus we have 


aeth +n) 


2ri 
(5) -——— (hn—h’’) _ 
One k = wree ‘ 


which proves (7.1) for odd k. 
For even k we use (6.3) and (6.12) and find again 





2% er 1 
me 4 
Wir, ke & 
i _ 1 ” 2yr 2h” + 2h = 1 
+ 12 (i i) (—48h — 24h” — 120h7h”’) — J a 


which completes the proof of (7.1). 
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g, The relation III can be written ee! 
Agi,(5n + 4) = 0 oh 
with 8 > 1,5 4 & and is, as such, an immediate consequence of Lemma 2. 


Thus we have proved the three relations for the modulus 5 and hence have 
proved Ramanujan’s identity (1.11). 


9, We now turn to the proof of the four relations concerning the modulus 7. 
The proof of I’ is analogous to that for I so we shall omit all detail and merely 
state the results. In this case we have 7 { k and 


Thh"” = —1, 7h” = h’ (mod k) 





and we obtain 








—Th (1 1 1 ” ie als 
+) haces "ae fy Fae 4 >< aM oat ee ”r . sat 
at = (= ) exp{ ri(a D+ h(i iy 82h — 49h 287 hh’) Bf 
for odd k, and bai 
a = (5) exp{ - vi(} @+ 41hk + 414) wy 1 

oe s-i)- 82h — 49h” — 287hh”)) ‘ 
12 h 


es 


for even k. In both cases we get 
24rth 
. - 
OR, = one * 


from which we have 





? ‘ 2rih(n—1) . , 14 rih(n—1) 
i= eee me 
2, Ore e . sa Zz Q7h, Re ° 
h mod k h mod k 
, _ = (7n+5) 
= pe Wh ke 
h mod k 


which proves I’. 


10. At this point it is convenient to prove the relation IV’. From the defi- 
nition (2.52) we have, for 7 / k, 





4 8 ya 
(3) Wh,k (7) _ Whyk Sale ag 
Re==-, Ww = = 
WTh,k W7h,k et 
and hence + AMG 
(3) 4 2 ri (ht+h"’) ‘Li 
One _— OA Ee 4} ai 
qy he | ee vi 
Mee * : ) een 










































ae 
ee 
a} a \s +4 
4 th, 9 
is Bihis” 
ce NE i | 
D sh 
+2 
} 
ee tb 
$219 hi 
+4 ne 
Lee 
4 i| : 4 ti 
et 1m a ha 
FRR ik i 2 
fee be & ? ’ 
pet Ae 
Aa? ; 
a) BR: 
as ye 3 Bi 
he ei ‘ ¥% 
Wh aR 
eetkad aw ee he 
ds ta a3 
Moe TASS bY 
ROR EEE pat 
1 Be 
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For odd k we use (6.11) to obtain Now, 
4 2ri(h+h’’) 
isi... a si 
=e 
Wh,k 
(10.11)  =exp {- od (3 (: _ 1) (lah + 6h” + 42h7h”) + aa) 
whieh 
7 Qrth my\ 
= ep (1 + 7hh } 1. 2. 
pletes 
For even k we use (6.12) and find tty ( 
4 _ Bi (hth) 
<—s k = exp \— “i(- 6hk — 6h : 
Wh,k ; 
(10.12) f 
+5 (: { (aah + 6h" + 42h") + 2h +h) = 
as before. Hence, in both cases, we have 
2ri(h+h’’) 
(10.13) OR = Are * 
which clearly proves IV’. 
11. Equation (10.13) reduces II’ to 
2ri a 
(11.11) - 5 ct . | ite 
h mod k /7 


where we have used the notation of (5.1). Now Lemma 1 yields the result 
Axn(7n + 5) = A7(5)Axz(7*(n + 1)) 
for 7 { k and 7-7* = 1 (mod k). Also, by Lehmer’s Theorem 5, we find 


Ai) = (3) v7 = - vi. 


Therefore (11.11) can be written as 


Q2ri 
, 3) — = (hn—h") 
L ae * 
h mod k 


A,(7*(n + 1)) 


2rih 
= k 





7*(n+1) 
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Now, however, by (2.52), (10.11) and (10.12) we have 





2ri 4 2Qri 
(3) ——p nh) Whe — hn") 
Qre € =——e * 
WTh,k 
my 
~ oe nt) 
= wm,re 


which proves (11.12) and hence II’. 


12. The relation III’ is an immediate consequence of Lemma 2. This com- 
pletes the proof of the four relations and hence proves Ramanujan’s iden- 
tity (1.12). 


UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, Pa. 
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For odd k we use (6.11) to obtain Now, 
4 2ri(ht+h’’) , 
eS. 
“<—" 
Wh,k 
(10.11) = exp {- oe (3 (i * j)Ciah + 6h” + 42hh") + a) 
which 
i 2rth m\ _ ' 
= exp (1 + 7hh } =], 2. 
pletes 
For even k we use (6.12) and find tity ( 
Th k i nt UI 
=z é ’ = exp {- ri(- 6hk — 6h Py 
@), 
(10.12) i ein 
~ } (: _ {Cah + 6h” + 42n°h’’) + 2h + WN =] 
as before. Hence, in both cases, we have 
2x (h+h’’) 
(10.13) OF = Ae Fe 
which clearly proves IV’. 
11. Equation (10.13) reduces II’ to 
2ri 
_ oer 
(11.11) rg a? e Fi Ax(7n + 5) 


where we have used the notation of (5.1). Now Lemma 1 yields the result 
An(7n + 5) = Ax(5)Az(7*(n + 1)) 
for 7 { k and 7-7* = 1 (mod k). Also, by Lehmer’s Theorem 5, we find 
Ax(5) = (?) Vi = — v7. 


Therefore (11.11) can be written as 


hk © = A,(7 (n + 1)) 





h mod k 
, — 28h en 41) 
= 2) wae * 
h mod k 
or as 
2Qait 

, (3) — = (hn—h"’) ’ = 
(11.12) bs ee * = Z WTh ke 





h mod k h mod k 
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Now, however, by (2.52), (10.11) and (10.12) we have 


Qri 4 2ri 
3) —— (hn-h"’) Whk — — (hn—h’) 
Ae * = — e * 
WTh,k 
2a nt) 
= Wn, ke 


which proves (11.12) and hence II’. 


12. The relation III’ is an immediate consequence of Lemma 2. This com- 
pletes the proof of the four relations and hence proves Ramanujan’s iden- 
tity (1.12). 


UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, Pa. 
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MODULARITY IN THE THEORY OF LATTICES* 


By L. R. Wilcox 
(Received April 8, 1938) 


Introduction 


The theory of lattices has been developed by Dedekind’ and during recent 
years by J. von Neumann,’ G. Birkhoff,’ 0. Ore,* K. Menger’ and others. Most 
of the results, however, pertain to modular lattices. It is the purpose of the 
present work to generalize portions of the theory of modular lattices to arbitrary 
lattices when such generalization is possible (Section 1), or to lattices satisfying 
weak modular hypotheses (Sections 2-5). 

The first section is devoted to a study of a binary relation called modularity 
(ef. Definition 1.1(a)) defined in a lattice L, and its connections with a theory 
of independence for L. Consequences of the assumption that the relation of 
independence (Definition 1.1(b)) is symmetric are contained in Section 2. In 
Section 3 the concept of semi-modular lattice is defined, and a general example 
including affine geometry is given. It is shown in Section 4 that a theory of 
such lattices may be obtained which closely approximates the Dedekind theory 
of modular lattices; in particular the Jordan theorem for principal chains is 
proved. Section 5 deals with semi-modular lattices satisfying both descending 
and ascending chain conditions. It is found that a dimension function exists 
having the essential properties of dimensionality for linear subspaces of a finite- 
dimensional (non-centered) affine space. Our results generalize those obtained 
through entirely different methods by K. Menger’ for lattices satisfying our 
axioms and in addition an axiom of complementation. 

By a lattice we shall mean a set L of elements a, b, c, --- , partially ordered 
by a binary relation < defined for all pairs of elements of L (i.e., the relation 
< satisfies (1) never a < a, (2) a < b, b S a implies a = 3, and (3) a $3, 
b < c implies a S c), with the further property that every two elements a, b « L 
possess a least upper bound a + b and a greatest lower bound ab, characterized 
respectively by the properties c = a, b if and only if c > a + b, andc Sa,} 





* Presented to the American Mathematical Society Dec. 29, 1937. 

1 Ges. Werke, Braunschweig, 1932, Vol. II, pp. 236-271. 

* Proc. Nat. Acad. Sci. 22 (1936), pp. 93-100; Proc. Nat. Acad. Sci. 23 (1937), pp. 17-22. 
Cf. also mimeographed and planographed lecture notes, ‘‘Continuous Geometry,”’ Prince- 
ton, 1935-1937. 

* Proc. Camb. Phil. Soc. 29 (1938), pp. 441-464; Proc. Camb. Phil. Soc. 31 (1935), pp- 
433-454; Annals of Math. 36 (1935), pp. 743~748. 

‘ Annals of Math. 36 (1935), pp. 406-437. 

5 Annals of Math. 37 (1936), pp. 456-482. 

6 Annals of Math. 37 (1936), pp. 464, 465. 
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every ae L; a unit is an element 1 « L with the property 1 = a for every ae L. 
A zero (unit) is unique if existent. Throughout the paper the existence of 0 is 
assumed, but except where explicit mention of 1 is made, it is not supposed 
that 1 exists. We assume the reader to be familiar with the elements of the 


theory of lattices. 


if and only if c S ab. A zero is an element 0 ¢ L with the property 0 < a for 


We follow the standard set-theoretical notations as outlined, for example, 


in a paper of F. J. Murray and J. von Neumann,’ with the exception that we 
denote for a function f(z) the set of all elements f(x) with the property ¢(x) by 
(f(z); e(x)], reserving the notation (f(x); e(x)) for the system of such elements; 
eg., (ai ;7 = 1, 2, --- ) denotes the sequence rather than the set of elements a; . 
The empty set is denoted by 9. 


1. Modularity and the theory of independence 


In this section we deal with a given lattice L with zero 0. 
DeFINITION 1.1: Let b, ce L. 
(a) (b, c)M (read (b, c) modular) means (a + b)c = a + be for everya S c; 
(b) (b,c) (read (b, c) independent) means (b, c)M, be = 0; 
(c) b||¢ (read b parallel to c) means be = 0, (b, c)M (M being the negation of the 
relation M). 
CoROLLARY: 
(a) Ifb Scorb 2c, then (b, c)M. 
(b) IfbeL, then (0, b)M, (b, 0)M, (b, b)M, and (1, b)M, (b, 1)M when 1 exists. 

Proor: Suppose b S$ candleta Sc. Thena-+ b Sc, whence (a + b)c = 
a+b=a+be. Supposeb 2 candleta Sc. Thena Sc 3X b,and (a + d)c 
=c=be=a+bce. Thus (0, c)M in either case, and (a) is established. Obvi- 
ously (b) follows from (a). 

Remark: It should be observed that (6, c)M is equivalent to the apparently 
weaker statement (a + b)c S a + be for every a & ©, since it follows from 
(a + b)c = a, (a + b)c = be that (a + ble [a+ be. This fact will be used 
freely in what follows. 

DEFINITION 1.2: 

(a) a > b (read a prime over b) means a > b together with a = c = b implies 
a@=corb=c; 

(b) a < b means b > a; 

(c) P is the set of alla eL such thata > 0. The elements of P are called points 
and are denoted by p,q, 1, -** . 

Corotiary: If pe P, be L, then (b, p)M. 

Proor: Leta S$ p. Thena = Oora =p. Ifa = 0, then (a + b)p = bp 
= a+ bp; ifa = p, then (a + b)p = (p + b)p = p= p + bp =a + bp. 
Thus (b, p)M. 

Remark: It is in general false that (p,c)M if pe P,ceL. For, consider the 
lattice consisting of 0, ?,9,¢,1withO<q<c<l1lO<p<lptgapt,e, 








"Annals of Math. 37 (1936), p. 126. 
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qip,c<p. Henceg <c,but(g+p)e=c,g+po=q#e. This example (b) 
shows also that the relation M is not necessarily symmetric. (c) 
Lemna 1.1: Jf (a, b)M, ab S c, then (ac, b)M. Pr 
Proor: Letd <b. Then (d+ ac)b S$ (d+a)b=d+ab=d+acb. Hence that 
(d + ac)b S d + acb, and (ac, b)M. ¥ 
Coro.uary: If (a, b) 1, a’ S a, then (a’, b)M. <b 
Proor: Since ab = 0 we have ab S a’, whence Lemma 1.1 yields (aa’, b)M, RE 
i.e., (a’, b)M. agree 
TueEorEM 1.1: If (a,b) 1, a’ S a,b’ Sb, then (a’, b’) 1. yacul 
Proor: Clearly a’b’ < a’b S ab = 0, whence a’b’ = a’b = 0. It remains to be ot 
show (a’, b’‘)M. Now by Lemma 1.1 (a’, b)M; hence for every b” < b’ = 
(b”.+ a’)b’ a (b”’ + a’)bb’ aid (b’’ fe a’b)b’ = bb’ = b” = Bb” 4. a’b’, se 
and the modularity of (a’, b’) is established. a,) 
Lemma 1.2: If (a, b)M and if (c, a + b)M, cla + b) S a, then (c +a, b)M PR 
and (c + a)b = ab. +>: 
Proor: Let b’ < b. Then (a , 
( + (¢ +.a))b = + ( +.a))(a + Bb = (( +.) + la t bY . 
= (b+ a+ c(a + b))b = (0' + a)b = b’' + ab SD’ + (c + Db, rey 
whence (b’ + (c + a))b S b’ + (c + a)b, and (c + a, b)M. Moreover, list 
(c + a)b = (2+ c)(a+ b)b = (a + e(a + b))d = ab, If i; 
and the proof is complete. Supt 
THEOREM 1.2: If (a, b)M and (c, a + b) 1, then (c + a, b)M and (c + a)b = ab. a= 
: Proor: This is trivial from Lemma 1.2 since c(a + b) = 0 S a. 
. Turorem 1.3: If (a, b)M andc < b, then (c + a, b)M. Sine 
Proor: Let b’ < b. Then Pe 
(b' + (c+ a))b = (0' +c) + ab =)’ +c+ ab = b'4+ (c+ a), (a 
whence (c + a, b)M. satis 
Corotiary: If (a, b) 1 and if c S b, then (c + a, b)M and (c + a)b = ¢. i 
Proor: This is obvious from Theorem 1.3. disye 
Remark: Theorems 1.2 and 1.3 express essential closure properties of the (1) 
set of all modular pairs (a, 6), stating that the relation (a, b)M is not destroyed 
when a is replaced by a + c, where either (c, a + b)1 ore < b. Py 
Lemma 1.3: If (a, b) 1 and (c, a + b) 1, then (c + a, b) 1. (1.1) 
Proor: By Theorem 1.2, (c + a, b)M; moreover ab = 0 yields (c + a)b = 0, hold 
whence (c + a, b) 1. [k - 
DEFINITION 1.3: Let n = 1, 2,--- and a, --+, a, be given. We define (a1, of ge 
+++, Gn) to mean (>> (a;; i € S), > (ai; i € T)) 1 for every 8, Tifl,-::,9 If 4, 
for which j « 8, k « T implies j < k. i= 
Corotuary: Let (a,, +--+ , an) 1. 


(a) Ifa; ¥ Ofori =1,--- ,n, thena; ¥ a;fori ¥ j; 





ple 


ice 


MODULARITY IN THEORY OF LATTICES 493 


(b) flsh<b< te ee Baw Ce, en) L; 
(c) | fal S afors = 1, , m, then (a,, --- , Gn) L. 

Proor: Part (b) is ienmediaks, and (a) is stivial. To prove (c) we observe 
that if 8, Tc [l, ---,n] and if je S, ke T implies j < k, then (QL (ai; i € 8), 
¥ (ai; te 7))L follows from (>) (ai; t€ 8), D> (ai; ie T))L, >> (aj; i S) 
< } (ai; iS), ps (a;;ieT) S (a;; t e T) by virtue of Theorem 1.1. 

Remark: The definition of independence of n elements when n = 2 obviously 
agrees with that given in Definition 1.1(b). When n = 1 Definition 1.3 is 
vacuously satisfied, and so every one-element system is independent. It should 
be observed that in proving (a; , --- , @,). one need never consider the case 
§=@orT = 9, since >> (a;; i ¢€®) = 0, and (0, d)M, (d, 0)M by Corollary 
Definition 1.1. 

ToeorEM 1.4: Let n = 1, 2,--- and a, ---,a, be given. Then (a,---, 
a,) L if and only tf (a; , Ginn + +++ + ,)1 fori =1,---,n—1. 

Proor: The forward implication is evident. Suppose now that (a;, aj4. 
+.» + a,)1 fori = 1,-++,m — 1. We shall prove by induction that 
(qj, -:+,@n) Ll fork = n,n — 1, --+, 1, whence the desired result follows by 
putting k = 1. For k = n this is obvious, and for k = n — 1 it follows from 
our hypothesis. Hence let k = n — 1, n — 2,---, 2, and suppose that (a, 

-,@n)1. In order to show that (a1, a, --- ,@n)L, let S = [%, --- , 2,], 
T=([ji,--+,js], where S, Tc [kK —1,k , n], the 7, are distinct, the 7, are 
distinct, andi, < je. For convenience let 1; < t2 < --- <i,;< jr <r <p. 
If i, 2 k, then (>> (a;; je S), >> (ax; ke T)) 1 by the induction hypothesis. 
Suppose 7; < k,i.e., 74; =k —1. Define 


= 4, = Gu, b = ai, + ai, +--+ +4:,, Cm a; + Gy, + °°: + a;,. 


Since [t2,---,%,j1, °° je] C [k, --- , n], we have (6, c) 1 by the induction 
hypothesis. Moreover, since (a,_1, a, + --- + a,)1, and sinceeb +c S uy 
+++: + a,, it follows from Theorem 1.1 that (a,b + c)L. By Lemma 1.3 
(a+b, c)L, ie, (D> (aj; 7€S8), > (ax; ke T))L. Thus Definition 1.3 is 
satisfied in either case, and (ax_1, a, --* ,@n)1. This completes the proof. 

Lemma 1.4: Letn = 1,2,---. If (a, +--+ ,an)L,and 8, 7C[l, --- , n] are 
disjoint, then 


(1.1) > (ai; te S) > (aizieT) = 0. 


Proor: Let S = [1,---,%], 7 =[ji,--- je. If S, TC [nm — 1, nl, then 
(1.1) obviously holds. Suppose that k = n — 1, n — 2, --- , 2 and that (1.1) 
holds » le T Cc [k, k + 1, --- , n]; we shall show that (1.1) holds for 8, TC 
[k - - ,n], whence the desired result holds by induction. Without loss 
of sassy it may be assumed that 7 < j; and 4; < +--+ <a,jri<ic++ <j. 
If i: > k — 1, then the induction hypothesis yields our result. ilies let 
h=k—1, Then 


Gta +--+ +a; Sap + Gey +++ + ap, and (ag-1, Oe + Qey1 +--+: +n) 1, 
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whence 
D (ai; tS) Do (ai; 2€ T) = (ai, +++ +44,)( +--+ + n)(a;, + --- + a;) 
= (ai, + +++ + 44,)(a;, + +++ + 4;,) = 0, 


the last equality holding by the induction hypothesis, since [i,, --- |i) 
[j1,-+* ,Js] C [k, ---,n]. This completes the proof. 

Lemma 1.5: Let n = 1, 2,--- and (a4,---,@n)1. Moreover, let 8, Tc 
[1, --- , n] be such thati <jforie(S — ST),j¢«T. Then 


D (ai; tS) >) (ais ie T) = DO) (as3 i ST). 


Proor: Since (a:,-:-,@,)1, we have clearly (> (ai; te(S. — S§7)), 
> (ai; i€ T))L. Hence 


DX (a:; ie 8) DY (ai; ie T) 
= () (ai; ie ST) + DS (ai; (S — ST))) S (GaiyieT) = Dd (azieS7). 


THeEorEM 1.5: Let n = 1, 2,--+ and (a,,-+-+,@n)L. Moreover, let 8, TC 
[1, --- , n] satisfy any one of the conditions (a) S C T, (b) S D T, (c) ST = 8, 
(d)i <jforie(S — ST), jeT, (e-)i <jforie(T — ST),j¢S. Then 


(1.2) > (aijieS) > (apie T) = d (ai; ie ST). 


Proor: The result is trivial in case either (a) or (b) holds. When (c) holds, 
(1.2) from (1.1) in Lemma 1.4. If (d) holds, the result is that of Lemma 1.5, 
and if (e) holds, we apply the preceding case with S and T interchanged. 

Remark: If the modular axiom is assumed (i.e., if always (a, b)M), then (1.2) 
is obtained without restrictions on S, T (cf. Theorem 1.7 together with Theorem 
2.1 for a generalization of this fact). However, Theorem 1.5 gives the strongest 
result that can be obtained without restrictions on the relation M, as is shown 
by examples. 

Derinition 1.4: Let n = 1, 2,--- and a,-++:,@n be given. We define 
(41, +--+ ,@n)Ls (read (a;) symmetrically independent) to mean (a;,,°** , 4i,) 1 
for every permutation i — j; of the set of integers [1, --+ , nl]. 

Remark: It is clear that the relation 1, is symmetric; moreover, (a1, °-:, 
a») 1. clearly implies (a; , --- ,a,), while the converse is not generally true, 
as is shown by examples. 

THEOREM 1.6: If (a, --- , an) L., then (a;, p 2 a;)L for everyi = 1,--:,%, 
and conversely. se 

Proor: If (a, +++ ,@n)1., then (a;, a2,-++-,@:1, Qi, Giy1,°°* , 44, 
whence the desired condition holds. Conversely, let i — j; be any permutation 
of [1, --- , nm] and define b; =a;,. Our hypothesis then yields that (0b; , > by) L 


fori =1,---,n. Hence(b;, >) bi.) 1 fori = 1, ---,n — 1, and it follows from 
k=t+1 


Theorem 1.4 that (b1,---,b,)L. Thus (a;,,-°++,@;,)1, and the proof is 
complete. 
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Remark: The condition (a; , »» a;)1 (¢ = 1, --- ,m) appears in the theory 


of independence for modular lattices as a necessary and sufficient condition for 
(a, °°" Gn) L5 Theorem 1.6 is thus a generalization of this result. 
TuzorEM 1.7: Let (a1, --- ,@n)1L,,and let 8, TC [1,---,n]. Then 


¥ (ai; i 8) > (aizieT) = DY (ai; 7 € ST). 


Proor: Let S— ST= [ti , Oris » tr, T — ST = la, “9 9a ST = [ki , 

., kj, where the 7, are mutually distinct, as are similarly the j, and the k, . 
Now there exists a permutation of [1, --- , n] which brings about 7; < --- < 
i<j <cts <je <i < +++ < k, without destroying the relation (a; , --- , 
a,)L,. We may thus suppose that this permutation has been effected and 
apply Lemma 1.5, obtaining the desired result. 

We turn now to the consequences of a mild assumption concerning the rela- 


tion (a, b)M. 
2. Theory of symmetric lattices 


Throughout this section we shall assume Axiom A (stated below) and develop 
the stronger theory of independence resulting from this assumption. The term 
symmetric is applied to lattices satisfying Axiom A, since for them the relation 
(a, b) L is symmetric. 

Axiom A: If (a, b) 1, then (b, a)M. 

Corotuary: The relation (a, b)1 is symmetric, or equivalently, (a, b)1 if 
and only if (a, b) Ls. 

Lemma 2.1: If (b, a, c)_L, then (a, b, c) L. 

Proor: By the hypothesis, (6, a) 1 and (b + a,c)1. Hence by Axiom A 
(b,a)1, (c,b +a)1. Now Lemma 1.3 applies, yielding (c + 6, a) 1, whence 
also (a, b + c)1 by Axiom A. Clearly (6, c)1L; therefore (a, b, c)l by 
Theorem 1.4. 

TuEorEM 2.1: If n 
and conversely. 

Proor: The converse is trivial. To prove the forward implication let « = 1, 

‘+, n be given and define 


1, 2, ++: ,and (a, +++ ,@n)1, then (a,,°°*,@n)1., 


i—1 ”, 
a=4;, b= Dia;, e = Dd aj. 
j=1 j=it+l 


Clearly (a,c) 1, (b, a +c), whence (b, a, c) L by Theorem 1. - Thus Lemma 
2.1 yields (a, b, c) 1, ice., (a;, 2d, aj). This holds for i = 1, --- , m, whence 


(4, +++ ,a,)1,. by Theorem 16. 
ChkoLLAnys If a,-+-+,@, are given, then (a1, °°: ,@n)1 if and only of 
(D (ai; i 8), 3° (ai; ie T)) 1 for every disjoint pair 8, T C [1, --- , n]. 
met Suppose (a1, -++,@n)1, ie, (a1,---,@n)1., and lett S = 
li,-++ a], T = [j1, °--,je], where the 7, are mutually distinct, as are also 
the j,. Clearly there exists a permutation of [1, --- , n] that effects 7. < t% 
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<< ig < fi < +++ < je without destroying (a;,---,@,)1.. Hence we 
may suppose this permutation to have been performed and infer the desired 
conclusion by Definition 1.3. The converse is trivial. 

Remark: The condition in the corollary just proved appears in the theory of 
modular lattices as the definition of (a,,---,@n)1. It should be noted that 
Theorem 2.1 yields the symmetry of the relation (a; , --- , @,)L. 

Lemna 2.2: If (a, c) 1 and (a + c,b + d)1, then (a + b)(c + d) = bd. 

Proor: Since (a, c) lL and (b + d, a + c)1, we have by Theorem 1.4 that 
(6 +d+a,c)1, whence (c,a+b+d)1. Hence 


(a + bc +d) = (a+ b)(a+b+a)(e+d) = (a+ dd 
. = (a + b)(b + d)d = (b + a(b + d))d = ba, 
since (a,b + d)L. 


TuroreM 2.2: If (a1, ---,@n)L, (b1,---,bm)L and (4 +---+ a, 
by +--+ + bm) 1, then (a1, +++ ,Gn,b1,-+-,bm)L. 

Proor: By Theorem 1.4 it suffices to prove 
(2.1) (@;,@i41+ +> tantoi+::-+b,)L (@=1,---,n) 
and 
(2.2) (6; , Disa Hees + Om) L G'='1,-+-',m = 1). 


Since (2.2) follows from (bi, --- , bm)-L, we prove only (2.1). Define 


c= +-:- + bn. 


Clearly (a, b)1, (a + b, c)L, whence it follows that (a, b, c)L. Thus 
(a, b + c)1, i.e., (2.1) holds. 

Coro.iary: Suppose that m systems (aj; j7 = 1,---,mi),t = 1,°-:, mare 
given. If (aj; 7 = 1,---,n)L fori = 1, ---,m, and af (bh, ---, bn) 1, 


where b; = >> aj;, then (aj; j = 1, --- 
7=1 


@=4;, b= Gini t-s +a, 


,Wi,t = 1,---,m)L. 


Proor: This follows immediately from Theorem 2.2 by inductien on m. 

Remark: The result of Theorem 2.2 is an important property of independence 
in the theory of modular lattices; it is found to depend rather essentially on 
Axiom A, being false for a general lattice. It might seem that the result 
should hold in general when independence is replaced by symmetric independ- 
ence, but this also is contradicted by examples. 


3. Semi-modular lattices 


In this and the succeeding section a theory of lattices satisfying Axiom A 
and Axiom B (stated below) is developed. This section is devoted to defini- 
tions, several fundamental properties and a general example of semi-modular 
lattices. The term semi-modular is applied to any lattice satisfying Axioms A 
and B. We assume henceforth that L is semi-modular. 

Axiom B: If ab ¥ 0, when (a, b)M. 
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CoROLLARY: | 4 
¢) (e0)M if and only if (,o); Hh 
(b) the statements (a, b)M, a||b, b|| a are equivalent (cf. Definition 1.1(c)). nie 
\ 


Proor: Immediate. 
TazorEM 3.1: If (a, c)M, (a+ c,b +d) 1, and (b,d)M, then (a + b)(c + d) = 


ac + bd. ' 
Proor: Since (a, c)M, (b + d, a + c)1, we have (a + b + d, c)M and ae 
(a+b + d)c = ac by Theorem 1.2. By Corollary Axiom B (c, a + b + d)M. oe 
Now 
(a+b)(c+d) = (@+b)a+b+ dc +d) 

= (a + b)d + (a + b + d)c) = (a + b)(d + ac). 
But (b, d)M, (a, b + d)1, whence (a + b, d)M, ie., (d, a + b)M, and 
(a + b)d = bd by Theorem 1.2. Thus . 


(a + b)(c + d) = ac + d(a + b) = ac + bd, 


and the proof is complete. 

Remark: The theorem .just proved is a generalization of an important prop- 
erty of modular lattices. If a = bd = 0, the result holds for a general lattice 
as Theorem 1.4 and Lemma 1.4 show. If merely ac = 0, Axiom A is sufficient 
to prove it (cf. Lemma 2.2). However, the general form seems to depend 
essentially on the symmetry of the relation (a, b)M. 

DeFiniTION 3.1: We shall say that L satisfies the ascending (descending) 
chain condition in case there exists in L no denumerably infinite sequence 
(a;;7 = 1, 2,---) with a; < a,(a; > a;) fori < j. 

We interrupt the general theory with the description of an example of a 
semi-modular lattice. 

Let A be a given lattice with 0 and 1, partially ordered by a relation a < b, 
and having operations a ® b, a @ b. Let A be modular, i.e., (a, b)M for every 
a,be¢A, and complemented, i.e., 


(3.1) a@ < b implies the existence of ce A witha @ c = b,a @c = 0. 
Let SC A be a fixed ideal with 0 deleted, i.e., a set with the properties 








(3.2) a,beS implies a @bDe«S, 
(3.3) aeS, O<b<a implies D€«S, 
(3.4) 0 not in S. 


Define L = A — S. Since LC A, Lis partially ordered by the relation a < b. 
We shall prove that L is a lattice by introducing operations into L in accordance 
with the following definitions. Let a, b ¢ L; then define 


a+b=a@Ob, 
(3.5) a@b if a@beL 
0 if a@ beS. te 
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To show that a + b is effective as least upper bound in L of a, b, it suffices to 
provea + beLifa,beL. If a = 0, thna +b = 0 @ b = Bb, whence 
a+belL. Suppose a ~ 0 and thata + beS. Then sincee0<asa+y4 
we have by (3.3) that ae S, contrary to aeL. We shall now show directly 
that ab is effective as greatest lower bound of a, b. Clearly ab L and ab < 
a,b. Suppose now thatceL,c S a,b; thence Sa@b. Ifa ® beL, then 
c S ab, and the proof is complete in this case; if a @ be S, then c = 0, since 
otherwise c e S by (3.3), contrary to ce L. 

Before proving that L satisfies Axioms A and B, we establish an important 
lemma, viz., 


(3.6) a\|b ifand onlyif a @beS. 


Let first a ||b. If a ® beL, then a @ b = ab = 0. Now suppose b’ L, 
b’ <b. Ifb’ = 0, then (b’ + a)b = ab = b’ + ab; if b’ ¥ 0, then (b’ + a)b > 
b’ > 0, and 


(b' ++ a)b = (b' © a) @b=0)' © (A @ db) = db’ + ab. 


Thus in any case (b’ + a)b = b’ + ab, whence (a, b)M, contrary to a||b. 
Conversely, leta ® be S. Then ab = 0 by (3.5). Suppose a not parallel to b; 
hence (a, b)M. Now by (38.1) there exists b’ eA such that 


(3.7) (a@b) @b’ = Bb, (a @ b) @b’ = 0. 
If b’ e S, then be S by (3.2), contrary to b e L; therefore b’e L. Now 
’+a=b'@a=b'@(a@®b)@a=b@a=bt+a. 


Hence (b’ + a)b = (b + a)b = b, and b’ + ab = Bb’. Since db’ S b and since 
(a, b)M, we obtain b’ = b, whence by (3.7) a @ b = 0, contrary to (3.4). This 
establishes a || b and completes the proof of (3.6). An immediate corollary is 


(3.8) (a,b)1 ifandonlyif a@b=0. 


For, let (a, b) 1; then a is not parallel to b, and by (3.6) a @ b «L, whence 
a@®b=ab=0. Conversely, a ® b = Oyieldsa ® be Landab =a @ b = 0; 
by (3.6) a @ be L means a is not parallel to b, whence (a, b) L. 

To prove Axiom A we need only to observe that by (3.8) (a, b)L implies 
a ® b = 0, which in turn implies b ® a = 0;i.e., (b, a). Finally, to prove 
Axiom B, let a, b « L, ab ¥ 0, and let b’ e L, b’ < b; then (b’ + a)b = ab > 0, 
and ab = a @ b, whence 


(b’ + a)b = (b' © a) @b = db’ @ (a @ b) = b' @ ab = ' +, 


and (a, 6)M. ‘Thus it has been shown that L is a semi-modular lattice. If A 
is a projective geometry,’ i.e., the lattice of all linear subsets of a finite-dimen- 
sional projective space Q, and if heA is any hyperplane, i.e., satisfies h < 1, 
then S = [z;x Sh, x 0] satisfies (3.2), (3.3), (3.4), and the lattice L = A — 8 





* Cf. G. Birkhoff, Annals of Math. 36 (1935), pp. 743-745. 
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is isomorphic to the lattice of all linear subsets of the (non-centered) affine 
space arising from Q by the deletion of the points of the hyperplane Ah. It is 
important to observe that L is non-modular (provided the dimension of Q is 
more than 1); indeed in this case the relation a || b is precisely the relation of 
parallelism as generally understood for affine spaces, since (3.6) shows that 
a||b means that a and 6 “intersect” in the deleted hyperplane h. 

A preliminary study of examples of the type just described has been made 
by the author * a more comprehensive discussion is to be given in the near 
future. It should be observed that the assumption (3.1) of complementation 
js stronger than necessary; it was needed only in the proof of the converse 
implication in (3.6), where the hypothesis 


aeL,beS,b S a implies the existence of c eA withb @c = a,b @®c=0 


would be sufficient. Moreover, if in the condition above we demand that 
ceL, then condition (3.2) may be deleted. However, these observations are 
not important for our present purposes. 


4. The Jordan theorem for semi-modular lattices 


Let us return to our semi-modular lattice L. We shall prove a sequence of 
lemmas culminating in the so-called Jordan theorem concerning principal 
chains (cf. Theorem 4.1). The lemmas are generalizations or modifications of 
those given by Dedekind” in the corresponding theory for modular lattices. 

Lemma 4.1: If ab < a, thena + 6b > b. 

Proor: Clearly a + b 2 b; if a + b = b, then ab = a, contrary to ab < a. 
Hencea +b > b. Suppose now thata +b 2e20b. Define f = ea. Then 
ab < f S a, whence f = ab orf = a by the hypothesis. If f = a, then ea = a, 
Le.,a Se, whencea+bSe+b=e,anda-+ b =e (since we hada + b 2 e). 
On the other hand, let f = ab, i.e., ea = ab. Nowif ab ¥ 0, then ea ¥ 0, and 
(a, e)M by Axiom B. If ea = ab = 0, thena > 0,ie., ae P, and (e, a)M 
by Corollary Definition 1.2. Thus also (a, e)M by Axiom A, and we have 


e=(b+ale=b+ae=b+ab=b. 


Therefore either a + b = e or b = e, and we have established a + b > b by 
Definition 1.2(a). 

Lemma 4.2: If a + b > b and if (b, a)M, then ab < a. 

Proor: Clearly ab < a; if ab = a, then a + b = b contrary toa + b> b. 
Hence ab < a. Suppose now that ab < e S a. Define f =e +b. Then 
bsf<a+b, whence f = borf = a+b by the hypothesis. If f = b, then 
e+b = b,ie.,e S b, whence ab = ae = e, andab = e. If on the other hand 
f=a+bie,e+b=a-+ b, then 


a=(a+bja = (e+ bia =e + ab =e. 


Hence either ab = ¢ or a = e, and ab > a. 





* Bull. Amer. Math. Soc. 43 (1987), p. 183, Abstract 159. 
Werke, Vol. II, pp. 259-265. 
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Remark: Lemma 4.2 is true independently of Axioms A and B, as is geen 
from the proof, while Lemma 4.1 is false for a general lattice. 

Lemma 4.3: If c < dandeeL, then eithrc +e =d+eore+e<dte. 

Proor: Clearly c +e = d+eore +e <d-+e. Suppose in the latter 
ease thatec +e Sfsd+e. Thene S (c+e)d S fd Sd, whencec < df < d. 
If df = 0, then ¢c = 0 and de P, and we may conclude (d, f)M. If df = 0, 
then (d, f)M by Axiom B. Therefore (d, f)M in either case, whence 


etdf=(+af=fs, 


sinceee Sc+eZf. Nowsincec < d, we havedf =cordf=d. Ifdf =c, 
thene +c =e+df=f;if df = d,thne +d =e+df=f. This shows 
that either c + e = ford+e=/f, whencec+e<d+e. 

Lemma 4.4: If b < c, (a, c)M and (a, b)M, then either a Bs b<a+cand 
ab = ac, ora +b =a-+candab < ace. 

Proor: Define d = (b+ ale = b+ ac. ThenbSdse. Henced =} 
ord = c. Let us first supposed = b. Then b + ac = b,i.e.,ac Sb. Thus 
ac S ab S ac, and we obtain ac = ab. Moreover d < ¢, ie., (b + ae < «, 
whence by Lemma 4.1 a + b + c > a + b, or equivalently a +c > a+b. 
Thus we have established the first of the two alternatives in the conclusion of 
the lemma. Let us now supposed = c. Then (b+ a)c =c,ie,b+a2c. 
Thusb+a2a+c2a+b, whencea+b=a+e Nowb<c=d= 
b + ac. Since (a, b)M, ab S c, we have (ac, b)M by Lemma 1.1. Thus by 
Lemma 4.2 acb < ac, or equivalently ab < ac. This establishes the second 
alternative and completes the proof. 

DeFIniTIon 4.1: A principal increasing (decreasing) chain is a finite sequence 
(a1, °**,@n) such that a; < diss(ai > aiy1) for i = 1,---,n — 1; in either 
case the integer n is referred to as the length of the chain, and the elements a, , «-* , On 
are called members of the chain. 

Lemma 4.5: If (a, --+ , dn) is a principal increasing chain, and if a, S a S an, 
(a, a;)M for i = 1,---,n, then there exists a principal increasing chain 
(d,,--+,Gn) having the same length as the given chain and containing a as a 
member, such that G; = a, , dn = Ay. 

Proor: If we form the products a,a and the sums a; + a, then the following 
relations hold: 


mM=aasaas::-Saa=-a=atasat+as:::Sa+4=h. 


Since by Lemma 4.4 either aja = aj.0 and a; + a < ais, + a, or aa < ai410 
and a; + a = ai+: + a, it follows that for each i = 1, --- ,m — 1 one and 
only one of the pairs (a,a, a;,:a), (a; + a, ai4; + a) satisfies the relation = 
and the other the relation <. Hence if we delete from the system (a, 
20, *** , Ana = a, + a, Ge + a, --- , Gn + a) each term aja or a; + a equal 
to its predecessor, we shall have deleted exactly n — 1 terms. Since there are 
altogether 2n — 1 terms, it follows that there will remain a system of exactly 


n terms. This system (4, --+ ,Gn) is clearly a principal increasing chain of 
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length n; moreover @ = a + a is one of its members. Finally, ad; = aja = a, 
i, = a, + @ = Gp, and the proof is complete. 

CoroLuary: If (a,, +++ ,@n) 18 @ principal increasing chain with a, ¥ 0, and 
ifa $a San, then there exists a principal increasing chain (4; , --- , dn) having 
length n and containing a as a member, such that Gd; = a, dn = an. 

Proor: Since a; S a, we have aja ~ 0, whence aja = aa > 0, i.e., aa; ¥ 0 
fori = 1,:-:,m”. Thus (a, a;)M, and the desired conclusion follows from 


Lemma 4.5. 
Lemma 4.6: Let L satisfy the descending chain condition (cf. Definition 3.1). 


If (a1, +++ » Qn) 18 @ principal increasing chain, and if a, S a S a,, then there 
exists a principal increasing chain (a, , -+-+ , dn) having length n and containing a 
as a member, such that G; = a, Gn = ay. 

Proor: If a = a, the result is trivial; hence let a > a. If a, # 0, the 
desired result holds by Corollary Lemma 4.5. Hence suppose a, = 0. Now 
from the descending chain condition we may infer that there exists p « P with 
pa. For otherwise it is possible to construct a sequence (b;;7 = 1, 2, --- ) 
with b; > be > --- by defining b; as a, b2 as any element such that 0 < be < bi, 
existent since 6; is not in P, b3 as any element such that 0 < bs < be, existent 
since b. is not in P, ete.; the existence of the sequence (b;) contradicts the 
descending chain condition. Now (p, a:)M, whence by Lemma 4.5 there 
exists a principal increasing chain (a; , --: ,@,) with p as a member and such 
that a; = 0, an = da. Since p is a member of (a;,--- , a), there exists 
j=1,--:,n such that p =a;. Obviously j ¥ 1, whence j = 2; but if j > 2, 
then 0 < a2 < p, contrary to p > 0. Hence j = 2, and our chain takes the 
form (0, p, 43, °**,@n). Fort = 3aa; = p > 0, whence (a, a,)M by Axiom B. 
But (a, 0)M, (a, p)M, and therefore Lemma 4.5 applies and yields a principal 
increasing chain (a, --- , dn) containing a as a member and having the prop- 
erties d; = a; = G1, Gn = Gn = Gn. 

Lemma 4.7: Let L satisfy the descending chain condition. If (a1, --- , Gn) 
is a principal increasing chain, and if a; , --+ , dm are elements satisfying 


/ , / 
@ Say < a2 < +++ KM On SO, 


then there exists a principal increasing chain (d,, +--+ ,4n) in which all the a; 
appear as members and such that Gd, = a, , dn = Gn. 

Proor: Since a: S a; S an, application of Lemma 4.6 yields a principal 
increasing chain (a{”, --- , aS”) in which a; appears, let us say as dj”, and 
such that aj” = a,, aS? = a,. Applying Lemma 4.6 to the chain (af, «++, 
ay’), we obtain, since a{? < ay < a”, a principal increasing chain (4{”, --- , 
a;’) in which a; appears and such that 4% = a{? = a, 4 = a9 = ay. 
If we define af? = af”, --- , aS = a$2,, then the principal chain (a{”, --- , 
a”) contains a; , @2 as members and has the properties aj” = a1, dy. = Gn. 


Proceeding thus inductively, we obtain finally a principal increasing chain 
(4, --+ ,@,) in which all the a; appear and such that & = a, dn = Gn. 
TuroreM 4.1: Let L satisfy the descending chain condition. If m and n are 
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given integers such that there exist principal increasing chains (a, --- , a,) 
(a, -**,@m) with a, = a1, Gn = Om, thenm = 7. 

Proor: Since a; S a; < -*: < An < An , we may apply Lemma 4.7 and obtain 
a principal increasing chain (a: , --- , dn) in which all the a; appear and such 
that Gd; = a, dn, = a,. Hence the set of the m elements a; is contained in 
the set of the n elements a; , whence it follows that m = n. By symmetry 
nism. Thusm = n. 

Remark: Theorem 4.1 is our generalization of the Jordan theorem for princi- 
pal chains. No attempt has been made to prove the theorem without the 
hypothesis that L satisfy the descending chain condition since no use will be 
made of the theorem except when this condition holds. However, it is clear 
that weaker conditions would suffice. For example, if Z has the property that 
for each a ¢ L there is an element pe¢P with p S a, the proof of Lemma 4.6 
would be valid as it stands, and hence Theorem 4.1 would also hold. This 
question is of little importance to us at present. 


5. Semi-moduler lattices satisfying the chain conditions 


It is assumed in this section that L satisfies Axioms A and B, and in addition 

Axiom C: L satisfies both ascending and descending chain conditions. 

We shall see that Theorem 4.1 implies the existence of an integer-valued 
dimension function having properties somewhat weaker than dimensionality 
in projective spaces but quite similar to the properties of dimensionality in 
affine spaces. It follows immediately from Axiom C that a unit 1 «Z must 
exist. The results of Lemmas 5.1 and 5.2 are well known,” but we include the 
proofs for the sake of completeness; these lemmas are consequences of Axiom C 
alone. 

Lemma 5.1: Let S C L be linearly ordered by the relation <, 1.e., let S satisfy 
the condition 


(5.1) a,beS implies aS bora2 b. 


Then S is finite. 

Proor: Suppose that S is infinite, and let 7 be any non-empty subset of S. 
It is clear that T has a smallest element a < b for every b e« 7, since otherwise 
an infinite decreasing sequence may be constructed in 7’, contrary to the 
descending chain condition. Thus every non-empty set 7 C S has a smallest 
element, whence S is well-ordered by the relation <. But S is infinite, and 
therefore there exists an increasing denumerable sequence (a; ; i = 1, 2, -*- ) 
of elements in S, contrary to the ascending chain condition. This shows that S 
is finite. 

Lemma 5.2: If a < b, then there exists an integer n = 1, 2, «-- and a principal 
increasing chain (a,,--- , Gn) of length n such that a; = a, an = b. 

Proor: The case a = b is trivial; suppose a < b. If the conclusion of the 
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11. Cf. Ore, Annals of Math. 36 (1935), p. 411. 
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lemma is false, then for ited integer n = 1, 2,--- and every sequence 
(ay, *** » Gn) with a; < a2 < +--+ < a, it is true that the sequence (a; , --- , aa) 


is not a principal chain. In ssiidiialiens (a, b) is not a principal chain, whinen 
there exists c with a < c <b. Moreover, (a, c, b) is not a principal chain, and 
there exists d with eithera <d < core <d <b. Proceeding inductively we 


obtain for each n = 2, 3, --- a sequence (a{”, --- ,a%”) such that a{” = a, 
a = bd and ax a” < +++ < af”, and are ‘that if we define S‘” = 
a”, ... a], then S” C go) for n = 2, 3, . The set-theoretical 


sum of all ort. sets S‘” is clearly infinite and linearly ordered, contrary to 
Lemma 5.1. This completes the proof. 

Lemma 5.3: If a S b, there exists a unique integer n(a, b) = 1, 2, +--+ such 
that the length m of every principal increasing chain (b; , --- , bm) with bk = 
bn = b is equal to n(a, b). 

Proor: By Lemma 5.2 there exists an integer n = 1, 2, --- and a principal 
increasing chain (a; , ++: ,@,) such that a, = a,a, = b. Define n(a, b) = n. 
Clearly n(a, b) then has the desired property by Theorem 4.1. To prove the 
uniqueness, let n’(a, b) along with n(a, b) have the properties in the lemma. 
Since by Lemma 5.2 there exists m = 1, 2,--- and a principal increasing 
chain (c;, --+ , Cm) With c, = a, Cm = 5, it is evident that n(a, b) = m = n’(a, b) 
by Theorem 4.1. This completes the proof. 

Lemma 5.4: Ifa S b S c, then n(a, b) + n(b, c) = n(a, c) +1. 


Proor: Select principal increasing chains (a,,---,@m) and (b, --- , Ba) 
with a; = a, dm = b; = b, b, = c, whence m = n(a, b), n = n(b, c). Then 
(a, @2,°°*,@m = bi, be, -++,b,) is a principal increasing chain of length 


n(a,c). But its length is clearly n(a, b) + n(b, c) — 1. Hence the conclusion 
follows. 

DerFinition 5.1: For every aeL define d(a) = n(0, a) — 2. Define also 
N = d(l1) = n(0, 1) — 2. 

Lema 5.5: 
(a) Ifa < b then d(a) < d(b); 
(b) If a < b then d(a) + 1 = d(b). 

Proor: Since a < b, n(a, b) > 1. Hence d(b) = n(O, b) — 2 
n(0,a) + n(a, b) — 3 = d(a) + n(a,b) —1>d(a). Ifa < b, then n(a, b) = 
and d(b) = d(a) + 1. 

Lemma 5.6: If a S b, then d(b) — d(a) = n(a, b) — 1. 

Proor: Clearly d(b) — d(a) = n(0, b) — n(0, a) = n(0, a) + n(a, b) — 
n(0,a) — 1 = n(a, b) — 1 by Lemma 5.4. 

Lemma 5.7: For every a, b € L, 


(5.2) d(a + b) + d(ab) S d(a) + d(b). 


2, 


Proor: Let (a1, -++ ,@n), m = n(ab, b), be a principal increasing chain with 
a4 = ab, a, = b. Hence 


a=ab+a=q+aSm+as:::Sa,ta=atb, 


ee ee eee 
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where by Lemma 4.3 either a; + @ = ai, + @ora; +a < ai ~~ a for each 


i=1,---,n— 1. Thus if we delete from the system (a; + a, --- , a, + a) 
each term a; + a equal to its predecessor we obtain a principal increasing chain 
(b:, -++ , bm), m = n(a, a + b), with bi = a, bn = a + b whence n(a, a + b) < 


n(ab, b). Now by Lemma 5.6 d(a + b) — d(a) = n(a, a + b) — 1, and 
d(b) — d(ab) = n(ab, b) — 1, whence d(a + b) — d(a) S d(b) — d(ab), and 
our conclusion follows. 

Lemna 5.8: If (a, b)M, then d(a + b) + d(ab) = d(a) + d(b). 

Proor: Let (c;, --- ,¢n), » = n(ab, a), be a principal increasing chain with 

= ab,c, = a. If ab = 0, then (a, b)1; since ¢; S a, (c;, b) 1 by Theorem 
1.1, whence (c;, b)M. If ab ¥ 0, then ab S c,b, whence c,b ¥ 0, and (c; , b)M 
by Axiom B. Thus (c; , b)M in both cases, and it follows that c; + 6 < ci, +5 
fori = 1, ---,n by Lemma 4.4 (since ab < c,b S ab and therefore cb = 
Ci4ib = ab). Hence (c; + b, --+ , ¢n + 6) is a principal increasing chain with 
¢ +b=b,c, +6 = a+. This chain therefore has length n(b, a + b), 
and consequently n(ab, a) = n(b, a + b); by Lemma 5.6 d(a + 6b) — d(a) = 
d(b) — d(ab), whence the conclusion follows. 

Lemna 5.9: If d(a + b) + d(ab) = d(a) + d(b), then (a, b)M. 

Proor: Let c = b. By Lemma 5.7 


d((c + a)b) S$ dc + a) + d(b) —d(a+b+0c). 


Since a + 6 + c = a + BD, and since by the hypothesis dja + b) = 
d(a) + d(b) — d(ab), we obtain 


d((c + a)b) S d(c + a) — d(a) + d(ab) = ¢ + d(c + ab), 
where 


& = d(c + a) + d(ab) — d(ab + c) — d(a). 
Now ab < ab + c, whence ab = a-ab S a(ab +c). Thus by Lemma 5.5(a) 


d(c + a) + d(ab) S d(c + a) + d((ab + c)a) . 
= d((ab + c) + a) + d((ab + c)a) S d(ab + c) + d(a), 


the final inequality holding by Lemma 5.7. Therefore ¢ < 0, and it follows 
that d((c + a)b) < d(c + ab). Nowif (ec + a)b > c + ab, we have by Lemma 
5.5 d((c + a)b) > d(c + ab), contrary to the result just obtained. In view 
of the obvious relation (c + a)b = c + ab, it follows that (c + a)b = c + ab. 
This proves that (a, b)M. 

Remark: The lemma just proved is a generalization of a well-known result 
that the existence of a real-valued function d(a), a ¢L with the properties 
d(a) < d(b) fora < b, and d(a + b) + d(ab) = d(a) + d(b) for every a, be L 
implies that L is modular.” The proof of our lemma depends only on the 
existence of the function d(a), a « L with the properties stated in Lemma 5.5 (a) 
and in Lemma 5.7. 





12 Cf. the proof of V. Glivenko, Amer. Jour. Math. 59 (1937), pp. 943, 944. 
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TueorEM 5.1: There exists an integer N = — 1,0, 1, 2,--- , and a function 
d(a), ae L with the following properties: 

(a) d(0) = —1,d(1) = N; 

(b) the range of d(a) ts the set of integers [—1, 0, 1, 2, --- , NJ; 

(6) d(a) < db) fora <b; 
d) d(a) + 1 = d(®) fora < b; 

) da + b) + d(ab) = d(a) + d(b) for a, be L; 

‘) d(a + 6) + d(ab) = d(a) + db) if and only if (a, b)M. 

Proor: The integer N and the function d(a) are to be defined as in Definition 
5.1. Property (a) is immediate from this definition; parts (c) and (d) are 
restatements of Lemma 5.5, while parts (e) and (f) were treated in Lemmas 
5.7, 5.8, 5.9. To prove (b) it suffices to observe that the range of d(a) is con- 


tained in the set [—1, 0, 1, 2, ---, NJ], and that there exists a principal in- 
creasing chain (a , --* , @y42) with a; = 0, @yi2 = 1, whence d(a,;) = i — 2 for 
i=1,---,N +2. 


Remark: That our results are generalizations of those of Dedekind and G. 
Birkhoff is readily seen from Theorem 5.1 (f), since if L is modular, then the 
function d(a) satisfies the strong additivity relation dja + b) + d(ab) = 
d(a) + d(b) for every a, be L. If L is a projective geometry or the lattice of 
linear subsets of an affine space (cf. the example in Section 3), then the function 
d(a) is precisely the well known geometric dimension function for such a sys- 
tem, as may be easily shown. 

Some problems suggested by the results and methods of this paper are the 
following: (a) To study the topological properties of a lattice L over which 
there is defined a real-valued function d(a), a e L with properties (c) and (e) 
of Theorem 5.1; a treatment of some topics in this connection by M. F. Smiley 
and the author was recently given.“ (b) To characterize those semi-modular 
lattices which arise from modular lattices in the manner described in the example 
of Section 3; this problem is as yet unsolved. (c) To find and study reasonable 
non-modular analogs of the continuous geometries of von Neumann; several 
attempts have been made by the author to solve this problem, but without 
satisfactory success. 


Tae INstiruTE FoR ADVANCED Srupy. 





“Cf. L. R. Wileox and M. F. Smiley, Metric Lattices, Annals of Math., 40 (1939), 
pp. 309-327. 





